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To Suzanne 


Preface 


The term “weakly differentiable functions” in the title refers to those inte- 
grable functions defined on an open subset of R” whose partial derivatives 
in the sense of distributions are either LZ? functions or (signed) measures 
with finite total variation. The former class of functions comprises what 
is now known as Sobolev spaces, though its origin, traceable to the early 
1900s, predates the contributions by Sobolev. Both classes of functions, 
Sobolev spaces and the space of functions of bounded variation (BV func- 
tions), have undergone considerable development during the past 20 years. 
From this development a rather complete theory has emerged and thus has 
provided the main impetus for the writing of this book. Since these classes 
of functions play a significant role in many fields, such as approximation 
theory, calculus of variations, partial differential equations, and non-linear 
potential theory, it is hoped that this monograph will be of assistance to a 
wide range of graduate students and researchers in these and perhaps other 
related areas. Some of the material in Chapters 1-4 has been presented in 
a graduate course at Indiana University during the 1987-88 academic year, 
and I am indebted to the students and colleagues in attendance for their 
helpful comments and suggestions. 

The major thrust of this book is the analysis of pointwise behavior of 
Sobolev and BV functions. I have not attempted to develop Sobolev spaces 
of fractional order which can be described in terms of Bessel potentials, 
since this would require an effort beyond the scope of this book. Instead, 
I concentrate on the analysis of spaces of integer order which is largely 
accessible through real variable techniques, but does not totally exclude 
the use of Bessel potentials. Indeed, the investigation of pointwise behavior 
requires an analysis of certain exceptional sets and they can be conveniently 
described in terms of elementary aspects of Bessel capacity. 

The only prerequisite for the present volume is a standard graduate 
course in real analysis, drawing especially from Lebesgue point theory and 
measure theory. The material is organized in the following manner. Chap- 
ter 1 is devoted to a review of those topics in real analysis that are needed 
in the sequel. Included here is a brief overview of Lebesgue measure, L? 
spaces, Hausdorff measure, and Schwartz distributions. Also included are 
sections on covering theorems and Lorentz spaces—the latter being neces- 
sary for a treatment of Sobolev inequalities in the case of critical indices. 
Chapter 2 develops the basic properties of Sobolev spaces such as equiva- 
lent formulations of Sobolev functions and their behavior under the opera- 
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tions of truncation, composition, and change of variables. Also included is a 
proof of the Sobolev inequality in its simplest form and the related Rellich- 
Kondrachov Compactness Theorem. Alternate proofs of the Sobolev in- 
equality are given, including the one which relates it to the isoperimetric 
inequality and provides the best constant. Limiting cases of the Sobolev 
inequality are discussed in the context of Lorentz spaces. 

The remaining chapters are central to the book. Chapter 3 develops the 
analysis of pointwise behavior of Sobolev functions. This includes a dis- 
cussion of the continuity properties of functions with first derivatives in 
L” in terms of Lebesgue points, approximate continuity, and fine conti- 
nuity, as well as an analysis of differentiability properties of higher order 
Sobolev functions by means of L?-derivatives. Here lies the foundation for 
more delicate results, such as the comparison of L?-derivatives and dis- 
tributional derivatives, and a result which provides an approximation for 
Sobolev functions by smooth functions (in norm) that agree with the given 
function everywhere except on sets whose complements have small capacity. 

Chapter 4 develops an idea due to Norman Meyers. He observed that 
the usual indirect proof of the Poincaré inequality could be used to es- 
tablish a Poincaré-type inequality in an abstract setting. By appropriately 
interpreting this inequality in various contexts, it yields virtually all known 
inequalities of this genre. This general inequality contains a term which in- 
volves an element of the dual of a Sobolev space. For many applications, 
this term is taken as a measure; it therefore is of interest to know precisely 
the class of measures contained in the dual of a given Sobolev space. For- 
tunately, the Hedberg—Wolff theorem provides a characterization of such 
measures. 

The last chapter provides an analysis of the pointwise behavior of BV 
functions in a manner that runs parallel to the development of Lebesgue 
point theory for Sobolev functions in Chapter 3. While the Lebesgue point 
theory for Sobolev functions is relatively easy to penetrate, the corre- 
sponding development for BV functions is much more demanding. The 
intricate nature of BV functions requires a more involved exposition than 
does Sobolev functions, but at the same time reveals a rich and beautiful 
structure which has its foundations in geometric measure theory. After the 
structure of BV functions has been developed, Chapter 5 returns to the 
analysis of Poincaré inequalities for BV functions in the spirit developed 
for Sobolev functions, which includes a characterization of measures that 
belong to the dual of BV. 

In order to place the text in better perspective, each chapter is con- 
cluded with a section on historical notes which includes references to all 
important and relatively new results. In addition to cited works, the Bib- 
liography contains many other references related to the material in the 
text. Bibliographical references are abbreviated in square brackets, such as 
[DL]. Equation numbers appear in parentheses; theorems, lemmas, corollar- 
ies,and remarks are numbered as a.b.c where 6 refers to section b in chapter 
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a, and section a.b refers to section 6 in chapter a. 

I wish to thank David Adams, Robert Glassey, Tero Kilpelainen, 
Christoph Neugebauer, Edward Stredulinsky, Tevan Trent, and William 
K. Ziemer for having critically read parts of the manuscript and supplied 
many helpful suggestions and corrections. 


WILLIAM P. ZIEMER 
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Preliminaries 


Beyond the topics usually found in basic real analysis, virtually all of the 
material found in this work is self-contained. In particular, most of the in- 
formation contained in this chapter will be well-known by the reader and 
therefore no attempt has been made to make a complete and thorough pre- 
sentation. Rather, we merely introduce notation and develop a few concepts 
that will be needed in the sequel. 


1.1 Notation 


Throughout, the symbol (2 will generally denote an open set in Euclidean 
space R” and @ will designate the empty set. Points in R” are denoted by 
x = (21,...,2n), where rz] € R1,1<i<n.Ifz,y € R”, the inner product 


of x and y is 
n 
z-y= > ry 
i=1 


and the norm of z is 


je] = (w-a)¥/?. 


If u:Q — R! is a function defined on 2, the support of u is defined by 
sptu = 2N {z: u(r) # 0}, 


where the closure of a set S Cc R” is denoted by S. If S c Q, S compact 
and also S$ C 2, we shall write S CC 2. The boundary of a set S is defined 
by 
aS = SN(R" - S). 
For E C R” and x € R", the distance from z to E is 
d(x, E) = inf{|z —y|: y € E}. 
It is a simple exercise (see Exercise 1.1) to show that 
|d(z, E) = d(y, E)| < |x = y| 
whenever x,y € R”. The diameter of a set E C R” is defined by 


diam(E) = sup{|z — y|: x,y € E}, 
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and the characteristic function E is denoted by xg. The symbol 
B(z,r) = {y:|e-yl <r} 

denotes the open ball with center x, radius r and 
B(x,r) = {y:|e-yl <r} 


will stand for the closed ball. We will use a(n) to denote the volume of the 
ball of radius 1 in R”. If a = (a1,...,Q@n) is an n-tuple of non-negative 
integers, a is called a multi-index and the length of a is 


n 
lo] = S> ai. 
t=1 


If = (41,...,2n) € R”, we will let 


OL 


2 Sei ae oa 


n 


and a! = a,!aq!---a,!. The partial derivative operators are denoted by 
D, = 0/0x, for 1 <i <n, and the higher order derivatives by 


glel 
@_— %.., pen — __ 
DES Di Dat = aaa Bam 
The gradient of a real-valued function u is denoted by 
Du(x) = (Diu(z),..., Dru(z)). 


If k is a non-negative integer, we will sometimes use D*u to denote the 
vector D¥u = {Du} jaj=k- 

We denote by C°(Q) the space of continuous functions on 2. More gen- 
erally, if k is a non-negative integer, possibly oo, let 


C*(2) = {ur u:2 > R!, D*u€ CQ), 0< lal < k}, 
C¥(Q) = C*(Q) N {u: spt u compact, spt u C M}, 
and 
C*(2) = C*(Q) N {u: D%u has a continuous extension to 2,0 < |a| < k}. 


Since 2 is open, a function u € C*(Q) need not be bounded on 2. However, 
if u is bounded and uniformly continuous on 2, then u can be uniquely 
extended to a continuous function on 2. We will use C*(Q; R™) to denote 
the class of functions u:Q — R™ defined on 2. whose coordinate functions 
belong to C*(Q). Similar notation is used for other function spaces whose 
elements are vector-valued. 
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If 0 <a <1, we say that u is Holder continuous on Q with exponent a 
if there is a constant C such that 


ju(x)-—u(y)| <Cla—yl*, z,yEO. 


We designate by C%*(Q) the space of all functions u satisfying this condi- 
tion on 2. In case a = 1, the functions are called Lipschitz and the constant 
C is denoted by Lip(u). For functions that possess some differentiability, 
we let 


C2) = 0%(A) n {u: Dou € CM), 0 < [Bl < ky. 
Note that C**(Q) is a Banach space when provided with the norm 


D8 u(x) — D8 
sup sup cai ae alt A max sup|D*u(z)|. 
\B|=k bay |x — y| 0<|S|<k cEeQ 
afy 


1.2 Measures on R” 


For the definition of Lebesgue outer measure, we consider closed n-dimen- 
sional intervals 
T= {ea <4; < bj, i=1,...,n} 


and their volumes 


v(T) = []e a ai). 


The Lebesgue outer measure of an arbitrary set E C R” is defined by 


[oe} loo} 
|E| = mt {9 vk): EC U Ik, I, an interval (1.2.1) 


A set E is said to be Lebesgue measurable if 
|A| = |AN E| + |An(R" - E)| (1.2.2) 


whenever AC R”. 

The reader may consult a standard text on measure theory to find that 
the Lebesgue measurable sets form a o- algebra, which we denote by A; that 
is 


(i) 0, R" € A. 
(ii) If Ey, E2,... € A, then 
LJ Bie A. (1.2.3) 


t=1 
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(iii) If B € A, then R"”-E EA. 


Observe that these conditions also imply that A is also closed under count- 
able intersections. It follows immediately from (1.2.2) that sets of measure 
zero are measurable. Also recall that if E,,E2,... are pairwise disjoint 
measurable sets, then 


CO co 
J Bi] = 50 |EA- (1.2.4) 
i=1 i=1 


Moreover, if E; C Ep C ... are measurable, then 


foo) 

|) Ei] = lim |E,| (1.2.5) 
1 CO 

i=1 

and if FE; > Ey >..., then 

[oe 

() Bi] = lim |E,| (1.2.6) 

i=l t— 00 


provided that |E,| < oo for some k. 

Up to this point, we find that Lebesgue measure possesses many of the 
continuity properties that are essential for fruitful applications in analysis. 
However, at this stage we do not yet know whether the o-algebra, A, con- 
tains a sufficiently rich supply of sets to be useful. This possible objection 
is met by the following result. 


1.2.1. Theorem. Each closed set C C R” is Lebesgue measurable. 


In view of the fact that the Borel subsets of R” form the smallest o- 
algebra that contains the closed sets, we have 


1.2.2. Corollary. The Borel sets of R” are Lebesgue measurable. 


Proof of Theorem 1.2.1. Because of the subadditivity of Lebesgue mea- 
sure, it suffices to show that for a closed set C C R", 


|A] >|ANC|+|AN(R” -C)| (1.2.7) 
whenever A C R”. This will follow from the following property of Lebesgue 
outer measure, which follows easily from (1.2.1): 

|AU B| = |A| + |B (1.2.8) 


whenver A, B € R” with d(A, B) = inf{|z—y|: x € A,y € B} > 0. Indeed, 
it is sufficient to establish that |AU B| > |A|+|B|. For this purpose, choose 
€ > 0 and let 


AUBC U I, where 
k=1 
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foe) 


>> (Ik) < |AUB| +e. (1.2.9) 

i=1 
Because d(A, B) > 0, there exists disjoint open sets U and V such that 
ACU, BCY. (1.2.10) 


Clearly, the covering of AU B by {I;,} can be modified so that, for each k, 
I, CUUV (1.2.11) 
and that (1.2.9) still remains valid. However, (1.2.10) and (1.2.11) imply 


le.e] 


So oe) = |Al + [BI 


i=1 


In order to prove (1.2.7), consider A C R” with |A| < oo and let Cj; = 
{x : d(z,C) < 1/t}. Note that 


d(A—C;,ANC)>0 
and therefore, from (1.2.8), 
|A| > |(A-—C,;) U(ANC)| > |A-C|+ |ANC]. (1.2.12) 
The proof of (1.2.7) will be concluded if we can show that 
jim |A- Cj] = |A- Cl. 


Note that we cannot invoke (1.2.5) because it is not known that A — C; is 
measurable since A is an arbitrary set, perhaps non-measurable. Let 


1 1 
{= :—— <- 2. 
T; An{a a7 <4@0s =} (1.2.13) 


and note that since C is closed, 


A-C =(A-Cj)U (U | (1.2.14) 


i=j 


which in turn, implies 


[o.e} 
|A-C| <|A-Cj|+ >IT. (1.2.15) 
i=j 
Hence, the desired conclusion will follow if it can be shown that 


[oe} 


S5ITi| < 00. (1.2.16) 


i=l 
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To establish this, first observe that d(T;,T;) > 0 if |i — j| => 2. Thus, we 
obtain from (1.2.8) that for each positive integer m, 


LL Tas 
i=l 


m 
=) |Tiil < |Al < 00, 


i=1 


m 
U T2-1 


m 
> Tai-1 = < |A| < Oo. 
i=1 i=1 
This establishes (1.2.16) and thus concludes the proof. oO 


1.2.3. Remark. Lebesgue measure and Hausdorff measure (which will be 
introduced in Section 1.4) will meet most of the applications that occur 
in this book, although in Chapter 5, it will be necessary to consider more 
general measures. We say that p is a measure on R” if y assigns a non- 
negative (possibly infinite) number to each subset of R” and yu(O) = 0. It 
is also accepted terminology to call such a set function an outer measure. 
Following (1.2.2), a set E is called -measurable if 


M(A) = u(AN EB) + w(AN (R" - £)) 


whenever A C R”. A measure yp on R” is called a Borel measure if every 
Borel set is u-measurable. A Borel measure yz with the properties that each 
subset of R” is contained within a Borel set of equal «4 measure and that 
p(K) < oo for each compact set K C R” is called a Radon measure. 

Many outer measures defined on R” have the property that the Borel sets 
are measurable. However, it is sometimes necessary to consider a larger o- 
algebra of sets, namely, the Suslin sets, (often referred to as analytic sets). 
They have the property of remaining invariant under continuous mappings 
on R”, a property not enjoyed by the Borel sets. The Suslin sets of R” can 
be defined in the following manner. Let N denote the space of all infinite 
sequences of positive integers topologized by the metric 

s 2-* a; a b;| 
= 1+ la; = b;| 
where {a;} and {b;} are elements of NV. Let R" x N be endowed with the 
product topology. If 
p:R”°xN— R® 
is the projection defined by p(z,a) = z, then a Suslin set of R” can be 
defined as the image under p of some closed subset of R” x NV. 

The main reason for providing the preceding review of Lebesgue measure 
is to compare its development with that of Hausdorff measure, which is 
not as well known as Lebesgue measure but yet is extremely important in 
geometric analysis and will play a significant role in the development of 
this monograph. 


1.3. Covering Theorems 7 


1.3 Covering Theorems 


Before discussing Hausdorff measure, it will be necessary to introduce sev- 
eral important and useful covering theorems, the first of which is based on 
the following implication of the Axiom of Choice. 


Hausdorff Maximal Principle. Jf € is a family of sets (or a collection 
of families of sets) and if {UF : F € F} € € for any subfamily F of € 
with the property that 


FCGorGcCF whenever F,GEF, 


then there exists E C E which is maximal in the sense that it is not a subset 
of any other member of E. 


_ The following notation will be used. If B is a closed ball of radius r, let 
B denote the closed ball concentric with B with radius 5r. 


1.3.1. Theorem. Let G be a family of closed balls with 
R=sup{diam B: BEG} < oo. 

Then there is a subfamily F C G of pairwise disjoint elements such that 
{UB: BEG} c {UB: Be F}. 


In fact, for each B € G there exists B, € F such that BN By # 0 and 
BcB,. 


Proof. We determine F as follows. For j = 1,2,... let 


G=Gn {BS <diamB< eh, 
and observe that G = Uf2,9;. Now proceed to define F; C G; inductively 
as follows. 

Let F, C G; be an arbitrary maximal subcollection of pairwise disjoint 
elements. Such a collection exits by the Hausdorff maximal principle. As- 
suming that 71, F2,...,%;-1 have been chosen, let F; be a maximal pair- 
wise disjoint subcollection of 


j-1 
Gin {2 : BON B’ = @ whenever B’ € U n} ; (1.3.1) 
t=1 


Thus, for each B € G;, j > 1, there exists By € ULF; such that BN By # 
@. For if not, the family F; consisting of B along with all elements of F; 
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would be a pairwise disjoint subcollection of (1.3.1), thus contradicting the 
maximality of F;. Moreover, 


; R R ; 
diam B < a 25 < 2 diam B, 


which implies that B C B,. Thus, 


j 
ua:Begrc {uae Un}, 


i=1 


and the conclusion holds by taking 


1.3.2. Definition. A collection G of closed balls is said to cover a set 
E C R" finely if for each x € E and each e€ > 0, there exists B(z,r) € G 
and r <eé. 


1.3.3. Corollary. Let E C R® be a set that is covered finely by G, where 
G and F are as in Theorem 1.3.1. Then, 


E-{UB:BeéeF*}c{uB:BeF-F*} 
for each finite collection F* C F. 


Proof. Since R” —{UB : B € ¥*} is open, for each zr € E—{UB: B € F*} 
there exists B € G such that x € B and BN [{UB: B € F*}| =@. From 
Theorem 1.3.1, there is By € F such that BN By # @ and B, D B. Now 
B, ¢ F* since BN B, # @ and therefore 


zé€{UB:BeF-F"*}. oO 


The next result addresses the question of determining an estimate for 
the amount of overlap in a given family of closed balls. This will also be 
considered in Theorem 1.3.5, but in the following we consider closed balls 
whose radii vary in a Lipschitzian manner. The notation Lip(h) denotes 
the Lipschitz constant of the mapping h. 


1.3.4. Theorem. Let S C U C R" and suppose h : U — (0, 00) is Lipschitz 
with Lip(h) < A. Let a > 0, B > 0 with Aa < 1 and AG < 1. Suppose the 
collection of closed n-balls {B(s, h(s)) : s € S} is disjointed. Let — 


S, = SN{s: B(x, ah(z))N B(s, Bh(s)) # O}. 
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Then 
(1 — AB)/(1 + Aa) < h(z)/h(s) < (1 + A8)/(1 - Aa) (1.3.2) 
whenever s € Sz and 
card(Sz) < [a + (8+ 1)(1 + Aa)(1 — A8)~*]"[(1 + AB)/(1 — Aa)]” 


where card(S,) denotes the number of elements in Sz. 


Proof. If s € S,, then clearly |z — s| < ah(x) + Bh(s) and therefore 
|h(x) — A(s)| < Alex — 8| < Aah(zx) + ABh(s), 
(1 —AB)h(s) < (1 + Aa)A(z), 
(1 — Aa)h(x) < (1+ AB)A(s). (1.3.3) 
Now, 
|z — | + h(s) < ah(z) + (8 + 1I)h(s) 
< ah(x) + (6 + 1)[(1 + Aa)/(1 — AB)]A(z) 
= yh(z) 
where y = a + (8 +1)(14+ Aa)/(1 — AB). Hence 
B(s,h(s)) C B(x, yh(z)) whenever s € Sz. 
Since {B(s, h(s))} is a disjoint family, 
2 |B(s, h(s))| < |B(s, vh(z))| 
or from (1.3.3) 
card(Sz)o(n)[(1+Aa)(1-28)*h(x)]” < S> a(n)h(s)” < a(n)[yh(2)]”. 0 
s€Sz 


We now consider an arbitrary collection of closed balls and find a sub- 
cover which is perhaps not disjoint, but whose elements have overlap which 
is controlled. 


1.3.5. Theorem. There is a positive number N > 1 depending only on n 
so that any family B of closed balls in R” whose cardinality is no less than 
N and R = sup{r : B(a,r) € B} < 0 contains disjointed subfamilies By, 
Bo,...,Bn such that if A is the set of centers of balis in B, then 


N 
Ac ({uB: BE Bi}. 


i=1 
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Proof. 

Step I, Assume A is bounded. 

Choose B, = B(a1,71) with r; > 3R. Assuming we have chosen By,..., 
B;-1 in B where j > 2 choose B; inductively as follows. If Aj = A ~ 
UIT} Bi = @, then the process stops and we set J = j. If A; # @, continue 
by choosing B; = B(a;,r;) € B so that a; € A; and 


io = sup{r : B(a,r) € B,a € A;}. (1.3.4) 


If A; # @ for all j, then we set J = +o. In this case lim;..rj = 0 
because A is bounded and the inequalities 


las - al >= + or > S44, for i < J, 
imply that 
{B(a;,7;/3):1< 7 < J} is disjointed. (1.3.5) 
In case J < oo, we clearly have the inclusion 
AC {UB;:1<j< J}. (1.3.6) 


This is also true in case J = +00, for otherwise there would exist B(a,r) € 
B with a € Mf2,A; and an integer j with r; < 3r/4, contradicting the 
choice of B;. 

Step II. We now prove there exists an integer M (depending only on n) 
such that for each k with 1 < k < J, M exceeds the number of balls B; 
with 1 <i<kand BN By ¥@. 

First note that ifr; < 10r;,, then 


B(aj,7i/3) C B(ag, 157%) 
because if x € B(a;,7r;/3), 
|x — ag| < |x — a;| + la; — ag| 


< 10r,/3+ 754+ 7k 
< 43r,/3 < 15rz. 
Hence, there are at most (60)” balls B; with 
1<i<k, BNB, #9, andr; < 10r, 
because, for each such i, 
B(a;,7;/3) C Bax, 15rx), 
and by (1.3.4) and (1.3.5) 


ri,\7 Tk\” 1 
|B(as,s/3)| = |Bal- (3) > [Bal (B)” = Fo 1B(ax, 1502) 
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To complete Step II, it remains to estimate the number of points in the set 
T={i:1<i<k, BN B, 49,7 > 10r;}. 


For this we first find an absolute lower bound on the angle between the two 
vectors 
a;—az, and a; — az 


corresponding to i,j € I with 7 < 7. Assuming that this angle a < 7/2, 
consider the triangle 


and assume for notational convenience that r, = 1, d = |a; — a,|. Then 
10 <1rj< |a;—ax| <ri+1 and |a;—a;|>r; 


because 7 € I, a, ¢ Bj, Bj N By #@, and a; ¢ B;. Also 
4 
W<n<denti<gnitl 


because j € I, ax ¢ B;, B; MN By A @, and (1.3.4) applies to r;. 
The law of cosines yields 


|a; — ax|? + d? — |a; —a;|? — (ri +1)? +d? -1? 


= < 
— 2\a; _ a,|d > 2rd 
Qrz+1+d 1 1 d 1 1 4r; 1 
= COC — —_< -— — — — 
2r;d d = arid = 2r; d = 2rd - 6r; . 2r; 


1 1 4 1 
<—4+—-4+-4+-— < .822; 
= 70 + 20076 * 20 < B22; 
hence |a| > arccos .822 > 0. Consequently, the rays determined by a; — a, 
and a; — a, intersect the boundary of B(a,,1) at points that are separated 


by a distance of at least ,/2(1—cosa). Since the boundary of B(ax, 1) 
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has finite H"~1 measure, the number of points in J is no more than some 
constant depending only on n. 

Step III. Choice of B,,..., By in case A is bounded. 

With each positive integer j, we define an integer A; such that A; = j 
whenever 1 < j < M and for j > M we define 4,1 inductively as follows. 
From Step II there is an integer A;41 € {1,2,..., @} such that 


Byri N {UB 1 SiS 5,AG = Ajai} = @. 
Now deduce from (1.3.6) that the unions of the disjointed families 
By = {B; : ri =1},...,By = {Bi : di = M} 


covers A. 

Step IV. The case A is unbounded. 

For each positive integer 2, apply Step III with A replaced by Ey = 
AN {x : 3(€—1)R < |x| < 3£R} and B replaced by the subfamily Cy of B 
of balls with centers in Ez. We obtain disjointed subfamilies Bf, ..., B4, of 


Cz such that 
M 


Ey c (J{uB: Be Bf}. 
t=1 
Since PM Q = © whenever P € BY, Q € B™ and m > £ +2, the theorem 
follows with 


foe} [ee} 
2£—1 22—1 
B, = (J Bi ",...,8u =|) Be 
é=1 ff 


[oo} oo 
Busi = |) BY... Bom = LU Bots 
£=1 é=1 
and N = 2M. Oo 


We use this result to establish the following covering theorem which 
contains the classical result of Vitali involving Lebesgue measure. An in- 
teresting and novel aspect of the theorem is that the set A is not assumed 
to be w-measurable. The thrust of the proof is that the previous theorem 
allows us to obtain a disjoint subfamily that provides a fixed percentage of 
the w measure of the original set. 


1.3.6. Theorem. Let u be a Radon measure on R” and suppose F is a 
family of closed balls that covers a set A C R” finely, where (A) < oo. 
Then there exists a countable disjoint subfamily G of F such that 


p(A—{UB: Be G})=0. 
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Proof. Choose ¢ > 0 so that e < 1/N, where N is the constant that appears 


in the previous theorem. Then F has disjointed subfamilies B,,..., By such 
that 
N 
Ac |{uB: Be Bi} 
i=l 


and therefore 
N 


(A) < S$) w({U(AN B) : B € B,}). 


i=l 


Thus, there exists 1 < k < N such that 
u({U(AN B): B € By} 2 1/N pA), 
which implies 
u(A — {UB : Be By}) < (1-1/N)u(A). 
Hence, there is a finite subfamily B,, of B, such that 
p(A — {UB: B € Bg, }) < (1—1/N + €)p(A). 


Now repeat this argument by replacing A with A; = 1— {UB: B € By, } 
and F with F, = FN{B: BN{UB: B € By, } = O} to obtain a finite 
disjointed subfamily B,, of F, such that 


p(A, — {UB: B € By, }) < (1—1/N +€)p(Ai1). 


Thus, 
u(A— {UB : B € By, UBg,}) < (1-1/N +6)? pA). 


Continue this process to obtain the conclusion of the theorem with 
[oe} 
G= U Bx, - Oo 
i=1 


1.3.7. Lemma. Let p and v be Radon measures on R”. For each positive 
number a let (B(a,r)] 
p[B(a,r 
Ey = (2: sup ————~ >a. 
: 730 V[B(@,7)) 
Then, u(Eq) = av(Ea): 


Proof. By restricting our attention to bounded subsets of Ea, we may 
assume that u(E.), v(Ea) < co. Let U > Eq be an open set. For € > 0 
and for each x € Eg, there exists a sequence of closed balls B(z,r;) C U 
with r; — 0 such that 


u[B(x,ri)] > (a + €)»[B(z, r4)]- 
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This produces a family F of closed balls that covers Eq finely. Hence, by 
Theorem 1.3.6, there exists a disjoint subfamily G that covers v almost all 
of E,. Consequently 


(a + €)v(Ea) < (a +e) 52 o(B) < > w(B) < WU). 
BEG BEG 
Since € and U are arbitrary, the conclusion follows. Oo 
If f is a continuous function, then the integral average of f over a ball of 
small radius is nearly the same as the value of f at the center of the ball. 
A remarkable result of real analysis states that this is true at (Lebesgue) 


almost all points whenever f is integrable. The following result provides a 
proof relative to any Radon measure. The notation 


f OLLO) 
B(z,r) 


ulster | | 


denotes 
f(y) duty). 


z, 


1.3.8. Theorem. Let p be a Radon measure on R” and f a locally inte- 
grable function on R” with respect to pu. Then 


lim f(y) duly) = f(z) 
B(z,r) 


3 
r—0 z, 


for uw almost all x € R”. 


Proof. Note that 


tes 


‘ f(y)du(y) — f(z) 


ey, 
B(x 


and if g is continuous, the last term converges to |g(x) — f(x)| as r — 0. 
Letting L(x) denote the upper limit of the term on the left, we obtain 


< f ep HO ~ stedlduta) 


’ ? 


lo(y) — f(z)|du(y) 


’ 


L(2) < sup } LF(y) — g(u)lduly) + lo(a) - F(@)|- 
r>0 J B(z,r) 


Hence, 


{: L(x) >a}c {= : sup f If(y) — g(y)ldu(y) > aah 
r>0 J B(z,r) 


zr, 
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U {x : |g(x) — f(a)| > a/2}, 


and therefore, by the previous lemma, 
({e: (2) >a}) <2/af |f—oldu+2/a fF ald 


Since J ro |f — g|du can be made arbitrarily small with appropriate choice 
of g, cf. Section 1.6, it follows that u({x : L(x) > a}) = 0 for each a > 0. 


Oo 


1.3.9. Remark. If » and v are Radon measures with pu absolutely con- 
tinuous with respect to v, then the Radon—Nikodym theorem provides 
f € L)(R",v) such that 


u(E) = iE f(a) dv(c). 


The results above show that the Radon—Nikodym derivative f can be taken 
as the derivative of with respect to v; that is, 


_ w[B(z,r)) _ . 
2 y[B(e,r)) 1) 


for v almost all x € R”. 


1.4 Hausdorff Measure 


The purpose here is to define a measure on R” that will assign a reason- 
able notion of “length,” “area” etc. to sets of appropriate dimension. For 
example, if we would like to define the notion of length for an arbitrary set 
E C R", we might follow (1.2.1) and let 


lo) co 
ME) = iat {Yin EC) Aa \. 
i=1 i=1 
However, if we take n = 2 and E = {(t,sin(1/t)) : 0 <t < 1}, it is easily 
seen that A(E) < oo whereas we should have A(£) = oo. The difficulty with 
this definition is that the approximating sets A; are not forced to follow 
the geometry of the curve. This is changed in the following definition. 


1.4.1. Definition. For each 7 > 0, ¢ > 0, and EC R”, let 


foe) [ee] 
H?(E) = inf >> a(7y)2-%diam(A;)7 : EC U Aj, diam A; < S . 


i=1 i=1 
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Because H7(E) is non-decreasing in ¢, we may define the y dimensional 
Hausdorff measure of E as 

H(E)= lim H2(£). (1.4.1) 
In case y is a positive integer, a() denotes the volume of the unit ball 
in R7. Otherwise, a(y) can be taken as an arbitrary positive constant. 
The reason for requiring a(7) to equal the volume of the unit ball in R7 
when 7¥ is a positive integer is to ensure that H7(E) agrees with intuitive 
notions of “y-dimensional area” when E is a well-behaved set. For example, 
it can be shown that H” agrees with the usual definition of n-dimensional 
area on an n-dimensional C! submanifold of R"+*, k > 0. More generally, 
if f:R" — R°+* is a univalent, Lipschitz map and E C R” a Lebesgue 
measurable set, then 


porq Hs) 
E 


where Jf is the square root of the sum of the squares of the n x n deter- 
minants of the Jacobian matrix. The reader may consult [F4, Section 3.2] 
for a thorough treatment of this subject. Here, we will merely show that 
H” defined on R” is equal to Lebesgue measure. 


1.4.2. Theorem. If E C R", then H"(E) = |E|. 


Proof. First we show that 
H?P(E) <|E| forevery ¢>0. 


Consider the case where |E| = 0 and E is bounded. For each 7 > 0, let 
U > E be an open set with |U| < 7. Since U is open, U can be written as 
the union of closed balls, each of which has diameter less than ¢. Theorem 
1.3.1 states that there is a subfamily F of pairwise disjoint elements such 
that 

Uc {UB: Be F}. 


Therefore, 


HME) < H2(U) < SD A2(Bi) < SD 2-"a(n)(diam Bi)" 
BieF ByeF 
= be 27-"a(n)5" (diam B;)” 
ByeF 
=o" ¥ |B 
BieF 
< 5"|U| < 5", 


which proves that H"(F) = 0 since « and 7 are arbitrary. The case when E 
is unbounded is easily disposed of by considering EN B(0,i), i = 1,2,.... 
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Each of these sets has zero n-dimensional Hausdorff measure, and thus so 
does E. 
Now suppose £ is an arbitrary set with |E| < oo. Let U > E be an open 
set such that 
|U| < |E| +7. (1.4.2) 


Appealing to Theorem 1.3.6, it is possible to find a family F of disjoint 
closed balls B,, Bo,..., such that UZ2,B; C U, diam B; < ¢,i = 1,2,..., 


and 
[oe] 
E- UB 
i=1 


Let E* = U%,(ENB;) and observe that E = (E-E*)UE* with |E—-E*| = 
0. Now apply (1.4.1) and (1.4.2) to conclude that 


=0. (1.4.3) 


AP(E*)< > 2-"a(n)(diam B;)” 


i=l 


oo 
= Sia 
i=1 
foe} 
Us 
i=1 


=|U| <|E|+7n. 


Because € and 7 are arbitrary, it follows that H”(E*) < |E|. However, 
H"(E) < H"(E-E*)+H"(E") with H"(E—E*) = 0 because |E—E*| = 0. 
Therefore, H"(E) < |E|. 

In order to establish the opposite inequality, we will employ the isodi- 
ametric inequality which states that among all sets E C R” with a given 
diameter, d, the ball with diameter d has the largest Lebesgue measure; 
that is, 

|E| < 2-"a(n)(diam E)” (1.4.4) 


whenever E C R". For a proof of this fact, see [F4, p. 197]. From this the 
desired inequality follows immediately, for suppose 


y 2-"a(n)(diam E;)" < H®(E) + 


i=1 


where E Cc U®,E;. Applying (1.4.3) to each E;, yields 


[ee foe} 
|E| < }>|Bil < }5 2-a(n)(diam E;)” < H2(Z) + 0, 


i=1 i=1 
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which implies, |E| < H"(E) since ¢ and 7 are arbitrary. oO 


1.4.3. Remark. The reader can easily verify that the outer measure, H7, 
has many properties in common with Lebesgue outer measure. For example, 
(1.2.4), (1.2.5), and (1.2.6) are also valid for HY as well as the analog 
of Corollary 1.2.2. However, a striking difference between the two is that 
|E| < co whenever E is bounded whereas this may be false for H7(E). One 
important ramification of this fact is the following. A Lebesgue measurable 
set, FE, can be characterized by the fact that for every ¢ > 0, there exists 
an open set U > F such that 


|U - El <e. (1.4.5) 


This regularity property cannot hold in general for H7. 

The fact that H7(F) may be possibly infinite for bounded sets FE can be 
put into better perspective by the following fact that the reader can easily 
verify. For every set E, there is a non-negative number, d = d(E), such 
that 

HY(E)=0 if y>d 


H(E)=o0o if y<d. 
The number d(£) is called the Hausdorff dimension of E. 
Finally, we make note of the following elementary but useful fact. Sup- 
pose f: R* — R*+” is a Lipschitz map with Lip(f) = M. Then for any set 


Ec R* 
H*[f(E)] < MH*(E). (1.4.6) 


In particular, sets of zero k-dimensional Hausdorff measure remain invari- 
ant under Lipschitz maps. 


1.5 L? Spaces 


For 1 <p < 00, Lf,,(2) will denote the space consisting of all measurable 
functions on 2 that are p'*-power integrable on each compact subset of 2. 
LP(Q) is the subspace of functions that are p*"-power integrable on 2. In 
case the underlying measure is » rather than Lebesgue measure, we will 
employ the notation L?,.(Q; 4) and L?(Q, u) respectively. The norm on 


L?(Q) is given by 
1/p 
lulls = ( f luae) (1.5.1) 
Q 


and in case p = ov, it is defined as 


Ilull 0,2 = esse sup |u]. (1.5.2) 
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Analogous definitions are used in the case of L?(Q;) and then the norm 
is denoted by 


Ilellp,u;2- 


The notation f u(x) dz or sometimes simply f udz will denote integration 
with respect to Lebesgue measure and f udy the integral with respect to 
the measure p. Strictly speaking, the elements of L?(Q) are not functions 
but rather equivalence classes of functions, where two functions are said 
to be equivalent if they agree everywhere on () except possibly for a set of 
measure zero. The choice of a particular representative will be of special 
importance later in Chapters 3 and 5 when the pointwise behavior of func- 
tions in the spaces W*-?(Q) and BV(Q) is discussed. Recall from Theorem 
1.3.8 that if uw € L1(R"), then for almost every zo € R”, there is a number 
z such that 


} uly)dy > z as r—0t, 
B(20,r) 


where # denotes the integral average. We define u(xo) = z, and in this 
way a canonical representative of u is determined. In those situations where 
no confusion can occur, the elements of L?(Q) will be regarded merely as 
functions defined on 2. 

The following lemma is very useful and will be used frequently through- 
out. 


1.5.1. Lemma. Jf u > 0 is measurable, p > 0, and Ey = {x : u(x) > t}, 
then 


[oe} [oe) 
- weds / \Exldt? =p / #11 By |at. (1.5.3) 
2Q 0 0 


More generally, if 4. is a measure defined on some o-algebra of R",u > 0 
is a@ p-measurable function, and QQ is the countable union of sets of finite 
ps measure, then 


oo [oe] 
2 0 0 


The proof of this can be obtained in at least two ways. One method is to 
employ Fubini’s Theorem on the product space 2 x [0,00). Another is to 
observe that (1.5.3) is immediate when wu is a simple function. The general 
case then follows by approximating u from below by simple functions. 

The following algebraic and functional inequalities will be frequently used 
throughout the course of this book. 


Cauchy’s inequality: if ¢ > 0, a,b € R}, then 


€ 1 
|ab| < =|a|? + 5, OP (1.5.5) 
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and more generally, Young’s inequality: 


p p 
|ab| < [eal sy WIE é| (1.5.6) 
Pp P 


where p > 1 and 1/p+1/p' = 1. 
From Young’s inequality follows Hélder’s inequality 


[ uv de <|jullpallellya. p>, (1.5.7) 


which holds for functions u € L?(Q), v € L?(Q). In case p = 1, we 
take p! = oo and |lv|lp,.¢ = essqsup|v|. Hélder’s inequality can be ex- 
tended to the case of k& functions, u1,...,ux lying respectively in spaces 
LP1(Q),..., L?*(Q) where 

1 


—=1. (1.5.8) 
fa Pi 


By an induction argument and (1.5.7) it follows that 
ih uy... upde < |lually,,0--- |lvallp,:0- (1.5.9) 
Q 


One important application of (1.5.7) is Minkowski’s inequality, which states 
that (1.5.3) yields a norm on L?(Q). That is, 


lu + vllp;o < Ile4Ilp;0 th Ile llp;0 (1.5.10) 


for p > 1. Employing the notation 


f ude = jar f udz, 
Q Q 


another consequence of Hélder’s inequality is 


if wae = < lf ude] ie (1.5.11) 


whenever 1 <p <q and R” a measurable set with |(Q| < oo. 
We also recall Jensen’s inequality whose statement involves the notion 
of a convex function. A function A: R" > R? is said to be convex if 


A{(1 - t)ay + tr] < (1 - t)A(21) + tA(z2), 


whenever 21,22 € R” and 0 <t < 1. Jensen’s inequality states that if A is 
a convex function on R” and E Cc R” a bounded measurable set, then 


A (f f(z)ae) < f Alr(@)les . (1.5.12) 
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whenever f € L!(E). 
A further consequence of Hdélder’s inequality is 


llulla < llullp lull, we LQ), (1.5.13) 


where p <q <1, and 1/g = A/p+(1—A)/r. In order to see this, let a = Aq, 
8 =(1-—A)q and apply Hoélder’s inequality to obtain 


1/z 1/y 
iL lultae =f jul*u|@da < (/ lular (/ jul¥ar 
Q Q a Q 


where z = p/Aq and y = r/(1—A)q. 

When endowed with the norm defined in (1.5.1), L?(Q), 1 < p < «, 
is a Banach space; that is, a complete, linear space. If 1 < p < ov, it is 
also separable. The normed dual of Z?((Q) consists of all bounded linear 
functionals on L?(Q) and is isometric to L?’(Q) provided p < oo. Hence, 
L?(Q) is reflexive for 1 < p < oo. We recall the following fundamental result 
concerning reflexive Banach spaces, which is of considerable importance in 
the case of L?(Q). 


1.5.2. Theorem. A Banach space is reflexive if and only if its closed unit 
ball is weakly sequentially compact. 


1.6 Regularization 


Let y be a non-negative, real-valued function in Cf°(R”) with the property 
that 


- y(x)dz =1, spty C B(0,1). (1.6.1) 
An example of such a function is given by 
_ { Cexp[-1/(1 — |x|?)] if [2] <1 
p(x2) = . if |z|>1 (1.6.2) 


where C' is chosen so that f pn’ = 1. Fore > 0, the function Yve(r) = 
e~"p(ax/e) belongs to Co°(R”) and spt y- C B(0,€). ye is called a regular- 
izer (or mollifier) and the convolution 


ue(t) = vex u(o) = | vele—w)ulu)dy (1.6.3) 


defined for functions u for which the right side of (1.6.3) has meaning, 
is called the regularization (mollification) of u. Regularization has several 
important and useful properties that are summarized in the following the- 
orem. 
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1.6.1. Theorem. 


i) If ue Li. (R”), then for every e > 0, ue € C~(R") and D® (yp. *u) = 
loc 
(Dp) * u for each multi-index a. 


(ii) ue(z) — u(x) whenever x is a Lebesgue point for u. In case u is 
continuous then ue converges uniformly to u on compact subsets of 
R”. 


(ii) If u € LP(R), 1 < p < 00, then te € L?(R"), lluellp < llullp» and 
limeo ||we — ullp = 0. 


Proof. For the proof of (i), it suffices to consider |a| = 1, since the case of 
general a can be treated by induction. Let e1,...,én be the standard basis 
of R” and observe that 


Ue(z + he;) — ue(2) = I. [ Dive(u — z + te;)u(z)dtdz 


h 
= i if Dipe(x — z + te;)u(z)dzdt. 
0 JR 


As a function of t, the inner integral on the right is continuous, and thus 
(i) follows. 
In case (ii) observe that 


lue(1) — ule) < f eee y)luty) - ula) lay 
<supye™ | |u(x) ~ u(y)|dy — 0 
B(z,e) 
as € — 0 whenever z is a Lebesgue point for u. Clearly the convergence 
is locally uniform if u is continuous because u is uniformly continuous on 
compact sets. 
For the proof of (iii), Hélder’s inequality yields 


‘| pe(x — y)u(y)dy 


< ( / Ye(x — iNav) ia ( i: pe(x — y)|u(y)|? iy) me 


The first factor on the right is equal to 1 and hence, by Fubini’s theorem, 
fitucracs ff ect -wlutwPayas 
Rr Rn JRn 
cf f vele-wluty)Paedy 
=f lu(u)PPay. 
Rr 


|ue(x)| = 
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Consequently, 
I[tellp < lullp- (1.6.4) 


To complete the proof, for each 7 > 0 let v € Co(R”) be such that 
lu — ullp <n. (1.6.5) 


Because v has compact support, it follows from (ii) that ||v — vellp <7 for 
€ sufficiently small. Now apply (1.6.4) and (1.6.5) to the difference v — u 
and obtain 


l|u — Uellp < [lu — vllp + [lv — vellp + llve — telly S 3n. 
Hence u, — u in L?(R") ase > 0. oO 


1.6.2. Remark. If u € L1(Q), then u,(x) = y, * u(x) is defined provided 
xz éQ and « < dist(z, 0). It is a simple matter to verify that Theorem 
1.6.1 remains valid in this case with obvious modification. For example, if 
u € C(Q) and 2’ cc OQ, then u, converges uniformly to u on 1 as € > 0. 

Also note that (iii) of Theorem 1.6.1. implies that mollification does 
not increase the norm. This is intuitively clear since the norm must take 
into account the extremities of the function and mollification, which is an 
averaging operation, does not increase the extremities. 


1.7 Distributions 


In this section we present a very brief review of some of the elementary 
concepts and techniques of the Schwartz theory of distributions [SCH] that 
will be needed in subsequent chapters. The notion of weak or distributional 
derivative will be of special importance. 


1.7.1. Definition. Let 2 C R” be an open set. The space H(Q) is the 
set of all y in C§°(Q) endowed with a topology so that a sequence {y;} 
converges to an element y in H(Q) if and only if 


(i) there exists a compact set K C © such that spt yp; C K for every 3, 
and 


(ii) limj.. D%y; = D%p uniformly on K for each multi-index a. 


The definition above does not attempt to actually define the topology 
on Y(Q) but merely states a consequence of the rigorous definition which 
requires the concept of “generalized sequences” or “nets,” a topic that 
we do not wish to pursue in this brief treatment. For our purposes, it 
will suffice to consider only ordinary sequences. It turns out that D(Q) 
is a topological vector space with a locally convex topology but is not 
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a normable space. The dual space, D’(Q), of J(Q) is called the space of 
(Schwartz) distributions and is given the weak*-topology. Thus, T; € D(2) 
converges to T if and only if T;(y) > T(y) for every py € D(Q). 

We consider some important examples of distributions. Let u be a Radon 
measure on 22 and define the corresponding distribution by 


T(y) = i p(x)du 


for all y € D(Q). Clearly T is a linear functional on D(Q) and |T(y)| < 
\u|(spt y)||¢llo0, from which it is easily seen that T is continuous, and thus a 
distribution. In this way we will make an identification of Radon measures 
and the associated distributions. 

Similarly, let f € L?,,(Q), p > 1, and consider the corresponding signed 
measure yp defined for all Borel sets E C R” by 


w(B) = [seas 


and pass to the associated distribution 


so) = fF o(a)sle)ae. 


In the sequel we shall often identify locally integrable functions with their 
corresponding distributions without explicitly indicating the identification. 


1.7.2. Remark. We recall two facts about distributions that will be of 
importance later. A distribution T on an open set 2 is said to be positive if 
T(p) > 0 whenever y > 0, y € H(Q). A fundamental result in distribution 
theory states that a positive distribution is a measure. Of course, not all 
distributions are measures. For example, the distribution defined on R! by 


T(p)= f o'(c)as 


is not a measure since it is not continuous on A(M) when endowed with 
the topology of uniform convergence on compact sets. 

Another important fact is that distributions are determined by their local 
behavior. By this we mean that if two distributions T and S on Q have 
the property that for every x € { there is a neighborhood U such that 
T(y) = S(¢) for all gy € H(Q) supported by U, then T = S. For example, 
this implies that if {Q,} is a family of open sets such that UN, = 2 and 
T is a distribution on 2 such that T is a measure on each Qg, then T is a 
measure on (2). This also implies that if a distribution T vanishes on each 
open set of some family F, it then vanishes on the union of all elements of 
F. The support of a distribution T is thus defined as the complement of 
the largest open set on which T vanishes. 
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We now proceed to define the convolution of a distribution with a test 
function y € D(Q). For this purpose, we introduce the notation $(r) = 
y(—x) and 7,¢(y) = y(y — x). The convolution of a distribution T defined 
on R” with yp € A(Q) is a function of class C™ given by 


T * p(x) = T(t2¢). (1.7.1) 
An obvious but important observation is 
T * (0) = T(r) = T(@). 


If the distribution T is given by a locally integrable function f then we 
have 


(T*y)(x) = i fe —y)elw)dy 


which is the usual definition for the convolution of two functions. It is easy 
to verify that 


T«(p*¥) =(Txo)*¥ 


whenever y,y € ZF. 
Let T be a distribution on an open set 12. The partial derivative of T is 
defined as 
DiT(y) = -T(Diy) 


for gy € A(Q). Since Dip € A(Q) it is clear that D;T is again a distribu- 
tion. Since the test functions y are smooth, the mixed partial derivatives 
are independent of the order of differentiation: 


D,Djp = Di Dig 
and therefore the same equation holds for distributions: 
D,Dj;T = D;D;T. 


Consequently, for any multi-index a the corresponding derivative of T is 
given by the equation 


D*T(g) = (-1)'*'T(D%¢). 


Finally, we note that a distribution on 2 can be multiplied by smooth 
functions. Thus, if T € D’(Q) and f € C™~(Q), then the product fT is a 
distribution defined by 


(fT)(~) =T(fe), ge FQ). 


The Leibniz formula is easily seen to hold in this context (see Exercise 1.5). 
The reader is referred to [SCH] for a complete treatment of this topic. 
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1.8 Lorentz Spaces 


We have seen in Lemma 1.5.1 that if f € L1(R”), f > 0, then its integral 
is completely determined by the measure of the sets {x : f(z) > t},t € R?. 
The non-increasing rearrangement of f, (defined below) can be identified 
with a radial function f having the property that for allt € R!, {x : f(x) > 
t} is a ball centered at the origin with the same measure as {x : f(x) > t}. 
Consequently, f and f have the same integral. Because f can be thought 
of as a function of one variable, it is often easier to employ than f. We 
introduce a class of spaces called Lorentz spaces which are more general 
but closely related to L? spaces. Their definition is based on the concept 
of non-increasing rearrangement. Later in Chapter 2, we will extend basic 
Sobolev inequalities in an L” setting to that of Lorentz spaces. 


1.8.1. Definition. If f is a measurable function defined on R”, let 
Ef = {x : |f(x)| > 5}, (1.8.1) 
and let the distribution function of f be denoted by 
a;(s) = |EF|. (1.8.2) 


Note that the distribution function of f is non-negative, non-increasing, 
and continuous from the right. With the distribution function we associate 
the non-increasing rearrangement of f on (0, 0o) defined by 


f*(t) = inf{s > 0: ag(s) < t}. (1.8.3) 


Clearly f* is non-negative and non-increasing on (0,00). Further, if ay is 
continuous and strictly decreasing, then f* is the inverse of af, that is, 
f= ek It follows immediately from the definition of f*(¢) that 


f*(as(s)) <8 (1.8.4) 
and because ay is continuous from the right, that 
ay(f*(t)) <t. (1.8.5) 


These two facts lead immediately to the following propositions. 
1.8.2. Proposition. f* is continuous from the right. 
Proof. Clearly, f*(t) > f*(t+ h) for all h > 0. If f* were not continuous 


at t, there would exist y such that f*(t) > y > f*(t+A) for all h > 0. But 
then, (1.8.5) would imply that as(y) < as(f*(t+h)) <t+Ah for all h > 0. 
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Thus, as(y) < t and therefore, f*(t) < y, a contradiction. Oo 
1.8.3. Proposition. a;-(s) = a+(s) for all s > 0. 


Proof. Because f* is non-increasing, it follows from the definition of a ,- (t) 
that 

af-(s) = sup{t > 0: f*(t) > s}. (1.8.6) 
Hence, f*(a(s)) < s implies af(s) > ay-(s). For the opposite inequal- 
ity, note from (1.8.6) that if t > a y-(s), then f*(t) < s and consequently, 
as(s) < af(f*(t)) < t, by (1.8.5). Thus, af(s) < ay-(s) and the proposi- 
tion is established. qO 


1.8.4. Proposition. Let {f;} be a sequence of measurable functions on R” 
such that {|f;|} is a non-decreasing sequence. If |f(x)| = limjoo | fi(x)| for 
each x € R", then ay, and fj increase to ag and f* respectively. 


Proof. Clearly 
[oe} 
Ef cEf and VEL =8f 


i=1 
for each s and therefore a,(s) — a f(s) as s — oo. It follows from definition 
of non-increasing rearrangement, that f7(t) < f7,,(t) < f*(¢) for each t 
and i = 1,2,.... Let g(t) = limjoo f(t). Since f*(t) < g(t) it follows from 
(1.8.5) that ay,[9(t)] < a¢,[f7(d] < t. Therefore, 
ay(g(t)] = lim o,[9(t)] St 
tw 00 


which implies that f*(t) < g(t). But g(t) < f*(t) and therefore the proof 
is complete. Oo 


1.8.5. Theorem. /f f € L?, 1<p<o, then 


[fee ar [rere “ (1.8.7) 


Proof. This follows immediately from Lemma 1.5.1 and the fact that f 
and f* have the same distribution function (Proposition 1.8.3). Oo 


We now introduce Lorentz spaces and in order to motivate the following 
definition, we write (1.8.7) in a more suggestive form as 


lfllp = (fer erat) 1/p 
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It is sometimes more convenient to work with the average of f* than 
with f* itself. Thus, we define 


sez f rier. 


1.8.6. Definition. For 1 < p < oo and 1 < q < o, the Lorentz space 
L(p, q) is defined as 


L(p,q) = {f : f measurable on R”, || f\|(p,q) < 00} (1.8.8) 


where ||f||(p,q) is defined by 


oo dt} */4 
ih oud Wp ot eas 
0 t 
If lle. = 
supt’/? f**(t), 1<psw,q=o0. 
t>0 


It will be shown in Lemma 1.8.10 that 
L(p,p) = L?. (1.8.9) 


The norm above could be defined with f** replaced by f* in case p > 1 
and 1 < q < co. This alternate definition remains equivalent to the original 
one in view of Hardy’s inequality (Lemma 1.8.11) and the fact that f** > f* 
(since f* is non-increasing). For p > 1, the space L(p, co) is known as the 
Marcinkiewicz space and also as Weak L?”. In case p = 1, we clearly have 
L(1, 00) = L'. With the help of Lemma 1.5.1, observe that 


t fo.) 
| Pipdar = tp + f as(s)ds 
0 f*(t) 


and therefore 


p(t) = f(t) + : i 7 ayiads, (1.8.10) 


For our applications it will be necessary to know how the non-increasing 
rearrangement behaves relative to the operation of convolution. The next 
two lemmas address this question. Because g** is non-increasing, note that 
in the following lemma, the first and second conclusions are most interesting 
when t <r and t >, respectively. 


1.8.7. Lemma. Let f and g be measurable functions on R” where sup{ f(x): 
xz € R"} <a and f vanishes outside of a measurable set E with |E| =r. 
Let h= f xg. Then, for t > 0, 


h™*(t) < arg™(r) 
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and 
h*™*(t) Sarg**(t). 


Proof. For a > 0, define 
_ J 9(z) if |g(x)| <a 
9a(x) = oe if |g(z)| > a 
and let 
g°(x) = g() — ga(z). 
Then, define functions hy and hg by 


h=fxg=f*gat+f*g* 
=hy + hg. 


From elementary estimates involving the convolution and Lemma 1.5.1, 
we obtain 


[oe} 
sup{h2(r) : 2 € R"} < sup{f(r): 2 € E}|lg* Ili < a | a(s)ds (1.8.11) 
because g*(x) = 0 whenever |g(z)| < a. Also 


sup{hi(z) : 2 € R"} < ||f ll, sup{ga(x) : c € E} < ara, (1.8.12) 


and 
[eo e) 


Wolly <Iifllallg’ll < ar if og(s)ds. (1.8.13) 
a 


Now set a = g*(r) in (1.8.11) and (1.8.12) and obtain 


** 1 ' * 
ne) => [Maddy < We 
< [IPilloo + ello 


co 


<arg'(r)ta [| ag(s)ds 


g*(r) 
oo 
<a rt +/ ag(s)ds 
g*(r) 
=arg**(r). 


The last equality follows from (1.8.10) and thus, the first inequality of the 
lemma is established. 
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To prove the second inequality, set a = g*(r) and use (1.8.12) and (1.8.13) 
to obtain 


t t t 
th**(t) = i h*(y)dy < i hi(y)dy + i hE (y)dy 


< tl\halloo + | h3(y)dy = tl\Palloo + llheally 
0 
foe) 


<targ*(t)+ ar | ag(s)ds 
g*(r) 


<ar wre + : tes 
3° 


2 
< artg**(t) 
by (1.8.10). oO 


1.8.8. Lemma. If h, f, and g are measurable functions such that h = f xg, 
then for any t > 0 


A™(t) StF" (@g™ (t) + / : f*(u)g*(u)du. 


Proof. Fix ¢ > 0. 
Select a doubly infinite sequence {y;} whose indices ranges from —oo to 
+oo such that 
yo = f*(t) 
Yi S Yi41 


lim y; = 00 
i— 00 


t—— 00 


Let 


co 
f= D> A) 
1=—0O 
where 
0 if |f(z)| S yi-a 
fiz) = 4 f(z) — yi-1 sen f(z) if yi-1 < |f(2)| < yi 

Yi — Yi-1 Sgn f(z) if yi < |f(z)I- 

Clearly, the series converges absolutely and therefore, 


n=seo= (5 i) es 


(2) (Ee) 


4t=—00 


=h,+he 
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with 
A™*(t) < hy (t) + h3*(t). 


To evaluate h3*(t) we use the second inequality of Lemma 1.8.7 with 
E, = {z: |f(z)| > yi-1} = E and a = y; — y;-1 to obtain 


h3*(t) < <Du — yi-1) a5 (Yi-1)9"* (t) 


=9""(t) S> os (yi-1) (Hs — i-1)- 
i=1 


The series on the right is an infinite Riemann sum for the integral 


lo e) 
j az (y)dy, 
frit) 


and provides an arbitrarily close approximation with an appropriate choice 
of the sequence {y;}. Therefore, 


lee} 
nss(t) sot) [ald (1.8.14) 
f*(t) 
By the first inequality of Lemma 1.8.7, 
oo 
hi*(t) < Sov — vi-1) of (Yi-1)9** (@¢(Yi-1))- 
i=1 


The sum on the right is an infinite Riemann sum tending (with proper 
choice of y;) to the integral, 


f*(t) 
i oplu)a"* (ay(u))dy 


We shall evaluate the integral by making the substitution y = f*(u) and 
then integrating by parts. In order to justify the change of variable in the 
integral, consider a Riemann sum 


dark yi-1)9*™* (arg (ys—1))(yi — Yea) 
that provides a close approximation to 


f*(t) 
/ os(vg"* (aly) dy 


By adding more points to the Riemann sum if necessary, we may assume 
that the left-hand end point of each interval on which ay is constant is 
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included among the y;. Then, the Riemann sum is not changed if each y; 
that is contained in the interior of an interval on which ay is constant, is 
deleted. It is now an easy matter to verify that for each of the remain- 
ing y; there is precisely one element, u;, such that y; = f*(u;) and that 
az(f*(uj)) = uz. Thus, we have 


S> a5(yi-1)9"* (a¢(yi—1)) (yi — Yi-1) 
t=1 


= So ui-ig™ (ui-1)(f* (ui) — f*(ui-1)) 
t=1 


which, by adding more points if necessary, provides a close approximation 
to 


is / ” ug" (u)df*(u). 
Therefore, we have 
f*(t) 
hi*(t) < / os(y)g"*(ap(v))dy 
= / * ugh (u)df* (u) 
= -ug"*(u) f*(u) [f° + / ” Fe (wg"(u)du 
<tg**(t)f*(t y+ fo f*(u)g* (u)du. (1.8.15) 


To justify the integration by parts, let A be an arbitrarily large number 
and choose u; such that t = uy < ug <... < uj4i1 = A. Observe that 


Ag**(A) f*(A) — to"*(t)F*(t) = Yo vas! *(usti)[F* (wigs) — f*(us)] 
+ 3 F*(ui)[9™ (wit )uiti — 9" (ui)us) 
t=1 


j 
a 3 Ui4ig”” (Uist )IF* (uit) — f*(ui)] 


t=1 


+ rr [fl 


a 


0° (rar | 


j 
< > Ui419"" (is) [F* (usta) — f*(ua)] 


t=1 
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j 


+ So F*(ui)g* (us) [uss — ui. 


i=1 


This shows that 
Ag"*(A)F*(A) — to" (B)F() < [ ug” (u)df* (a) + a f*(u)g*(u)du. 


To establish the opposite nega} write 


Ag**(A)F*(A) — to (t) F(t )= Pomow [F*(wiss) — f*(ua)] 
- 3 f* (uisr)[9"™ (ui41)uitis — 9" (ui)ui] 
t=1 


j 
= y uig”™” (us) [f* (uit) — f*(ui)] 


i=1 
+ YF an if - 0° (rar | 


j 
> Do wig (ui)[F* (wins) — F*(us)) 
i=1 
i 
+ SOP" (wier)9" (ui) [wits — ui]. 


i=1 


Now let A — oo to obtain the desired equality. Thus, from (1.8.15), (1.8.14), 


and (1.8.10), 


[oe} [oe} 
hy*(t) + ho*(t) < g**(t) le + / is oxo + f f*(u)g*(u)du 
* t 
[o.e) 
<ep(na(t) + [fo wg" udu. 0 
t 
1.8.9. Lemma. Under the hypotheses of Lemma 1.8.8, 


h(t) < / ” pe" (u)g"* (udu 


Proof. We may as well assume the integral on the right is finite and then 


conclude 
lim uf**(u)g**(u) = 0. (1.8.16) 
Uu— oo 
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By Lemma 1.8.8 and the fact that f* < f**, we have 


A(t) < tf" (g(t) + 7 : f*(u)g" (u)du 


[o.e} 
< poe + [pr ug" (wide. 
t 
Note that since f* and g* are non-increasing, 


f(y) = 21F (uw) — Fw] 


and d 
sug" (u) = 9°(u) 
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(1.8.17) 


for almost all (in fact, all but countably many) wu. Since f** and g** are 
absolutely continuous, we may perform integration by parts and employ 


(1.8.16) and (1.8.17) to obtain 
h™*(t) < tf" (t)g™* (t) + uf™ (u)g™ (u)le 


+f [Ft (u) — f(u)lot* (u)du 
= [ [F**(u) — F(u)]g"* (udu 


< | * pt (ulg** (udu 


We conclude this section by proving some lemmas that provide a com- 
parison between various Lorentz spaces. We begin with the following that 


compares L? and L(p,p). 
1.8.10. Lemma. If 1 < p < 00 and 1/p+1/p' =1, then 


IIfllp < lIFll@e) < P'llflle- 


Proof. Since f* < f**, 


Fle = i “Up () Pat = i’ [e/? Fr(A)P e<[° eves ypes 


= (If ll@.py)?- 
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The second inequality follows immediately from the definition of f**(¢) and 
the inequality 


I fe : cat] #) oy [[errert)” 


which is a consequence of the following lemma with r = p—1. Oo 
The next result is a classical estimate, known as Hardy’s inequality, which 


gives information related to Jensen’s inequality (1.5.12). If f is a non- 
negative measurable function defined on the positive real numbers, let 


Fixe : i “ f(dt, 2 >0. 


Jensen’s inequality gives an estimate of the p** power of F; Hardy’s in- 
equality gives an estimate of the weighted integral of the p** power of F. 


1.8.11. Lemma (Hardy). [f 1 < p < oo, r > 0 and f is a non-negative 
measurable function on (0,00), then with F defined as above, 


i’ FayParr ‘de < ( ey ft f(t)Pt?-**dt. 


Proof. By an application of Jensen’s inequality (1.5.12) with the measure 
t'"/P)-1 dt, we obtain 


( i Fteyat). 7 ( E eoe-eMmeer-rat)- 


- ext r(1—1/p) ik pyp—r—1+r/p 
<(?) 2 | ore dt. 


Then by Fubini’s theorem, 


[ (foe 
er ae ~—1-(r/p) cz Lf ( pee ‘at dz 
ye Pu Lr(t) Pert + r/P) Ce olan) dt 


BF [vomera 


lA 


Il 
ea a Fae 
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The following two lemmas provide some comparison between the spaces 
L(p,q) and L(p,r). 


1.8.12. Lemma. 


1/q 
* q If llw,a) l/e If ll@.a) 
f(a) s @ gue <° gle 


Proof. 
(If lleo,a)) 2 = / * pret 

ze i eee te 

> [f**(2)]? / 4a!) 


ae ** (7) )IqP/4, 
olf (x)|*x?"4 


The first inequality follows by solving for f**(x) and the second by ob- 
: 1/q 
serving that (2) <gl/i<el/e, Oo 


1.8.13. Lemma (Calderén). If 1< p< oo andl<q<r<o, then 


(1/q)—(1/r) ; 
) Ifll@a <ellfll@a- 


q 
Ifll@r) S (2 


Proof. 
(If llcon)” = i (ftt(a) 2") Ne 
= [err eta de 
0 


fore / med 
erin (*)"s| ae 
0 


p /p 


4 (r/q)-1 
: (2) (Ff ll@.a)” “IF lla)? 


and the first inequality follows by taking the r** root of both sides. The 
second follows by the same reasoning as in the previous lemma. oO 
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Exercises 


1.1. 


1.2. 


1.3. 


1.4. 


1.5. 


1.6. 


1.7. 


1.8. 


Prove that if FE C R” is an arbitrary set, then the distance function 
to E is Lipschitz with constant 1. That is, if d(x) = d(z, EF), then 
|d(x) — d(y)| < |x — y| for all z,y € R”. 


(a) Prove that if E is a set with H°(E) < oo, then H4(E) = 0 for 
every 3 > a. 


(b) Prove that any set EF C R” has a unique Hausdorff dimension. 
See Remark 1.4.3. 


Give a proof of Lemma 1.5.1. More generally, prove the following: 
Let y: [0,00] — [0,00] be a monotonic function which is absolutely 
continuous on every closed interval of finite length. Then, under the 
conditions of Lemma 1.5.1, prove that 


if poudu= i u(Ey)y' (t)dt 


Prove that C*:(Q) is a Banach space with the norm defined in Sec- 
tion 1.1. 


Let f € C§°(R”) and T a distribution. Verify the Leibniz formula 
*(fT) = d + Bile Wa —piP fD°-°T 


where we say 2 < a provided 8; < a; for 1 <i<n. 


Prove that if T is a distribution and y € C§°(R"), then T* y € 
C§°(R") and D(T * y) = (DT) * y where D denotes any partial 
derivative of the first order. This may be accomplished by analyzing 
difference quotients and using the fact that t,(DT) = D(7T). 


Lemma 1.8.13 shows that if 1 <p < oo andl<q<r< ovo, then 
L(p,q) C L(p,q) € L(p,r) C L(p, 00). 
Give examples that show the above inclusions are strict. 


As we have noted in Remark 1.4.3, the measure H7” does not satisfy 
the regularity property analogous to (1.4.5). However, it does have 
other approximation properties. Prove that if A C R” is an arbitrary 
set, there exists a Gs-set G D A such that 


H(A) = H7(G). 
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1.9. 


1.10. 


1.14. 
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It can also be shown (although the proof is not easy) that if A is a 
Suslin set, then 


H(A) = sup{H7(K): K Cc A,K compact, H7(K) < oo}. 
See [F4, 2.10.48]. 


Prove the statement that leads to (1.8.10), namely, if f € L1(R"), 
then 


t love) 
| f*(r)dr = tf*(t) + as(s)ds. 
0 f*(t) 
Hint: Consider the graph of f and employ Lemma 1.5.1. 


Another Hausdorff-type measure often used in the literature is Haus- 
dorff spherical measure, H2. It is defined in the same manner as H7 
(see Definition 1.4.1) except that the sets A; are taken as n-balls. 
Clearly, H7(E) < H2(E) for any set E. Prove that H3(E) = 0 
whenever H7(E) = 0. 


. Suppose u is a function defined on an open set 2 C R” with the 


property that it is continuous almost everywhere. Prove that wu is 
measurable. 


. Using only basic information, prove that the class of simple functions 


is dense in the Lorentz space L(p, q). 


. Let : be a Radon measure on R”. As an application of Theorem 1.3.6 


prove that any open set U C R” is essentially (with respect to yz) the 
disjoint union of n-balls. That is, prove that there is a sequence of 
disjoint n-balls B; C U such that 


[o-Ual =o 


Let p be a Radon measure on R”. Let I be an arbitrary index set 
and suppose for each a € I, that Eq is an y-measurable set with the 


property that 


. MEN B(a,r)) _ 
rh uBle.n)) 


for every x € Ey. Prove that UgerEa is u-measurable. 


1 


. From Exercise 1.1 we know that the distance function, d, to an arbi- 


trary set E is Lipschitz with constant 1. Looking ahead to Theorem 
2.2.1, we then can conclude that d is differentiable almost everywhere. 
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Prove that if FE is a closed set and d is differentiable at a point x ¢ E, 
then there exists a unique point (x) € E nearest x. Also prove that 


Dd(x) = ae. 


1.16. (a) If f is a continuous function defined on R”, prove that its non- 
increasing rearrangement f* is also continuous. Thus, continu- 
ous functions remain invariant under the operation of rearrange- 
ment. 


(b) Now prove that Lipschitz functions also remain invariant under 
rearrangement. For this it will be necessary to use the Brunn- 
Minkowski inequality. It states that if F and F are nonempty 
subsets of R”, then 


|E+ F|}/" > |E|}/" + [eps 


where E+ F ={r+y:x2€ E,y€ F}. 


(c) Looking ahead to Chapter 2, prove that if f € W1?(R"), then 
f* © W!?(R"). Use part (b) and Theorem 2.5.1. 


(d) Show by an example that C1(R") does not remain invariant 
under the operation of rearrangement. 


1.17. Let u € C°(R?). For each h 4 0, let up, be the function defined by 


eae u(x + " — u(x) 


Prove that up, — u’ in the sense of distributions. 


1.18. Let {uj} be a sequence in L?(R") that converges weakly to wu in 
L?(R"), p > 1. That is, 


lim uu dz > uv dx 

tw 00 Rr Rr 
for every v € L?(R"). Prove that Du; — D*%u in the sense of 
distributions for each multi-index a. 


Historical Notes 


1.2. The notion of measures has two fundamental applications: one can be 
used for estimating the size of sets while the other can be used to define 
integrals. In his 1894 thesis, E. Borel (cf. [BO]) essentially introduced what 
is now known as Lebesgue outer measure to estimate the size of sets to assist 
his investigation of certain pathological functions. Lebesgue [LE1] used 
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measures as a device to construct his integral. Later, when more general 
measures were studied, Radon (1913) for example, emphasized measure 
as a countably additive set function defined on a o-ring of sets whereas 
Carathéodory (1914) pursued the notion of outer measures defined on all 
sets. 


1.3. The material in this section represents only a very small portion of the 
literature devoted to differentiation theory and the related subject of cover- 
ing theorems. Central to this theory is the celebrated theorem of Lebesgue 
[LE2] which states that a locally integrable function can be represented 
by the limit of its integral averages over concentric balls whose radii tend 
to zero. Theorem 1.3.8 generalizes this result to the situation in which 
Lebesgue measure is replaced by a Radon measure. This result and the 
covering theorems (Theorems 1.3.5 and 1.3.6) which lead to it are due to 
Besicovitch, [BE1], [BE2]. The proof of Theorem 1.3.5 was communicated 
to the author by Robert Hardt. The original version of Theorem 1.3.6 is due 
to Vitali [VI] who employed closed cubes and Lebesgue measure. Lebesgue 
[LE2] observed that the result is still valid if cubes are replaced by gen- 
eral sets that are “regular” when compared to cubes. A sequence of sets 
{E,} is called regular at a point xo if ro € NZL,Ex, diam(E,) — 0 and 
lim inf,49 p(E,,) > 0 where p(E;,) is defined as the infimum of the numbers 
|C|/|E,| with C ranging over all cubes containing Ex. In particular, one is 
allowed to consider coverings by nested cubes or balls that are not neces- 
sarily concentric. However, in the case when Lebesgue measure is replaced 
by a Radon measure, Theorem 1.3.6 no longer remains valid if the balls in 
the covering are allowed to become too non-concentric. At about the time 
that Besicovitch made his contributions, A.P. Morse developed a theory 
which allowed coverings by a general class of sets rather than by concentric 
closed balls. The following typifies the results obtained by Morse [MSE2]: 
Let A C R” be a bounded set. Suppose for each z € A there is a set H(z) 
satisfying the following two properties: (i) there exist M > 0 independent 
of x and r(x) > 0 such that 


B(z,r(x)) C H(z) C B(x, Mr(2)); 


(ii) H(x) contains the convex hull of the set {y} U B(z,r(x)) whenever 
y € H(z). Then a conclusion similar to that in Theorem 1.3.5 holds. 

Another useful covering theorem due to Whitney [WH] states than an 
open set in R” can be covered by non-overlapping cubes that become 
smaller as they approach the boundary. Theorem 1.3.5 is a similar result 
where balls are used instead of cubes and where the requirement of disjoint- 
ness is replaced by an estimate of the amount of overlap. This treatment 
is found in [F4, Section 3.1]. 

Among the many results concerning differentiation with respect to irreg- 
ular families is the following interesting theorem proved in [JMZ]: Suppose 
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u is a measurable function defined on R” such that 

ie + log* |ul)"~"dx < oo. 
Then, for almost every x € R”, 

tim Z|" f July) - u(z)Idy = 0 


where the limit is taken over all bounded open intervals J containing the 
point xz. This result is false if u is assumed only to be integrable. Such ir- 
regular intervals are useful in applications concerning parabolic differential 
equations, where it is natural to consider intervals of the form C x [0, r?], 
where C’ is an (n — 1)-cube of side-length r. 

For further information pertaining to differentiation and coverings, the 
reader may consult [DG], {F4, Section 2.8]. 


1.4. Carathéodory [CAY] was the first to introduce “Hausdorff” measure in 
his work on the general theory of outer measure. He only developed linear 
measure in R” although he indicated how k-dimensional measure could be 
defined for integer values of k. k-dimensional measure for general positive 
values of k was introduced by Hausdorff [HAU] who illustrated the use 
of these measures by showing that the Cantor ternary set has fractional 
dimension log 2/ log 3. 


1.7. There are various ways of presenting the theory of distributions, but 
the method employed in this section is the one that reflects the original 
theory of Schwartz [SCH] which is based on the duality of topological vector 
spaces. The reader may wish to consult the monumental work of Gelfand 
and his collaborators which contains a wealth of material on “generalized 
functions” [GE1], [GE2], [GE3], [GE4], [GE5]. 


1.8. Fundamental to the notion of Lorentz spaces is the classical concept 
of the non-increasing rearrangement of a function which, in turn, is based 
upon a notion of symmetrization which transforms a given solid in R? 
into a ball with the same volume. There are a variety of symmetrization 
procedures including the one introduced by J. Steiner [ST] in 1836 which 
changes a solid into one with the same volume and at least one plane of 
symmetry. The reader may consult the works by Pélya and Szegé [PS] or 
Burago and Zalgaller [BUZ] for excellent accounts of isoperimetric inequal- 
ities and their connection with symmetrization techniques. In 1950 G.G. 
Lorentz [LO1], [LO2], first discussed the spaces that are now denoted by 
L(p,1) and L(p, co). Papers by Hunt [HU] and O’Neil [O] present interest- 
ing developments of Lorentz spaces. Much of this section is based on the 
work of O’Neil and the main results of this section, Lemmas 1.8.7-1.8.9, 
were first proved in [O]. The reader may consult [CA2], [CA3], [LP], [PE] 
for further developments in this area. 
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Sobolev Spaces and Their 
Basic Properties 


This chapter is concerned with the fundamental properties of Sobolev 
spaces including the Sobolev inequality and its associated imbedding the- 
orems. The basic Sobolev inequality is proved in two ways, one of which 
employs the co-area formula (Section 2.7) to obtain the best constant in the 
inequality. This method relates the Sobolev inequality to the isoperimetric 
inequality. 

The point-wise behavior of Sobolev functions will be discussed in Chap- 
ters 3 and 4 and this will entail a method of defining Sobolev functions 
on large sets, sets larger than the complement of sets of Lebesgue measure 
zero. It turns out that the appropriate null sets for this purpose are de- 
scribed in terms of sets of Bessel capacity zero. This capacity is introduced 
and developed in Section 2.6 but only to the extent needed for the analysis 
in Chapters 3 and 4. The theory of capacity is extensive and there is a vast 
literature that relates Bessel capacity to non-linear potential theory. It is 
beyond the scope of this book to give a thorough treatment of this topic. 

One of the interesting aspects of Sobolev theory is the behavior of the 
Sobolev inequality in the case of critical indices. In order to gain a better 
appreciation of this phenomena, we will include a treatment in the context 
of Lorentz spaces. 


2.1 Weak Derivatives 


Let u € Li. (Q). For a given multi-index a, a function v € Li}.,.(Q) is called 


h loc : ‘ : loc 
the a*® weak derivative of u if 


[ evas = (-1! f uD“ yp dx (2.1.1) 
Q Q 

for all y € C§°(Q). v is also referred to as the generalized derivative of u 
and we write v = D®u. Clearly, D%u is uniquely determined up to sets 
of Lebesgue measure zero. We say that the at* weak derivative of u is a 
measure if there exists a regular Borel (signed) measure y on 2 such that 


[edu= (le! [ ureeae (2.1.2) 
Q Q 
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for all y € C§°(Q). In most applications, |a| = 1 and then we speak of wu 
whose partial derivatives are measures. 


2.1.1. Definition. For p > 1 and k a non-negative integer, we define the 
Sobolev space 


WP(Q) = LP(Q)N {u: D%u € L?(Q), |a| < k}. (2.1.3) 


The space W*-?(Q) is equipped with a norm 


1/p 
I[ullk,p;2 = / s |[D°ulPdx (2.1.4) 
O Nal<k 
which is clearly equivalent to 
> ||D°ullp;a- (2.1.5) 


la|<k 


It is an easy matter to verify that W*?(Q) is a Banach space. The space 
we *P(Q) is defined as the closure of C§°(2) relative to the norm (2.1.4). 
We also introduce the space BV(Q) of integrable functions whose partial 
derivatives are (signed measures) with finite variation; thus, 


BV(Q) = L'(Q)N {u: D%u is a measure, |D®u|(Q) < co, |a| = 1}. 
(2.1.6) 
A norm on BV(Q) is defined by 


lull av (ay = |lullase + y |D*u|(Q). (2.1.7) 


Ja|=1 


2.1.2. Remark. Observe that if u € W*?(Q)U BV(Q), then wu is deter- 
mined only up to a set of Lebesgue measure zero. We agree to call these 
functions u continuous, bounded, etc. if there is a function w@ such that 
U = uae. and @ has these properties. 

We will show that elements in W*?(Q) have representatives that permit 
us to regard them as generalizations of absolutely continuous functions 
on R}. First, we prove an important result concerning the convergence of 
regularizers of Sobolev functions. 


2.1.3. Lemma. Suppose u € W*?(Q), p > 1. Then the regularizers of u 
(see Section 1.6), ue, have the property that 


lim ||ue ce ulle,p;a” =0 


44 2. Sobolev Spaces and Their Basic Properties 
whenever 2' CCQ. In case DQ = R", then lime o ||Ue — ulle,p = 0. 

Proof. Since 9’ is a bounded domain, there exists ¢9 > 0 such that 9 < 
dist(Q', OQ). For e < €o, differentiate under the integral sign and refer to 
(2.1.1) to obtain for z € ’ and |a| < k, 


D*u,(x) = e | Dep (Z — H) u(y)dy 


c. 


= (ales f Dey (Z — t) u(y)dy 


€ 


=e i, ” (: _ 2) D*u(y)dy 
= (D°u)e(z) 


for each x € 9’. The result now follows from Theorem 1.6.1(iii). a 


Since the definition of a Sobolev function requires that its distributional 
derivatives belong to L?, it is natural to inquire whether the function pos- 
sesses any classical differentiability properties. To this end, we begin by 
showing that its partial derivatives exist almost everywhere. That is, in 
keeping with Remark 2.1.2, we will show that there is a function u such 
that @ = u a.e. and that the partial derivatives of u exist almost every- 
where. However, the result does not give any information concerning the 
most useful concept of total differential, the linear approximation of the 
difference quotient. This topic will be pursued in Chapter 3. 


2.1.4. Theorem. Suppose u € L?(Q). Then u € W1?(Q), p > 1, if and 
only if u has a representative @ that is absolutely continuous on almost 
all line segments in Q parallel to the coordinate axes and whose (classical) 
partial derivatives belong to L?(Q). 


Proof. First, suppose u € W1-?(Q). Consider a rectangular cell in Q 
R= [ai, bi] x... x [an, bn] 


all of whose side lengths are rational. We know from Lemma 2.1.3 that the 
regularizers of u converge to u in the Wy? (Q) norm. Thus, writing zs € R 
as x = (£,2;) where # € R"~! and 2; € [a;,b;], 1 <i <n, it follows from 
Fubini’s Theorem that there is a sequence {¢;,} — 0 such that 


bi 
jim i |un(Z, v4) — u(Z, v;)|? + |Dug(Z, 21) — Du(Z, 2;)|Pdx; = 0 


for almost all %. Here, we denote ue, = ux. Since uz is smooth, for each 
such & and for every 7 > 0, there is M > 0 such that for 6 € [a;, bi], 


bi 
metal < i uk (@ap late 


ay 
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bi 
< i. Dulee leo 2 
ay 


for k > M. If {ux(Z,a;)} converges as k — oo, (which may be assumed 
without loss of generality), this shows that the sequence {u;,} is uniformly 
bounded on [a;, b;]. Moreover, as a function of x;, the uz are absolutely 
continuous, uniformly with respect to k, because the L1 convergence of 
Du, to Du implies that for each ¢ > 0, there is a 6 > O such that 
Sp |Dux(@,2:)|dx; < € whenever H'(E) < 6 for all positive integers k. 
Thus, by the Arzela—Ascoli theorem, {u,} converges uniformly on [a;, };] 
to an absolutely continuous function that agrees almost everywhere with 
u. This shows that u has the desired representative on R. The general case 
follows from the familiar diagonalization process. 

Now suppose that u has such a representative @. Then uy also possesses 
the absolute continuity properties of U, whenever y € Cf°(Q). Thus, for 
1<i<n, it follows that 


[we dz = - [ vue dz 


on almost every line segment in 2 whose end-points belong to R” — spt y 
and is parallel to the it coordinate axis. Fubini’s Theorem thus implies 
that the weak derivative D;u has D;w as a representative. a) 


2.1.5. Remark. Theorem 2.1.4 can be stated in the following way. If u € 
L?(Q), then u € W!?(Q) if and only if u has a representative @ such that 
u € W}?(A) for almost all line segments A in 2 parallel to the coordinate 
axes and |Du| € L?(Q). For an equivalent statement, an application of 
Fubini’s Theorem allows us to replace almost all line segments A by almost 
all k-dimensional planes A, in 2 that are parallel to the coordinate k-planes. 

It is interesting to note that the proof of Theorem 2.1.4 reveals that 
the regularizers of u converge everywhere on almost all lines parallel to the 
coordinate axes. If u were not an element of W1?((Q), but merely an element 
of L}(Q), Fubini’s theorem would imply that the convergence occurs only 
H}-a.e. on almost all lines. Thus, the assumption u € W+?(Q) implies 
that the regularizers converge on a relatively large set of points. This is an 
interesting facet of Sobolev functions that will be pursued later in Chapter 
3. 

Recall that if u € L?(R"), then |lu(a +h) — u(x)||p) - Oash > 0. A 
similar result provides a very useful characterization of W)?(R”). 


2.1.6. Theorem. Let 1 < p < oo. Then u € W)?(R") if and only if 
u € L?(R") and 
(/ u(z + h) — u(x) 


P 1/p 
i az) = [ntIlu(e+ &) — wa) 
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remains bounded for all h € R”. 


Proof. First assume u € Cp°(R"). Then 


u(ix+h)—u(rz) 1 he ( h ) h 
Se | Dale et | dt, 
|h| lhl Jo |h| 7 [hl 


h 
Dulat+ tm) 
( |h| 


h 
Du (< + i) 

|h| 
llu(z +h) — u(z)Ilp < [AI ||Dullp. 


By Lemma 2.1.3, this holds whenever u € W1?(R"). 
Conversely, if e; is the i*® unit basis vector, then the sequence 


fo + f — u(z) \ 


so by Jensen’s inequality (1.5.12), 


P 1 i‘. 
< ores 
lhl Jo 
Therefore, 


[hI 
Iue+n—ueyig saree ff 


Pp 


u(x + h) — u(x) dt. 


h 


Pp 
dxdt, 


or 


is bounded in L?(R"). Hence, by Theorem 1.5.2, there exists a subsequence 
(which will be denoted by the full sequence) and u; € L?(R”) such that 


u(z + e;/k) — u(x) “ig 
1k om 


weakly in L?(R"). Thus, for y € J, 


n 00 J Rn 1/k 
=i; (a — ei/k) ~ 9(2) 
=— / uD;y dz. 
This shows that 
Du = Uj 
in the sense of distributions. Hence, u € W)?(R"). oO 


2.1.7. Definition. For a measurable function u:2 — R?, let 


ut = max{u,0}, u7 = min{u, 0}. 
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2.1.8. Corollary. Let u€ W1?(Q), p>1. Then ut,u~ € W1?(Q) and 


Duif u>0 
AP es 
oy ={ if u<o0 


_~_ JO if u>0 
a errr) 


Proof. Because u has a representative that has the absolute continuity 
properties stated in Theorem 2.1.4, it follows immediately that ut,u7~ € 
W1?(Q). The second part of the theorem is reduced to the observation 
that if f is a function of one variable such that f’ exists a.e., then (ft)! = 

Oo 


f': X{f>0}- 


2.1.9. Corollary. If Q is connected, u€ W'?(Q), p> 1, and Du=0 ae. 
on 2, then u is constant on Q. 


Proof. Appealing to Theorem 2.1.4, we see that u has a representative 
that assumes a constant value on almost all line segments in 2 parallel to 
the coordinate axes. Oo 


2.1.10. Remark. The corollary states that elements of W!?(Q) remain 
invariant under the operation of truncation. One of the interesting aspects 
of the theory is that this, in general, is no longer true for the space W*?((). 
Motivated by the observation that ut = H ou where H is defined by 


tt>0 
mO= {5725 


we consider the composition H o u where H is a smooth function. It was 
shown in [MA2] and [MA3] that it is possible to smoothly truncate non- 
negative functions in W?. That is, if H € C®(R') and 


sup |t?-1H) (t)| < M < co 


for j = 1,2, then there exists C = C(p, M) such that for any non-negative 
v € CS°(R") 
|D°H(v)|lp < C||D7ullp 


for 1 <p < n/2 and any multi-index a with |a| = 2. Here D?v denotes the 
vector whose components consist of all second derivatives of v. However, 
it is surprising to find that this is not true for all spaces WP, Indeed, it 
was established in [DA1] that if 1 <p<n/k,2<k<n,orl<p<n/k, 
k = 2, and H € C™(R!) with H“)(t) > 1 for |t] < 1, then there exists a 
function u € W*?(R") 1 C®(R") such that H(u) ¢ W*?(R"). The most 
general result available in the positive direction is stated in terms of Riesz 
potentials, I, * f (see Section 2.6), where f is a non-negative function in 
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L?. The following result is due to Dahlberg [DA2]. Let 0 < a < n and 
1<p<n/a. Let H € C®(R?) have the property that 


sup |t?-!H) (t)| < M <0 
t>0 


for j = 0,1,...,a*, where a* is the smallest integer > a. If f € L?(R”) 
and f > 0, then there exists g € L?(R”) such that 


H(I,%*9)=IRqg*g ae. 


and |lgllp < Cllfllp where C = C(a,p,n, M). The case of integral a was 
treated in [AD4] and in this situation the result can be formulated as 


||D”[H (Ia * fylllp S$ Cll lp 


for any multi-index y with |y| = k. 

To continue our investigation of the calculus of Sobolev functions, we con- 
sider the problem of composition of a suitable function with u € W)?(Q). 
Before doing so, we remind the reader of the analogous problem in Real 
Variable theory. In general, if f and g are both absolutely continuous func- 
tions, then the composition, fog, need not be absolutely continuous. Recall 
that a function, f, is absolutely continuous if and only if it is continuous, of 
bounded variation, and has the property that |f(£)| = 0 whenever |E| = 0. 
Thus, the consideration that prevents f og from being absolutely continu- 
ous is that fog need not be of bounded variation. A result of Vallée Poussin 
[PO] states that f og is absolutely continuous if and only if f’og-g’ is 
integrable. An analogous result is valid in the context of Sobolev theory, cf. 
[MM1], [MM2], but we will consider only the case when the outer function 
is Lipschitz. 


2.1.11. Theorem. Let f : R! — R! be a Lipschitz function and u € 
W!?(Q), p> 1. If fowe L*(Q), then foue W)?(Q) and for almost all 
rE, 

D(f ou)(x) = f'[u(z)] - Du(z). 


Proof. By Theorem 2.1.4, we may assume that u is absolutely continuous 
on almost all line segments in 2. Select a coordinate direction, say the 
ith, and consider the partial derivative operator, D;. On almost all line 
segments, A, in 2 parallel to the i*” coordinate axis, fou is clearly absolutely 


continuous because f is Lipschitz. Moreover, 
Di(f 0 u)(x) = f'[u(z)] - Diu(z) (2.1.8) 


holds at all x € A such that D;u(z) and f’[u(z)] both exist. Note that if 
Dju(x) = 0, then D;(f ou)(x) = 0 because 


[flue + hex) — flu()]| _ .-|ulw + hex) — u(x) 
la aa i 
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where M is the Lipschitz constant of f and e; is the i” coordinate vector. 
Thus, letting N = AN {x : Dju(x) = 0}, we have that (2.1.8) holds on N. 
Now let 


P=(A-N)N{ax: Dju(z) exists and D;u(x) 4 0} 


and note that P UN occupies H}-almost all of 4. From classical consid- 
erations, we have that if S C P and H1[u(S)] = 0, then H1(5) = 0. In 
particular, if we let E = {y: f’(y) fails to exist}, then H![u-1(E) NP] = 0. 
Since (2.1.8) holds if z € A-— u-1(E)N P and Dj;u(z) exists, it follows 
therefore that (2.1.8) holds at H'-almost all points of A. At all such x, we 
may conclude that 


|Di(f 0 u)(x)|? < M?|Dju(x)). (2.1.9) 


Once it is known that the set of z € © for which (2.1.8) holds is a mea- 
surable set, we may apply Fubini’s Theorem to conclude that f o u sat- 
isfies the hypotheses of Theorem 2.1.4. This is a consequence of the fact 
that the functions on both sides of (2.1.8) are measurable. In particular, 
f' o u is measurable because f’ agrees with one of its Borel measurable 
Dini derivates almost everywhere. oO 


2.2 Change of Variables for Sobolev Functions 


In addition to the basic facts considered in the previous section, it is also 
useful to know what effect a change of variables has on a Sobolev function. 
For this purpose, we consider a bi-Lipschitzian map 


T:2 0. 
That is, for some constant M, we assume that both T and T7! satisfy, 
T(x) —T(y)| < Mlz—yl, for all x,y EQ, 


|\T-1(2’) —T~*(y')| < M|x' —y'|, for all 2',y' €0’. (2.2.1) 


In order to proceed, we will need an important result of Rademacher which 
states that a Lipschitz map T:R” — R™ is differentiable at almost all 
points in R". That is, there is a set E C R” with |E| = 0 such that for 
each z € R” — E, there is a linear map dT(z): R” — R™ (the differential 
of T at xz) with the property that 


im Le +9) =P) = aT(e wl _ 


0. 2.2.2) 
y0 ly| ( 
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In order to establish (2.2.2) it will be sufficient to prove the following 
result. 


2.2.1. Theorem. Jf f:R" — R! is Lipschitz, then for almost all x € R”, 


lim f(xt+y)— f(x) -Df(z)-y 


=0. 
y0 ly| 


Proof. For v € R” with |v| = 1, and x € R”, let y(t) = f(x + tv). Since f 
is Lipschitz, y is differentiable for almost all t. 

Let df(z,v) denote the directional derivative of f at z. Thus, df(z,v) = 
(0) whenever 7'(0) exists. Let 


N, = R" N {x : df(z, v) fails to exist}. 
Note that 


? 


Ny = {2 einai eI) eg i 
t0 t t30 t 


and is therefore a Borel measurable set. However, for each line 4 whose 
direction is v, we have H1(N, 2) = 0, because f is Lipschitz on 4. 
Therefore, by Fubini’s theorem, |N,| = 0. Note that on each line parallel 
to v, 


fa Z,v)y(x£ =— fi x)dyp(«, v)dx 


for y € C§°(R"). Because Lebesgue measure remains invariant under or- 
thogonal transformations, it follows by Fubini’s Theorem that 


I. df (x, v)p(x)dx =-f f(x)dp(z, v)dz 
=f He)Do(e)-vde 
Rr 
> [fe Dy0le)- 0 ae 
= » is D;f(x)y(x) + v,; dx 


=f p(x) Df(x)-vdz. 
Rr 


Because this is valid for all y € C§°(R”), we have that 


df(z,v)=Df(x)-v, ae. xe R”. (2.2.3) 
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Now let v1, v2,... be a countable dense subset of 9"—1 and observe that 
there is a set E with |E| = 0 such that 
df (x, vk) = Df (x) - ve (2.2.4) 


for alla € R” —-E,k =1,2,.... 
We will now show that our result holds at all points of R” — E. For this 
purpose, let z € R" — E, |v| = 1, t > 0 and consider the difference quotient 


Q(z,v,t) = fete) fe) — Df(x)-v. 
For v,v' € S"~1 and t > 0 note that 
[f(x + tv) — f(x + tu’) + (v — 0’) - Df (z)| 
t 
< Mjv—v'|+lu-—v'|-|Df(z)| < M(n4+I)lv-v’| (2.2.5) 


where M is the Lipschitz constant of f. Since the sequence {v;} is dense in 
S”-1 there exists an integer K such that 


Q(z, v,t) PY, Q(a,v', t)| = 


lu — up| < forsome k€ {1,2,...,K} (2.2.6) 


€ 
2(n+1)M 


whenever v € S”~?. For rp € R” — E, we have from (2.2.4) the existence 
of 6 > 0 such that 


|Q(20, vk, t)| < ; for 0<t<6, kE {1,2,...,K}. (2.2.7) 
Since 
|Q(2o, v, t)| < |Q(Zo, Uk, t)| oF |Q(xo, v, t) _ Q(2o, UE; t)| 
for k € {1,2,..., K}, it follows from (2.2.7), (2.2.5), and (2.2.6) that 


é € 
’ yt D ens 
|Q(xo,¥ Wegts € 

whenever |v| = 1 and0<t<6. Oo 


Recall that if L: R° — R” is a linear mapping and E C R” a measurable 
set, then 
|L(E)| = | det L| |E]. 
It is not difficult to extend this result to more general transformations. 
Indeed, if T: R” — R®” is Lipschitz, we now know from Theorem 2.2.1 
that T has a total differential almost everywhere. Moreover, if T is also 
univalent, one can show that 


A" |T(£)] = / JT dz for every measurable set E, (2.2.8) 
E 
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where JT is the Jacobian of T. From this follows the general transformation 


formula 
| fer Jas = f f dz (2.2.9) 
E T(E) 
whenever f is a measurable function. We refer the reader to [F4; 3.2.3] for 
a proof. 


We are now in a position to discuss a bi-Lipschitzian change of coordi- 
nates for Sobolev functions. 


2.2.2. Theorem. Let T:R"” — R” be a bi-Lipschitzian mapping as in 
(2.2.1). If ue W'P(Q), p> 1, then v =u0T € W)P(V), V = T-*(Q), 
and 

Du[T(z)]- dT (x, €) = Do(x) -€ (2.2.10) 


for a.e x €Q and for all € € R". 
Proof. Let u, be a sequence of regularizers for u, defined on ’ CC Q, (see 


Section 1.6). Then v, = ue oT is Lipschitz on V’ = T-1(Q’) and because 
v, is differentiable almost everywhere (Theorem 2.2.1), it follows that 


n 


Dive(x) = S~ Djue[T (x) DiT? (2) (2.2.11) 
j=l 
for a.e. c € V’. Here we have used the notation T = (T1,T?,...,7”) where 


the TJ are the coordinate functions of T. They too are Lipschitz. (2.2.11) 
holds at all points x at which the right side is meaningful, i.e., at all points 
at which T is differentiable. If M denotes the Lipschitz constant of T, we 
have from (2.2.11) that 


|Du_(x)| < n?M|Du,[T(z)]| for ae. x EV’. (2.2.12) 
In view of the fact that 
M" <JT(xz)< M" forae. ce R", 
(2.2.12) implies that there exists a constant C = C(n, M) such that 
\Due(2) < C|DuelT (2)? -JT(2), ae. x, 


and therefore 
/ |Du,|Pda < cf |Du.|Pdz 
v! 2 


from (2.2.9). A quick review of the above analysis shows that in fact, we 
have 


| |Due — Dug |Pdx < cf |Due — Due |Pdz. (2.2.13) 
vi Q 
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Also, 
/ |ve — ver |Pda < c| |ue — Ue Pda. (2.2.14) 
v' Q 


From 2.2.11 we see that the regularizers u- converge to u in the norm of 
W1?(Q') whenever 9’ Cc 2. Thus, (2.2.13) and (2.2.14) imply that {v_} 
is a Cauchy sequence in W1?(Q’), and thus converges to some element 
v € W?(V’) with 


lle ll1,p;v" < Cllullap;ar < Cllullap;0. (2.2.15) 


Since u,(z) — u(x) for a.e. x € O, it is clear that v is defined on V with 
v = uoT. Moreover, v € W1?(V’) whenever V’ CC V and (2.2.15) shows 
that, in fact, v € W1?(V). Finally, observe that (2.2.10) holds by letting 
é > 0 in (2.2.11). oO 


2.3 Approximation of Sobolev Functions by 
Smooth Functions 


From Theorem 1.6.1, we see that for each u € W*-?(Q), there is a sequence 
of CS°(Q) functions, {u_}, such that ue > u in W*P(0’) for O' CC O. The 
purpose of the next important result is to show that a similar approximation 
exists on all of 2 and not merely on compact subsets of 2. 

We first require a standard result which concerns the existence of a C'° 
partition of unity subordinate to an open cover. 


2.3.1. Lemma. Let E Cc R” and let G be a collection of open sets U such 
that E Cc {UU : U € G}. Then, there exists a family F of non-negative 
functions f € C§°(R") such that 0 < f <1 and 


(i) for each f € F, there exists U € G such that spt f CU, 


(ii) if K C E is compact, then sptf NK # 0 for only finitely many 
Lee; 


(ili) Doser f(a) = 1 for each x € E. 


Proof. Suppose first that E is compact, so that there exists a positive 
integer N such that E Cc UN_,U;, U; € G. Clearly, there exist compact sets 
E; C U; such that E Cc UN,E;. By regularizing yx,, the characteristic 
function of E;, there exists g; € C§°(U;) such that g; > 0 on E,. Let g = 
Ban g; and note that g € C®(R”) and that g > 0 on some neighborhood of 
E. Consequently, it is not difficult to construct a function h € C(R”) such 
that h > 0 everywhere and that h = g on E. Now let F={fi: fi = gi/h, 
1 <i <N} to obtain the desired result in case E is compact. 
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If E is open, let 
ae 1 
E;, = EN B(O0,i)n {« : dist(z, OE) > | : 


Thus, E; is compact and E = U2, £;. Let G; be the collection of all open 
sets of the form 
UN {int Eyai ae Ej;-2} 


where U € G. (We take Eg = E_; = @). The elements of G; provide an 
open cover for E; — int E;-; and therefore possess a partition of unity F; 
with finitely many elements. Let 


s(z) = >> YS 9(z) 
i=1 gEF; 


and observe that only finitely many positive terms are represented and that 
s(x) > 0 for x € E. A partition of unity for the open set E is obtained by 
defining 


aa te re le i 
f(z)=0 if c¢E. 


If E Cc R” is arbitrary, then any partition of unity for the open set 
{UU :U € G} provides one for E. qo 


Clearly, the set 
S = C*(Q)N {u: |lulle.p;2 < co} 


is contained in W*?(Q) and therefore, since W*?(Q) is complete, S$ C 
W*P(Q). The next result shows that S = W*?(Q). 


2.3.2. Theorem. The space 
C™(Q) 0 {u: llulle,p;2 < co} 
is dense in W*P(Q). 


Proof. Let 2; be subdomains of 2 such that 0; CC 0441 and UZ, 0; = 2. 
Let F¥ be a partition of unity of O subordinate to the covering {0:41 -2;-1}, 
71=0,1,..., where M% and Q_; are taken as the null set. Thus, if we let fj 


denote the sum of the finitely many f € F with spt f C Qi41 — Q)-1, then 
fi € CR? (Qi41 — Q4-1) and 


Sofi =1 on 2. (2.3.1) 
i=1 
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Choose € > 0. For u € W*-?(Q), there exists e; > 0 such that 
spt ((fiue,) C Qi41 — Oi-1, (2.3.2) 


(Fite, _ fiulle,pe < e2-*, 


With v; = (fiu)e,, (2.3.2) implies that only a finite number of the v; can 
fail to vanish on any given 2’ CC Q, and therefore v = 0? , vu; is defined 
and belongs to C™(Q). For x € 2, we have 


u(x) = > fi (z)u(2), 
j=l 


v(x) = So (fyu)e,(w) by (2.3.2) 
j=l 


and consequently, 
i 
lu — vlan: S DO WFwe; — frullna <e. 
j=l 


The conclusion follows from the Monotone Convergence theorem. Oo 


The approximating space C°(Q) N {u:: |ullk,p;9 < co} admits functions 
that are not smooth across the boundary of 2 and therefore it is natural to 
ask whether it is possible to approximate functions in W*?(Q) by a nicer 
space, say 

C™(Q) N {u: |lullep;2 < co}. (2.3.3) 


In general, this is easily seen to be false by considering the domain 2 defined 
as an n-ball with its equatorial (n—1)-plane deleted. The function u defined 
by u = 1 on the top half-ball and u = —1 on the bottom half-ball is clearly 
an element of W*?(Q) that cannot be closely approximated by an element 
in (2.3.3). The difficulty here is that the domain lies on both sides of part 
of its boundary. If the domain 2 possesses the segment property, it has 
been shown in [AR2, Theorem 3.18] that the space (2.3.3) is then dense in 
W*(Q). A domain Q has the segment property if for each x € OQ, there is 
an r > 0 and a vector vz € R” such that if y € NN B(z,r), then y+tu, € 2 
for alO<t<1. 


2.4 Sobolev Inequalities 
One of the main objectives of this monograph is to investigate the many 


inequalities that allow the L?-norm of a function to be estimated by the 
norm of its partial derivatives. In this section the Sobolev inequality, which 
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is of fundamental importance, will be established for functions in the space 
Wo” (Q). We will return to the topic of Sobolev-type inequalities in Chapter 
4, 


2.4.1. Theorem. Let 2 C R", n > 1, be an open domain. There is a 
constant C = C(n,p) such that if n>p,p>1, andue W,'?(Q), then 


lttllag /tn=p)s0 < C||Dullp;a. 
If p> and Q bounded, then u € C(Q) and 
sup |u| < C}Q/"-/? || Dallp;a. 
Q 


Proof. First assume that u € C§°(Q) and that p = 1. Clearly, for each 1, 
l<icn, 


lu(a)l < f |Dju(r1,...,¢,...,&n)|dt 


—oo 


where t occupies the it" component of the vector in the integrand. Therefore 


- ie 1/n-1 
Ju(a)|"/"-} < (I / ae ‘ (2.4.1) 
i=1%—0° 


If this inequality is integrated with respect to the first variable, x1, and 
then Hélder’s inequality is applied, we obtain 


+00 
yh ju(ae)|"/” Faery 
—00 


00 1/(n—1) 
|D, u(t, D2,++ +5 o,)[at) 


oo fore 1/(n—-1) 
OO 7=2 = OS 
0 1/(n—1) 
(/ |Dy u(t, Pay.+-yn)|dt) 


—0o 


n a to) 1/(n—1) 
Tl ( ye : [Dulas ) (2.4.2) 
i=2 \/—00 J—00 


Continuing this procedure and thus integrating (2.4.1) successively with 
respect to each variable, we obtain 


n 1/(n—1) 
7 lu(z)[/-Yae < TT ( i [Duala 
R” Rr 


i=1 


IA 
—, 
ros 
8 


IA 
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and therefore, using the fact that the geometric mean is dominated by the 
arithmetic mean, 


we have 


n 1/n 1 n 
lulln/(n— 1) 3 <|] @ [Dyula < af > |D;uldx 
i s "j=l 


n 
< VE Duh. (2.4.3) 


This establishes the result in case p = 1. The result in full generality can 
be obtained from (2.4.3) by replacing |u| by powers of |u|. Thus, if g > 1, 


Vn 
I e4I Inn <2 ff (uli 
Rr 
Zee [tur Dalae 
n Rr 
q/n = 
< WP al platy 


by Hélder’s inequality. Now let g = (n — 1)p/(n — p) to obtain the desired 
result for the case 1 < p < n and u € C§°(Q). Now assume u € W; 2} 
and let {u;} be a sequence of functions in Cf°(Q) converging to u strongly 
in Wo (Q). Then, with p* = np/(n — p), an application of the inequality 
to u; — u; yields 
I[ui — Ugllp» < Cllus — usllap- 

Thus, uj — u in L®”(Q) and the desired result follows. This completes the 
proof in case l <p<n. 

In case p > n and 2 bounded, let {u;} be a sequence such that u; € 
C°(Q) and u; — u W1?(Q). The proof is thus reduced to the case when 
u € C§°(Q). Now select z € R” and because u has compact support, note 
that 


z)| </ |Du(r)|dH? (r) (2.4.4) 


where A; is any ray whose end-point is z. Let S"~1(x) denote the (n — 1)- 
sphere of radius 1 centered at x and denote by A,(@) the ray with end-point 
z that passes through 0, where 0 € S”~1(x). By integrating (2.4.4) over 
S"-1(r) we obtain 


U n—1 
= | GiaH (9) = — 
. | |Du(r)|dH? (r)dH”—*(6) 
Az (9) 
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={ ii [Du(r)| r”—1dH}(r)dH" 1 (0) 
sn-1(n) Jr2(@) 7 


= i. BEC (2.4.5) 
R 


a he yet 
where r = |x — y|. Thus, for any x € R”, 


1/p" 


n=Dhul2)| < WDullp( fo fe—ul™'ay) 2.408) 


sptu 


where w(n — 1) = H"~1[S"~1]. We estimate the potential on the right side 
of (2.4.6) in the following way. Let B(z, R) be the ball such that |B(z, R)| = 
|spt u|. Observe that for each y € spt u — B(x, R) and z € B(x, R) — sptu, 


we have 
|x —y|2-™?" < |x — z|A-mP" 


and because |spt u — B(x, R)| = |B(«, R) — spt ul, it therefore follows that 


| |x —y|O-"'dy < / |x — y|O-")? dy. 
spt u-B(z,R) B(x,R)-—sptu 


Consequently, 
i |x — y|O-™)P' dy < i |x — y|-P dy. (2.4.7) 
sptu Bia, 


However, 


1/p' 
(/ j= ala) = (y7*a(n) RY)?! (2.4.8) 
B(a,R) 


where y = (1 — n)p' +n and a(n) is the volume of the unit n-ball. But 
a(n)R” = |spt ul and therefore 


(a(n) RI)VP! = Q-Y/M apt yft/n—1/P, (2.4.9) 


The second inequality of the theorem follows from (2.4.9), (2.4.8), and 
(2.4.6). To show that u € C(Q) when p > n, let {ui} € C§°(Q) be a 
sequence converging to u in Wo” (Q). Apply the second inequality of the 
theorem to the difference u; — uj and obtain that {u;} is fundamental in 
the sup norm on 22. oO 


The first part of Theorem 2.4.1 states that the L®” norm of u can be 
bounded by ||ull1,p, the Sobolev norm of u, where p* = np/(n — p). It is 
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possible to bound a higher L? norm of u by utilizing higher order deriva- 
tives of u as shown in the next theorem. Observe that the proof is slightly 
different from that of Theorem 2.4.1 in casek = 1, p>n. 


2.4.2. Theorem. Let 2 C R” be an open set. There is a constant C = 
C(n,k,p) such that if kp<n,p>1, andue Wi? (Q), then 


I|uI|p*;2 < Cllullepa, where p* = np/(n — kp). (2.4.10) 
If kp > n, then u € C(Q) and 


k-1 
1 . 1 
sup |u| < C/K"? | > (diam 1) Dua 
al= 


+ (diam(K))* Ey (i ~ “) [Dl (2.4.11) 


where K =sptu and C = C(k,p,n). 


Proof. When kp < n, the proof proceeds by induction on k. Observe that 
Theorem 2.4.1 establishes the case k = 1. 
Now assume for every v € Wg ’?(Q) that 


Ilvllax-2 S Cllulla—s.p (2.4.12) 


where 
qk-1 = np/(n — kp + p). 
An application of (2.4.12) to v = Dju, 1 <j <n, yields 


D5ullan—1 < C||Djullk-1,p < Cllulle,p- (2.4.13) 


However, (2.4.12) holds with v replaced by u and this, combined with 
(2.4.13), implies 
Wlell1,ax—1 S Cllulle,p- (2.4.14) 


Since kp < n, we have qx_-1 <n and therefore, Theorem 2.4.1 implies 
Wella < Cllulla ns (2.4.15) 


where g = ngx—1/(n — qe-1) = np/(n — kp). (2.4.14) and (2.4.15) give the 
desired conclusion. 
In order to treat the case kp > n, first assume u € Cp°(Q) and for each 
y € Q use the Taylor expansion of u to obtain, with the notation of Section 
1.1, 
u(y) = Pe(y) + Re(y) 
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where 
P,(y) = ae * D*u(z)(y - 2)" 
|a|=0 al 
and 
R,(y) =k Ie i [fen t)F-1 p@u((1 — t)a + wy)at| (y — x). 
lal=k a 
To estimate |u(y)|, note that 
IKI luu)l < f l\PeCw)l-+ Wau) de (2.4.16) 
and employ Hélder’s inequality to obtain 
[ retnlar s f 5 E peu(eyy —2)*| de 
BS |a|=0 a! 
_ ae 1 
< |K|/? S° (diam kK)! ||D*ullp:i- (2.4.17) 


|a|=0 


Similarly, to estimate the remainder term, we have 


I |Re(y)|dx < (diam(K))*¥k 5° =f [i (1 —t)*2 


la|=k 
-|D°u((1 — t)x + ty) |dxdt 
< (diam(K))*k Pe if | (Glee wee alee | es 
igiee Ke 
- |D%u(z)|dzdt, 


where K, = T;,(K) and T;(x) = (1—t)z +ty. Note that |A,| = (1—t)"|K|. 
Consequently, by Hélder’s inequality and kp > n, we obtain 


i \Re(y)|dx < |K|/?" (diam(K))*k Ya 


lol= a 


Ei 
[a9 0-9 Deals — at 
0 


fs 1 No thes 
< |K|i/? (diam(K))*k Si - (i - *) ||D Ullp;K. 
lo|=k ~~ 


which, along with (2.4.16) and (2.4.17), establishes the desired inequality. 
If u € Wi? (Q), let {ui} be a sequence of smooth functions converging to 
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u in we °(Q). The application of (2.4.1) to each u; thus establishes the 
inequality for u € we (Q). To conclude that u € C°(Q), apply (2.4.11) to 
the difference u; — u; and obtain that {u;} is fundamental in the sup norm 
on $2. oO 


2.4.3. Remark. An important case to consider in the previous two the- 
orems is 2 = R”. In this situation, W*?(R") = we (R”) (see Exercise 
2.1) and therefore the results apply to W*?(R"). 

Observe that for p > n, the proof of Theorem 2.4.1 as well as that of 
Theorem 2.4.2 yields more than the fact that u is bounded. Indeed, w is 
Hélder continuous, which we state as a separate result. 


2.4.4. Theorem. If u € W,’?(2), p > n, then u € C%*(Q), where a = 
1—n/p. 

Proof. Assume u € C2(Q) and select cr € 0. Let B = B(z,r) be an 
arbitrary ball and choose z € BN. Then, 


ju(te) — u(2)| < [ : 


r 


|Du(r)|x(r)dH”~*(r) 


where \,(6) is the ray whose end-point is c and passes through the point 
6,0 € S"—1(z). Proceeding as in (2.4.5) and (2.4.6), we obtain 


; 1/p' 
w(n — 1)Ju(z) — u(z)| < ||Dullp (/ la — y|(t-™)P ay) (2.4.18) 


But, 
t 1/p' t 
( [ole-vlo- 9) = (y(n) ptm 
B 


where and a(n) are as in (2.4.8). Since the smooth functions are dense 
in W,’?(Q), we find that (2.4.18) holds for u € Wy’?(Q) and for almost all 
Z, z. oO 


An interesting aspect of the Sobolev inequality is the limiting case kp = 
n. This will be considered separately in Chapter 2, Section 2.4. 


2.5 The Rellich-Kondrachov Compactness 
Theorem 
As a result of the inequalities proved in the previous section, it follows 


that the Sobolev spaces wer (Q) are continuously imbedded in L?” (Q) 
where p* = np/(n — kp), if kp < n. In case kp > n, the imbedding is 
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into the space C°(Q), and if kp > n+ mp, it can easily be shown that 
the imbedding is into C™(Q). In this section it will be shown that the 
imbedding possesses a compactness property if we allow a slightly larger 
target space. Specifically, we will show that the injection map from we PQ) 
into either L4(Q), q < p*, or C™(Q) has the property that the closure of an 
arbitrary closed set in we *P(Q) is compact in the range space. That is, the 
image sets are precompact. We recall here that a set S in a metric space 
is said to be totally bounded if for each ¢ > 0, there are a finite number of 
points in S such that the union of balls of radius ¢ with centers at these 
points contains S. 


2.5.1. Theorem. Let 0 C R” be a bounded domain. Then, if kp < n and 
p>, We? (Q) is compactly imbedded in L9(Q) where q < np/(n — kp). If 
kp > n+mp, W*?(Q) is compactly imbedded in C™(Q). 


Proof. Consider the first part of the theorem and let B C W,°?(Q) be 
a bounded set. We will show that B is a compact set in L4(Q). Since 
C§°(Q) is dense in wi *P(Q), we may assume without loss of generality that 
BC C§*(Q). For convenience, we will also assume that ||u||x,p,0 < 1 for all 
ue B. 

For ¢ > 0, let u, be the regularization of u. That is, ue = u* ye where 
Ye is the regularizer (see Section 1.6). If u € B, then 


lue(2)| < i, an Me ~ Blee(odeu 


<e~" sup lull 
Se" sup{y(y) :y € R*}, 
and 
[Duclos flue —v)llDyewldy 


7€ 


<e~""* sup{|De(y)|: y € R”} lulls 
<e~""' sup{|Dy(y)|: y € R”}. 


Therefore, if we let Be = {ue : u € By}, it follows that B, is a bounded, 
equicontinuous subset of C°(Q). With the help of Arzela’s theorem, it fol- 
lows that B, is precompact in L1(Q). Next, observe that 


|u(e) — te(x)] < i: lu(e) — u(2e — y)|ve(y)dy 


B(0,e) 


1 
<[ " [ Duct) 1 Olve(u)atdy 


1 
< ff (Due—t)lluleetuatay 
B(0,e) Jo 
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where y(t) = t(x — y) + (1—t)x = x — ty. Consequently, Fubini’s theorem 
leads to 


1 
L _|u(a) ~ ue(2)]de < [ [ [ _[Du(e ~ty)| lulve(y)dndtdy 


< : | |Duldz < «. 
Q 


Thus, B is contained within an e-neighborhood of B, in L1(Q). Since B, is 
precompact in L1(Q) it is totally bounded. That is, for every r > 0, there 
exist a finite number of balls in L}(Q) of radius r whose union contains 
B.. Hence, B is totally bounded and therefore precompact in L1(Q). This 
establishes the theorem in case g = 1. 

If 1 <q <np/(n— kp), refer to (1.5.13) to obtain 


Xr —-Xr 
lull < lull? llellnp/(n—kp) 


where 
, = La (n— kp)/np 
1—(n—kp)/np ~ 


Then, by Theorem (2.4.2) 


llulla < Cllullt lulls 
which implies that bounded sets in wi P(Q) are totally bounded in L4(Q) 
and therefore precompact. 
The second part of the theorem follows immediately from Theorem 2.4.4 
and Arzela’s theorem in case k = 1. The general case follows from repeated 
applications of this and Theorem 2.4.1. Oo 


2.5.2. Remark. The results of Sections 2.4 and 2.5 are stated in terms 
of functions in we PQ). A natural and important question is to identify 
those domains 2 for which the results are valid for functions in W*?(Q). 
One answer can be formulated in terms of those domains of 2 having the 
property that there exists a bounded linear operator 


L:W*?(Q) = W®P(R") (2.5.1) 


such that L(u)|o = u for all u € W*?(Q). We say that Q is an (k,p)- 
extension domain for W*?(Q) if there exists an extension operator for 
W*?(Q) with 1 < p < oo, k a non-negative integer. We will refer to 
this definition extensively in Chapter 4, and if the context makes it clear 
what indices k and p are under consideration, for brevity we will use the 
term extension domain rather than (k, p)-extension domain. Clearly, the 
results of the previous two sections are valid for u € W*?(Q) when 2 
is a bounded extension domain. Indeed, by Lemma 2.3.1 there exists a 
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function f € CS°(R”) such that f = 1 on 2. Thus, if u € W*?(Q), then 
f- Lue we *P(Q') where 2’ is some bounded domain containing spt f. It 
is now an easy matter to check that the results of the previous two sections 
are valid for the space W*?(Q) by employing wi PO’). 

A fundamental result of Calderén-Stein states that every Lipschitz do- 
main is an extension domain. An open set 2 is a Lipschitz domain if its 
boundary can be locally represented as the graph of a Lipschitz function de- 
fined on some open ball of R"~1. This result was proved by Calderén [CA1] 
when 1 < p < n and Stein [ST] extended Calderén’s result to p = 1,00. 
Later, Jones [JO] introduced a class of domains that includes Lipschitz 
domains, called (€,6) domains, which he proved are extension domains 
for Sobolev functions. A domain 22 is called an (e,6) domain if whenever 
x,y € R” and |x — y| < 6, there is a rectifiable arc y C 2 joining zx to y 
and satisfying 

lengthy < e~*|x — y| 


and 
d(z,R” —Q) > eles for all z on ¥. 


Among the interesting results he obtained is the following: If Q C R? is 
finitely connected, then 2 is an extension domain if and only if it is an 
(e,6) domain for some values of ¢,6 > 0. 


2.6 Bessel Potentials and Capacity 


In this section we introduce the notion of capacity which is critical in 
describing the appropriate class of null sets for the treatment of pointwise 
behavior of Sobolev functions which will be discussed in the following chap- 
ter. We will not attempt a complete development of capacity and non-linear 
potential theory which is closely related to the theory of Sobolev spaces, 
for these topics deserve a treatment that lies beyond the scope of this expo- 
sition. Instead, we will develop the basic properties of Bessel capacity and 
refer the reader to other sources for further information, cf. [HM], [ME1], 
[AD6]. 
The Riesz kernel, I,, 0 < a <n, is defined by 


Tox) = y(o)~*|2|°~™ 
where ds 
mr! *2°T(a/2 
(a) = 2 el) 
T(n/2 — a/2) 
The Riesz potential of a function f is defined as the convolution 
1 f(y)dy 


fa * Fl) = ey Jan Je y= 
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The precise value of y(q@) is not important for our purposes except for the 
role it plays in the Riesz composition formula: 


Ig *Ig =Intg, a>0,8>0,at+B<n 


cf. [ST, p. 118]. 

Observe that I, * f is lower semicontinuous whenever f > 0. Indeed, if 
xi — 2, then |x; — y|°-"f(y) |x — yl?" f(y) for all y € R”, and lower 
semicontinuity thus follows from Fatou’s lemma. 

The Riesz potential leads to many important applications, but for the 
purpose of investigating Sobolev functions, the Bessel potential is more 
suitable. For an analysis of the Bessel kernel, we refer the reader to [ST, 
Chapter 5] or [DO, Part III] and quote here without proof the facts relevant 
to our development. 

The Bessel kernel, ga, a > 0, is defined as that function whose Fourier 
transform is 

Gala) = (2m)~/7(1 + |x|?)~9/? 


where the Fourier transform is 
fle) =(anyn’? f emus yay, (2.6.1) 


It is known that gq is a positive, integrable function which is analytic except 
at x = 0. Similar to the Riesz kernel, we have 


Ja * IB =Ja+p, > 0. (2.6.2) 


There is an intimate connection between Bessel and Riesz potentials 
which is exhibited by gg near the origin and infinity. Indeed, an analysis 
shows that for some C' > 0, 


Ja(x) ~ Clz|t/2e-™-Ye-lzl ag |x| 00. 


Here, a(x) ~ b(x) means that a(z)/b(x) is bounded above and below for 
all large |x|. Moreover, it can be shown that 


a(x) = +o(|z/*-") as |x| 0 
gale) = Fr tlle!) as el 
if0<a<n. Thus, it follows for some constants C, and Co, that 
Gaz) < —O1_ Cala! (2.6.3) 
for all z € R”. Moreover, it also can be shown that 


C. a zx 
|Dga(z)| < race Cala (2.6.4) 
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From our point of view, one of the most interesting facts concerning 
Bessel potentials is that they can be employed to characterize the Sobolev 
spaces W*P(R"). This is expressed in the following theorem where we 
employ the notation 


L™?(R"), a>0, 1<p<oo 
to denote all functions u such that 
U=Ja* f 

for some f € L?(R”). 
2.6.1. Theorem. /f k is a positive integer and 1 < p < oo, then 

L»P(R") = W*?(R"). 
Moreover, if u € L*?(R") with u= ga * f, then 

C7 lfllp S$ llulle.p S Cllfllp 


where C = C(a,p,n). 


Remark. The equivalence of the spaces L*? and W*? fails when p = 1 or 
p=o. 

It is also interesting to observe the following dissimilarity between Bessel 
and Riesz potentials. In view of the fact that ||ga||1 < C, Young’s inequality 
for convolutions implies 


Iga * fllp S Cllfllp,) L<p<ov. (2.6.5) 


On the other hand, we will see in Theorem 2.8.4 that the Riesz potential 
satisfies 
[Ta * fll S$ Cllfllp, p>t (2.6.6) 


where g = np/(n — ap). However, an inequality of type (2.6.6) is possible 
for only such q, cf. (Exercise 2.19), thus disallowing an inequality of type 
(2.6.5) for I, and for every f € L?. 

We now introduce the notion of capacity, which we develop in terms of 
the Bessel and Riesz potentials. 


2.6.2. Definition. For a > 0 and p > 1, the Bessel capacity is defined as 
Ba,p(E) = inf {|| f1Ip > Ga * f 2 lon EF 2 O}, 


whenever E C R”. In case a = 0, we take Ba,p as Lebesgue measure. The 
Riesz capacity, Ra,p, is defined in a similar way, with gq replaced by Ig. 
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Since go(x) < Ia(x), « € R”, it follows immediately from definitions 
that for0<a<n,1<p<n, there exists a constant C = C(a,p,n) such 
that 

Rop(E) < CBa,p(E), whenever EC R”. (2.6.7) 


Moreover, it can easily be shown that 
Rop(E) =0 if and only if Bop(F) =0, (2.6.8) 


(Exercise 2.5). 
We now give some elementary properties of capacity. 


2.6.3. Lemma. For 0<a<n and 1< p< ov, the following hold: 
(i) Ba,p(®) = 0, 


(ii) If Ey C Ea, then Bo,p(E1) < Ba,p(E2); 


(iii) Jf BE; CR", i=1,2,..., then 
foe) foe) 
Ba,p (U B) = >> Bap(Ei)- 
i=1 i=1 


Proof. (i) and (ii) are trivial to verify. For the proof of (iii), we may assume 
that 79°, Ba,p(Ei) < oo. Since each term in the series is finite, for each 
€ > 0 there is a non-negative function f; € L?(R”) such that 


ga* fi >1 on Ei, |Vfillp < Ba,p(Ei) + 27*e. 


Let f(x) = sup{fi(x) : i = 1,2,...}. Clearly, ga * f > 1 on Uf, FE; and 
f(x)? < S32, fil)’. Therefore, 


CO [o-e) [oe 
Bog (U B) < |Ifllp < >_ llfille < So Ba,p(Ei) +. oO 
i=1 i=1 i=l 


Another useful characterization of capacity is tie following: 


Ba,p(E) = inf{ inf ga « f(x)}? = Eup pa Ga * f(x)}? (2.6.9) 


where f € L?(R”), f > 0 and ||f||p < 1 (Exercise 2.4). 

Although Lemma 2.6.3 states that Bg,» is an outer measure, it is fruitless 
to attempt a development in the context of measure theory because it can 
be shown that there is no adequate supply of measurable sets. Rather, we 
will establish other properties that show that the appropriate context for 
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Ba,p is the theory of capacity, as developed by Brelot, Choquet, [BRT], 
[CH]. 


2.6.4. Lemma. Jf {fi} is a sequence in L?(R") such that ||f; — fllp — 0 
as i — 00, p> 1, then there is a subsequence { tt such that 


Ga * fi,(t) > ga * f(z) 
for Bop-4.e. « € R”. 


(We employ the time-honored convention of stating that a condition 
holds Ba,p-q.e., an abbreviation for By,p-quasi everywhere, if it holds at all 
points except possibly for a set of By,»-capacity zero.) 


Proof. It follows easily from the definition of By» capacity that if f € 
L?(R”), then |ga * f(z)| < 00 for Ba,p-q.e. z € R”. Thus, for ¢ > 0, 


Bap({z : |9a * fi(t) — ga * f(x)| = e} = Ba,p({Z : |9a * (fi — f)(x)| = €}) 
Se ilje~ flee 


Consequently, there exists a subsequence {fj,} and a sequence of sets E; 
such that 


Iga * fi;(©) — ga * f(x)| <57?, zé R”—E;, 


with 
Bap(E;) < e24, 


Hence, ga* fi; > ga* f uniformly on R" —US, Ej, where Bap (USZ1E;) 


< 
é. Now a standard diagonalization process yields the conclusion. im 


2.6.5. Lemma. If {f;} is @ sequence in L?(R"), p> 1, such that f; — f 
weakly in L?(R"), then 
lim inf ga * fi(t) S$ ga * f(z) < limsup go * fi(z) (2.6.10) 
oh i—oo 
for Bap-a.e. © ER”. If in addition, it is assumed that each f, > 0, then 


Ja * f(z) <liminf gy * fi(x) for x € R” (2.6.11) 
4-00 


and 
Ja * f(x) = liminf gq * fi(x) (2.6.12) 
tO 


for Ba,p-a.e. cE R”. 


Proof. Under the assumption that f; — f weakly in L?(R"), by the 
Banach-Saks theorem there exists a subsequence of {f;} (which will be 
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denoted by the full sequence) such that 


a 
=i > fF 
j=l 


converges strongly in L?(R") to f. Lemma 2.6.4 thus yields a subsequence 
of {g:} (denoted by the full sequence) such that 


Ja * f(x) = lim ga * gi(z) 
41—0O 
for By,p-q.e. « € R”. However, for each z € R”, 
lim inf gq * fi(z) < lim go * 9i(Z), 
1-00 t— 00 


which establishes the first inequality in (2.6.10). The second part of (2.6.10) 
follows from the first by replacing f; and f by —f; and —f respectively. 
In the complement of any ball, B, containing the origin, ||gallp';rr-B < 
oo, by (2.6.3). Thus, (2.6.11) follows from the weak convergence of f; to f. 
(2.6.12) follows from (2.6.11) and (2.6.10). Oo 


2.6.6. Lemma. For every set E C R” 
Ba p(E) = inf{Ba,p(U) : U D E,U open}. 

Proof. Since gq is continuous away from the origin, the proof of the lower 
semicontinuity of 9.* f when f > 0 is similar to that for the Riesz potential 
given at the beginning of this section. The lemma follows immediately from 
this observation. Oo 

The lemma states that Bg,p is outer regular. To obtain inner regularity 
on a large class of sets, we will require the following continuity properties 
of Bap: 
2.6.7. Theorem. If {E;} is a sequence of subsets of R”, then 

Baw (liminf B;) < liminf Ba,p(Ei). (2.6.13) 
1-00 100 


If Ey C E2C..., then 


foe) 
Bap (U s) = jim Ba,p(Ei)- (2.6.14) 
i=1 


If K, > Ko >... are compact sets, then 


foe} 
Bap (A x) = jim Ba,p(Ki). (2.6.15) 
t=1 
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Proof. For the proof of (2.6.14) assume that the limit is finite and let f; 
be a non-negative function in L?(R”) such that gq * f; > 1 on E; with 


Wfllb < Ba,p(Ei) + 1/4. (2.6.16) 


Since ||f;||P is a bounded sequence of real numbers, Theorem 1.5.2 asserts 
the existence of f € L?(R") and a subsequence of {f;} that converges 
weakly to f. Hence, (2.6.12) implies that there exists a set B C EB = U?2,E; 
with Ba,p(E — B) = 0 such that gq * f > 1 on B. Therefore, 


Ba,p(E) = Ba,p(B) < file 
S lim inf || fill 
41-00 


< lim Bo,p(Fi), 


from (2.6.16). If 


then {A;} is an ascending sequence of sets whose union equals lim inf F;. 
Therefore, since A; C E; for i > 1, (2.6.14) implies (2.6.13) because 


[o.e) 
Bap (liminf E;) = Bay (U a 
= lim Ba,p(Ai) 
100 
< lim inf Bo p(Ki). 
ICO 


Finally, it {K;} is a descending sequence of compact sets, Lemma 2.6.6 
provides an open set U D N72, K; such that 


Big): < Bais (A x) +e 


t=1 


for an arbitrarily chosen ¢ > 0. However, K; C U for all sufficiently large 7 
and consequently By»(Ki) < Ba,p(U). (2.6.15) is now immediate and the 
proof is complete. oO 


(2.6.14) states that Ba,» is left-continuous on arbitrary sets whereas 
(2.6.15) states that By,» is right continuous on compact sets. The impor- 
tance of these two facts is seen in a fundamental result of Choquet [CH, 
Theorem 1] which we state without proof. 


2.6.8. Theorem. Let C be a non-negative set function defined on the Borel 
sets in R” with the following properties: 
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(i) C(®) = 9, 

(ii) If By C By are Borel sets, then C(B,) < C(Ba), 
(iii) If {Bj} is a sequence of Borel sets, then C (US, Bi) < 72, C(Bi), 
(iv) C is left continuous on arbitrary sets and right continuous on compact 


sets. 


Then, for any Suslin set AC R”, 
sup{C(K): K C A, K compact} = inf{C(U) :U > A,U open}. 


Any set A for which the conclusion of the theorem applies is called C- 
capacitable. In view of Lemma 2.6.3 and Theorem 2.6.8, the following is 
immediate. 


2.6.9. Corollary. All Suslin sets are Bo,p-capacitable. 


The usefulness of Theorem 2.6.8 and its attending corollary is quite clear, 
for it reduces many questions concerning capacity to the analysis of its 
behavior on compact sets. 

We now introduce what will eventually result in an equivalent formula- 
tion of Bessel capacity. 


2.6.10. Definition. For 1 < p < oo, and E C R” a Suslin set, let M(E) 
denote the class of Radon measures y on R” such that (R” — E) = 0. We 
define 


ba,p(E) = sup{u(R")} (2.6.17) 
where the supremum is taken over all  € M(F) such that 
Ilda * Hllp < 1. (2.6.18) 
Clearly, 
ba,p(E) = (inf {|| ga * Vly’ })~* (2.6.19) 


where the infimum is taken over all vy € M(E) with v(R”) = 1. We have 
that 


Iga + ly = sup f fav fac: F > Olle <1} 
= su { [ dat fav: $2 0,lflle <1}, 
R. 


and thus obtain 


bg p(E) tS (iteue [ * jas] (2.6.20) 
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where vy € M(E), v(R”) = 1, and f > 0 with ||f||p < 1. 
Recall from (2.6.9) that if B C R”, then 


Bap(E) = {sup inf gq * f(x)}-? 
f «réE 


where f € L?(R"), f > 0 and ||f||p < 1. By considering measures concen- 
trated at points, this is easily seen to be 


Ba,p(E)7 1? = sup int [40 * f dv (2.6.21) 


where f and v are the same as in (2.6.20). 
We would like to conclude that there is equality between (2.6.20) and 
(2.6.21). For this purpose, assume F C R” is a compact set and let 


F(f,v) = i, Joa * f dv (2.6.22) 


where f € L?(R"), f > 0, ||fllp < 1 and v € M(E£), v(R”) = 1. Clearly 
F is linear in each variable and is lower semicontinuous in v relative to 
weak convergence. Since the spaces in which f and v vary are compact we 
may apply the following minimax theorem, which we state without proof, 


to obtain our conclusion, [FA]. 


Minimax Theorem. Let X be a compact Hausdorff space and Y an ar- 
bitrary set. Let F be a real-valued function on X x Y such that, for every 
y € Y, F(z,y) is lower semicontinuous on X. If F is convex on X and 
concave on Y, then 


inf sup F'(z,y) = sup inf F(z, y). 
wEX yEeY yeY cEeX 


We thus obtain the following result. 


2.6.11. Lemma. Jf K C R” is compact, then 
[ba,p(K)]? = Ba,p(K). (2.6.23) 
Our next task is to extend (2.6.23) to a more general class of sets. For 
this purpose, observe that if E C R” is a Suslin set, then 
be,p(E) = sup{ba,p(K) : K C E, K compact}. (2.6.24) 


To see this, for each Suslin set E, let p € M(£) with ||ga * pulp < 1. If 
K C E is compact, then v = pp|K has the property that vy € M(E) with 
|Qx * V||p: < 1. Since ys is a regular measure, we have 


(EF) = sup{u(K): K Cc E, K compact}, 
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and therefore 

bk,p(E) = sup{by,p(K) : K C E, K compact}. (2.6.25) 
From (2.6.25), (2.6.23), and Corollary 2.6.9 we conclude the following. 
2.6.12. Theorem. [f E Cc R” is a Suslin set, then 


[ba,p(E)]? = Ba,p(E). 


Thus far, we have developed the set-theoretic properties of By». We now 
will investigate its metric properties. 


2.6.13. Theorem. For p > 1, ap < n, there exists a constant C = 
C(a,p,n) such that 


Curt < Bol B@,1)| <. Cr 
whenever z € R” and0<r< 1/2. 


Proof. Without loss of generality, we will prove the theorem only for B(0,r) 
and write B(r) = B(0,r). Let f € L°(R"), f > 0, have the property that 


ga*f>1 on B(2). (2.6.26) 


By a change of variable, this implies 


ie o ¢ ; *) f(i)rtdy>1 (2.6.27) 


for « € B(2r). From (2.6.3) and (2.6.4), there exists C = C(a,p,n) such 
that 


Cox — yla-ren2-Hl < g(a —y) < Cla — ylt eH, 


and therefore 


Ja (= 7 t) < Clx 22 y [ere le—ulr 


< Cla —yle-tr?™-%e— 22-91 (ry < 1/2) 
KC" 8gq(t—y) — (r S 1/2). 


Consequently, from (2.6.27), 


of Jo(x — y)f (7) r “dy>1 for x € B(2r), (r < 1/2). 
Rr 
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However, 
2n-a¢ (Y\T? ay = CP pr—OP|! FIIP 
[. [erres (2)P au = crrer-ori, 
Hence, 
Bap[B(2r)] < C??r”-P FIP, < 1/2, 
for every f € L?(R”) satisfying (2.6.26). Thus, 
Ba,p|B(2r)] < C?Pr®~°P Ba p[B(2)], S$ 1/2, 


from which the conclusion follows. 
For the proof of the first inequality of the theorem, let f € L?(R”), 
f > 0, be such that gq * f >10n B(r). Then 


B(r)| s i. gat Fd < 1B A ge* Hle 
Tr 


where g = p* = np/(n—ap). It follows from (2.6.3) that gg < CI,. Because 
there is no danger of a circular argument, we employ the Sobolev inequality 
for Riesz potentials (Theorem 2.8.4) to obtain 


reer < Cllfil. 
Taking the infimum over all such f establishes the desired inequality. O 


The case ap > n requires special treatment. 


2.6.14. Theorem. If p > 1, ap = n and 0 <7f <1, there exists C = 
C(n,7F) such that 


Co (logr71)'-? < Ba,p|B(a,r)| < C(logr7')1-? 
whenever 0O<r<Tr<landxe R”. 


Proof. As in the proof of the previous theorem, it suffices to consider only 
the case x = 0. Let ys be a Radon measure such that yp[R” — B(r)] = 0 and 
lga * Llp) < 1, where we write B(r) = B(x,r). Because of the similarity 
between the Riesz and Bessel kernels discussed at the beginning of this 
section, there exists a constant C independent of r such that 


i (la * py? dx < of (Ga * pu)? dx <C. 
B(1) Rn 


If |y| < r and |z| > r, then |x — y| < |z|+|y| < [zl +r < 2|z| and 
therefore 


p' 
cof Gurwen ff le ul"duly)) dr 
r<|z|<1 r<|e|<1 “i 
> C[u(R)P / le|-"de 
1 


rS|z|< 


= Ci[p(R")}? flog r-*]. 
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Thus, by Theorem 2.6.12, it follows that 
Bo,p[B(r)] < C(logr7*)!~?. 


To establish the opposite inequality, let A, denote the restriction of 
Lebesgue measure to B(r). Since ga < Ig, we have 


Ja * A7(2) < cf |x — y|*" "dy. (2.6.28) 
B(r) 


If |z| < r/F, |y| < r, then |z — y| < cr where c(r) = 14 1/7. That is, 
B(r) C B(z,cr). Therefore, 


i le — yl@-Pdy < / le — yl Pay 
B(r) B(2,cr) 
< C(F)r® 


which, by (2.6.28), implies 
Ja * A(z) << C(F)r® if |x| <r/F. (2.6.29) 
If |y| < r and r/7 < |z| < 1, then |x — y| > |x| — |y| > |z| —r > c(F)|aI, 


where now c(7) = 1 —7. Hence, 


Jar*rA,(z) <C ja—y|* "dy < Cir™|2|° if r/7 < |x| <1. (2.6.30) 
B(r) 

If |x| > 1, then (2.6.3) yields 

Ja * Ar(x) < Cr®e™l#I, (2.6.31) 
Thus, (2.6.29), (2.6.30), and (2.6.31) yield 

lI9a* Ar lly» S Cr” (log r-*)¥/?". 

Appealing again to Theorem 2.6.12, we establish the desired result. O 
2.6.15. Remark. In case ap > n, it is not difficult to show that there is a 
constant C = C(a,p,n) such that 


whenever EF 4 @. See Exercise 2.6. 

Because By,p[B(x,r)] * r"~°? one would expect that Bessel capacity 
and Hausdorff measure are related. This is indeed the case as seen by the 
following theorem that we state without proof, [ME1], [HM]. See Exercises 
2.15 and 2.16. 


2.6.16. Theorem. If p > 1 and ap < n, then Ba,p(E) = 0 if H"~°P(E) < 
oo. Conversely, if Bo,p(E) = 0, then H"~°Pt*(E) =0 for every € > 0. 
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2.7 The Best Constant in the Sobolev Inequality 


There is a fundamental relationship between the classical isoperimetric in- 
equality for subsets of Euclidean space and the Sobolev inequality in the 
case p = 1. Indeed, it was shown in [FF] that the former implies the latter 
and, as we shall see in Remark 2.7.5 below, the converse is easily seen to 
hold. 

We will give a method that gives the best constant in the Sobolev In- 
equality (Theorem 2.4.1), by employing an argument that depends critically 
on a suitable interpretation of the total variation for functions of several 
variables. This is presented in Theorem 2.7.1 and equality (2.7.1) if referred 
to as the co-area formula. This is a very useful tool in analysis that has 
seen many applications. We will give a proof for only smooth functions but 
this will be sufficient for our purposes. 


2.7.1. Theorem. Let u € Ci (R"). Then 
+00 
i |Du|dz = i, H"—[u-+(t) a Q|dt. (2.7.1) 
2 -0o 


Before giving the proof of this theorem, let us first consider some of 
its interpretations. In case n = 1, the integrand on the right-hand side 
involves Hausdorff 0-dimensional measure, H°. H°(E) is merely the number 
of points (including oo) in EF and thus, the integrand on the right side of 
(2.7.1) gives the number of points in the set u~!(t) 9. This is equivalent 
to the number of times the graph of u, when considered as a subset of 
R? = {(z, y)}, intersects the line y = t. In this case (2.7.1) becomes 


a |u'|da = / N(y)dy (2.7.2) 


where N(y) denotes the number of points in u~1(y) MQ. (2.7.2) is known 
as the Banach Indicatrix formula, [SK, p. 280]. 

The Morse-Sard Theorem [MSE1], [SA], states that a real-valued func- 
tion u of class C” defined on R” has the property that H+[u(N)] = 0 where 
N = {x: Du(z) = 0}. For example, if we consider a function u € C2(R?), 
an application of the Implicit Function theorem implies that u~1(t)NQ is 
a 1-dimensional class C? manifold for a.e. t. In this case, H*[u~1(t) N Q] 
is the length of the curve obtained by intersecting the graph of u in R? by 
the hyperplane z = ¢t. Thus, the variation of u, Jo |Du|dz, is obtained by 
integrating the length of the curves, 2M u~1(t), with respect to t. 

The co-area formula is known to be valid for Lipschitzian functions. (We 
will see in Chapter 5, that another version is valid for BV functions.) The 
proof in its complete generality requires a delicate argument from geometric 
measure theory that will not be given here. The main obstacle in the proof 
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is to show that if u is Lipschitz, then 


H""*[u-+(t) N N]dt = 0 
Ri 


where N = {x : D(x) = 0}. Once this has been established, the remainder 
of the proof follows from standard arguments. Because our result assumes 
that u € C”, we avoid this difficulty by appealing to the Morse-Sard the- 
orem referred to above. In preparation for the proof, we first require the 
following lemma. 


2.7.2. Lemma. If U C R” is a bounded, open set with C? boundary, then 


sup i div ydz : y € Ch(R"; R”), sup |y| < i} = H"~1[AU]. 
Q 


Proof. By the Gauss-Green theorem, 
| div y dx =f p(x) -v(z)dH"~}(z) 
U aU 
where v is the unit exterior normal. Hence 
sup {/ div pdx: y € CA(R"; R"), sup |y| < i} < H"-1(dU). 
U 


To prove the opposite inequality, note that v is a C1 vector field of unit 
length defined on OU and so may be extended to a C1 vector field V 
defined on R® such that |V(x)| < 1 for all c € R”, cf. Theorem 3.6.2. If 
w € C§°(R") and |%| < 1, then with y = WV, we have 


/ divoue= | b(y)dH"“(y) 
U oU 
so that 


sup {/ div y: y € Ci(R"; R"), sup |y| < i} 
U 


> sup { if _ ait y © OP(R") sup|v| <1} = Hau). oO 


Proof of Theorem 2.7.1. We first consider linear maps L: R” > R?. 
Then there exists an orthogonal transformation f:R” — R” and a non- 
singular transformation g such that f(N+) = R!, f(N) = R"', (N= 
ker L) and 

L=gopof 
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where p:R" — R! is the projection. For each y € R!, p~+(y) is a hy- 
perplane that is a translate of the subspace p—!(0). The inverse images 
p(y) decompose R” into parallel (n — 1)-dimensional slices and an easy 
application of Fubini’s theorem yields 


B|= fae )idy (2.7.3) 
whenever F is a measurable subset of R”. Therefore 
FE) = lB] = fe play 
= fe Ue) newly 
= [ REN 1 W)ew 


Now use the change of variables z = g(y) and observe that the last integral 
above becomes 


lel = fae EN Fee) ide 


= i AH" [EN L7}(z)|dz. (2.7.4) 
Ri 


But |g’| = |DL| and thus (2.7.4) establishes Theorem 2.7.1 for linear maps. 
We now proceed to prove the result for general u as stated in the theorem. 
Let N = {x : Du(x) = 0} and for each t € R?, let 


E, = R" {x : u(x) > t} 
and define a function f; : R" — R! by 


pe XE; if t>0 
i —XR"-E; if t<0. 


Thus, 
‘ioe / fila)dt, 2 € R. 
Ri 


Now consider a test function py € C§°(R" — N), such that sup|y| < 1. 
Then, by Fubini’s theorem, 


J wave(a)ae = [ I _felao(a)dtda 


= a . a _ fele)o(a)dndt. (2.7.5) 
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Now (2.7.5) remains valid if y is replaced by any one of its first partial 
derivatives. Since Du # 0 in the open set R” — N, the Implicit Function 
theorem implies that u~1(t) N(R" — N) is an (n — 1)-manifold of class C™. 
In addition, since spt p C R" — N, it follows from the Divergence theorem 
that 


div pdr = / p(x) -v(r)dH"1(z). 
Ey (OE, )N(R" -N) 


Therefore, if y is now taken as y € C>°(R” — N; R") with sup |y| < 1, we 
have 


- Du: edz = [ u-diveds = [ i div y dxdt 
Rt Rr RI JE, 


=f rh v(x) - v(x)dH”—1(x)dt 
Ri J(R"—N)NdE; 
< H"—*[(R® — N) Nu71(t)]dt 

Ri 


< : H"—"[u7}(t)]dt. (2.7.6) 
Ri 
However, the sup of (2.7.6) over all such y equals 


) |Dulde = [ |Duldz. 
R°-N Rr 


In order to prove the opposite inequality, let Ly: R" — R1 be piecewise 
linear maps such that 


lim |L, — uldz = 0 (2.7.7) 
k—00 R 
and 
itn | ipigiess i; |Dulde. (2.7.8) 
k-00 Rr Rr 
Let 


EF = R° {x : L,(x) >t}, 
xt = XEE- 


From (2.7.7) it follows that there is a countable set S C R} such that 
lim lxe — xk |dx = 0 (2.7.9) 
k-o00 J Rn 


whenever t ¢ S. By the Morse-Sard theorem and the Implicit Function 
theorem, we have that u—1(t) is a closed manifold of class C™ for all t € 
R! —T where H'(T) = 0. Redefine the set S to also include T. Thus, for 
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t ZS, and e > 0, refer to Lemma 2.7.2 to find y € Cg°(R"; R”) such that 
ly] < 1 and 


H™u-*(t)] | div gdz < =: (2.7.10) 
Et 
Let M = fpn |div y|dx and choose ko such that for k > ko, 


€ 


_ uk 
Ps lxe — X¢ldx < Via 


For k > ko, 


div par — [ div y dx 
Et 


< mf lve — x#ldz < >" (2.7.11) 
Et R” 


Therefore, from (2.7.10) and (2.7.11) 
H"" [u-*(t)] < i: div pdr + a 
EB, 2 


< [ divygdz+e 
Ek 


aif y-vdH"™ 1 +6 
ark 
< HL, (t)] +e. 
Thus, for t Z S, 
HH" [u-}(t)] < lim inf H""'[L,'())- 
OO 


Fatou’s lemma, (2.7.8), and (2.7.4) imply 


| H"“[u-1(t)\dt < lim inf | AH" [L,*(t)]dt 
Ri k—00 R} 


<timint | |DL,|dx 
k-—+00 Rr 


= / \Dulde. O 


Theorem 2.7.1 is a special case of a more general version developed by 
Federer [F1] which we state without proof. 


2.7.3. Theorem. If X and Y are separable Riemannian manifolds of class 
1 with 
dim X =m>k=dimY 
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and f: X -Y is a Lipschitzian map, then 
fat@ane(@ = [ae an yar) 
A Y 


whenever A C X is an H™-measurable set. Moreover, if g 1s an H™ 
integrable function on X, then 


i: g(2) Jf («)aH™(e) = | i g(«)dH”™-* («)dH*(y), 
x Y Jf-4(y) 


Here, J f(x) denotes the square root of the sum of squares of the deter- 
minant of the k x k minors of Jacobian matrix of f at x. 

The proof of Theorem 2.7.1 above is patterned after the one by Fleming 
and Rishel [FR] which establishes a similar result for BV functions. Their 
result will be presented in Chapter 5. 

We now give another proof of Theorem 2.4.1 that yields the best constant 
in the case p = 1. 


2.7.4. Theorem. Jf u € C§°(R”), then 


Ilullns(n—1) <n *a(n)-/"|| Du. 


Proof. For t > 0, let 
Ay = {x:|u(x)| >t}, B= {x: |u(x)| = t} 


and let u; be the function obtained from u by truncation at heights t and 
—t. If 


F(t) = |luellny(n-); 
then clearly 
lur+n| S luel + xa, 


f(t +h) < f(t) + hj A,|e-P/" (2.7.12) 


for h > 0. It follows from the Morse-Sard theorem that for a.e. t > 0, B; is 
an (n — 1)-dimensional manifold of class oo and therefore, an application 
of the classical isoperimetric inequality yields 


|At|{-D/* < n-la(n)-/" H"-1(B,). (2.7.13) 
It follows from (2.7.12) that f is an absolutely continuous function with 


f'(t) < [Aj|-D/ 
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for a.e. t. Therefore, with the aid of (2.7.13), it follows that 
(n-1)/n 
(flues) = #(e0) - 700) 


= [ rioae 


lo) 
<n-la(n)-1/" ‘i H"-\[B,]dt. 
0 


The co-area formula, Theorem 2.7.1, shows that the last integral equals 


/ |Duldz, 
Rt 


thus establishing the theorem. Oo 


From the inequality 
Ilulln/(n—1) < 27 *a(n)-/"|| Du (2.7.14) 
one can deduce the inequality 


Ilullp* < np(n — 1)/(n — p) ||Dullp (2.7.15) 


by replacing wu in (2.7.14) by u? where g = p(n — 1)/(n — p). Then 


(n-1)/n 
(/ unelte-Pde) < nang | |u|?" |Duldx 


(p—1)/p 
<n“a(n)-/"q ( | unel-P as Dull, 


by Holder’s inequality. 
Of course, one cannot expect the constant in (2.7.15) to be optimal. 
Indeed, Talenti [TA] has shown that the best constant C(n,p) is 


Tay one aks me C9) ee fa 
aa a (25) manna +n wen | 


where 1 <p<n. 


2.7.5. Remark. The proof of Theorem 2.7.4 reveals that the classical 
isoperimetric inequality implies the validity of the Sobolev inequality when 
p= 1. It is not difficult to see that the converse is also true. 

To that end let K C R” be a compact set with smooth boundary. Let 
dx (x) denote the distance from z to K, 


dx(x) = inf{|z —y|:y € K}. 
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It is well-known and easy to verify that dx (x) is a Lipschitz function with 
Lipschitz constant 1. (See Exercise 1.1.) Moreover, Rademacher’s theorem 
(Theorem 2.2.1) implies that dx is totally differentiable at almost every 
point x with |Dd;(x)| = 1 for a.e. c € R”. For each h > 0, let 


F(x) = 1 -min{dx (zx), h]-h7* 
and observe that F), is a Lipschitz function such that 
(i) Fi(x) =lifeek 
(ii) Fr(v) =O if dx(xz) >h 
(iii) |DF,(x)| < ho? for ae. x € R". 


By standard smoothing techniques, Theorem 2.7.4 is valid for F}, because 
F,, is Lipschitz. Therefore 


-1/n {v2 0 <dx(z) <A} 


(KNOY < na(n) : 


Since |Ddx(x)| = 1 for a.e. c € R”, the co-area formula for Lipschitz maps, 
Theorem 2.7.3, implies that 
|{z:0<dx(x) <h}| _ L 
h h Jio<dx<h} 
1 yh 
ae / H""" [dz (t)|dt 
h Jo 


= Hd (tn) 


|Ddx|\dz 


where 0 < th < h. Because K is smoothly bounded, it follows that 
HH” [dx (th)] 2 H” (OK) as h-0 


and thus, the isoperimetric inequality is established. 

Of course, by appealing to some of the more powerful methods in geo- 
metric measure theory, the argument above could be employed to cover the 
case where the compact set K is a Lipschitz domain. By appealing to the 
properties of Minkowski content, cf. [F4, Section 3.2.39], it can be shown 
that the above proof still remains valid. 


2.8 Alternate Proofs of the Fundamental 
Inequalities 


In this section another proof of the Sobolev inequality (2.4.10) is given 
which is based on the Hardy—Littlewood—Wiener maximal theorem. This 
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approach will be used in Section 2.9, where the inequality will be treated 
in the case of critical indices, kp = n. 
We begin by proving the Hardy—Littlewood—Wiener maximal theorem. 


2.8.1. Definition. Let f be a locally integrable function defined on R”. 
The maximal function of f, M(f), is defined by 


M(f)(x) = sup tf, lf(y)ldy sr > ob ; 


2.8.2. Theorem. If f € L?(R"), 1< p<, then M(f) € L?(R") and 
there exists a constant C = C(p,n) such that 


IM(f)llp < Cllfllp- 


Proof. For each t € R?, let A; = {x : M(f)(zx) > t}. From Definition 2.8.1 
it follows that for each x € A;, there exists a ball with center x € A;, such 
that 


f |fldy >t. (2.8.1) 
B, 


If we let F be the family of n-balls defined by F = {B, : x € Ay}, then The- 
orem 1.3.1 provides the existence of a disjoint subfamily {B, Bo,..., Br, ...} 
such that 


oo 
do [Bel = 57" 1Au| 
k=1 


and therefore, from (2.8.1), 


foe} 
fll, > / flay >t > |Bel > 57" Ad, 
k 


Up B k=1 
or 
5” 1 
|Ae| < > lflh whenever t€ R’. (2.8.2) 


We now assume that 1 < p < ov, for the conclusion of the theorem 
obviously holds in case p = oo. For each t € R!, define 


— J f(x) if |f(x)| 2 t/2 
fila) = 4 wf [f@)| <t/2. 
Then, for all z, 
lf(x)| < |fe(x)] + t/2, 
M(f)(z) < M(fr)(z) + t/2 


and thus, 


{x: M(f)(x) > t} c {M(ft)(x) > t/2}. 
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Applying (2.8.2) with f replaced by f; yields 


al SMe) >< fl iplay= 2 fo idy 
Rr {]f|2t/2} 


t 
2.8.3) 
Now, from Lemma 1.5.1, and (2.8.3), 


[ornray = f ” Aula? 


oo 
=» | tP-1| Ai |dt 
0 
Co 
< p25" f tP-? (/ és) dt 
0 {|f|>t/2} 
oe} 
= prot f pe (/ ie) dt 
0 {lf|>t} 


= p25” i P-2y({|f| > t})dt 


where ps is a measure defined by u(E) = J,,|f|dx for every Borel set E. 
Thus, appealing again to Lemma 1.5.1, we have 


[ canes = PO wisi > gar 


pr - 5" | oe 
= d 
reriey oe |f/P du 
i |f|Pda < oo. 
R2 


_ p2P-5” 
Since p > 1. This establishes the theorem. Oo 


p-1 


For 0 < a < n, we recall from Section 2.6 the definition of the Riesz 
potential of f of order a: 


Int f(a) = Infla) = sf A 


The following lemma is the final ingredient necessary to establish the 
Sobolev inequality for Riesz potentials. 


2.8.3. Lemma. If 0 <a<n, 8 >0, and 6 > 0, then there is a constant 
C =C(n) such that for each « € R”, 
@) fue < com(nte) 
B 


as ieee 
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Ge I Aw ldy < 65-6 M(f)(2). 


n—B(a,6) |@ — y|Ptr — 


Proof. Only (i) will be proved since the proof of (ii) is similar. For x € R” 
and 6 > 0, let the annulus be denoted by 


6S 6 6 
A (25.557) =B (2.5) -B (56) 


and note that 
/ If y)ldy ->/ Af@lay_ 
Bios) Ie yl"—* ae cy Ja —ylr-e 


foe) 
<D(gx) fi, lee 
k=0 B(«, ) 
—wel 6 
=a (5) (se) fle 
ay 2 Qk Bz, *&) 
< C5°M(f)(z), 
where a(n) denotes the volume of the unit n-ball. This proves (i). Qa 


We now will see that the Sobolev inequality for Riesz potentials is an 
easy consequence of the above results. 


2.8.4. Theorem. Let a > 0,1 < p< co, and ap < n. Then, there is a 
constant C = C(n,p) such that 


* np 
l[Ta(F) Ip < Cl\lf lip, po = rag ap’ 


whenever f € L?(R"). 


Proof. For 6 > 0, Hélder’s inequality implies that 


fore) 1/p' 

/ Awl dy < w(n 42 DIlfllp (/ p?—1-P dr 
R"-B(z,6) |x — y| 6 

where r = |x — y|. The integral on the right is dominated by 6°~("/?) since 


ap <n, and therefore, by Lemma 2.8.3(i), 


a(f)(x)| < C [oom (f)(x) + 6o-/P)| fIp| : (2.8.4) 


If we choose Hy 
_ (M(f)(a)\ 
5=( IFlp ) 
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then (2.8.4) becomes 
Tal f)(x)| < C[M(f)(a)}?/™) | F\\g/ 


or, 
[Lal f(x)? < C[M(f)(x) PP IF ||bor/? . 
An application of Theorem 2.8.2 now yields the desired conclusion. Oo 


2.8.5. Remark. If we are willing to settle for a slightly weaker result in 
Theorem 2.8.4, an easy proof is available that also provides an estimate of 
the constant C that appears on the right-hand side of the inequality. Thus, 
if 2 is a domain with finite measure, f € L?(Q), and p < q < p*, we can 
obtain a bound on ||Ia(f)||q¢ by a method that essentially depends only on 
Holder’s inequality. 

For this purpose, let 2 =1]- G — a) and note that because g < p*, 


ja — y|?” € L"(Q) (2.8.5) 
for each fixed x € R”. As in the proof of (2.4.7), if |B(x, R)| = |Q], then 


i |x _ y|(°-™" dy < / w(n - 1)R@-m)rtn 
Q ~ JB(e,R (a-—n)r+n 


= w(n — 1)|Q|7 
~ [(a—n)r + nja(n)7 
where + = ((a — n)r)/n +1. For each fixed x, observe that 


/ 
Je — uli F()1 = (le vl'—LEw)P) 


«(Je = yl(omr/") «1g (yy? (2.8.7) 


where 6 = 7 - re Because A + +6 = 1, we may apply Hélder’s inequality 
to the three factors on the right side of (2.8.7) to obtain 


da y|O dy = 


= C(a,r,2) (2.8.6) 


1/ 
a(f)(2)) < ( fiwe- ul LF) Pay) : 


. ( 7: le yleray) ( i 0)Péy) 


Therefore, by Fubini’s theorem and (2.8.6), 
[asytaes ff je yle-sa)Pacay 
Q aJa 
q 
O(a, 6, 2) IF 


< C(a, 6,2) - ||FI2-C(a,6, 15 | F2%. 
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Thus, 


IZaflla < C(a, 6, Q)O/9+E/P || FI), 
< C(a, 6, 2)/" lf llp- 


2.8.6. Remark. It is an easy matter to see that Theorem 2.8.4 provides 
another proof of Theorem 2.4.2. Indeed, if u € CK(R™), recall from (2.4.5) 
that for every x € R”, 


Ju(x)| < C(n)h(|Du)). (2.8.8) 
In fact, if we employ the Riesz composition formula which states that 
Iq *Ig =TIn+g, atB<n, 
an application of (2.8.8) to the derivatives of u gives the estimate 
|u(z)| < C(n, k)Ie(|D*ul). 
From Theorem 2.8.4 we have 
|[Zu(|D*ul)|lp» < Cl|D*ullp 


if kp < n. Thus, 
lull < Cl|D*ullp < Cllulle,p 


which is the conclusion in (2.4.10) when 2 = R”. 

Of course, one could also employ Theorem 2.6.1 which states that each 
u € W*?(R") can be represented as u = 9, * f for some f € L?(R”), where 
lf llp ~ llulle,p;r2. Then, in view of the fact that g, < CI, (2.4.10) follows 
from Theorem 2.8.4. 


2.9 Limiting Cases of the Sobolev Inequality 


In previous sections all Sobolev-type inequalities were established under 
the restriction kp # n. We now treat the case kp = n in the context of 
Riesz potentials and since the Riesz kernel J, is defined for all positive 
numbers a, we will therefore replace the integer k by a. 

When ap = n, one might hope that I, * f is bounded because p* — oo 
as ap — n. However, while boundedness is trivially true when n = 1, it 
is false when n > 1. As an example, consider u(x) = |log|a||!~2/("-»); 
clearly u € W!"(B(0,r)) for r < 1, but u ¢ L©(B(0,r)). Although an 
L@ estimate cannot, in general, be obtained it is possible to obtain results 
that provide a good substitute. Our first result below offers exponential 
integrability as a substitute for boundedness. We begin with a simple and 
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elegant proof of this fact which follows easily from the estimate discussed 
in Remark 2.8.5. 


2.9.1. Theorem. Let f € L?(Q), p >1, and define 


g= I, fp * f. 
Then there are constants C, and C2 depending only on p and n such that 
fF 
exp |—=——— | dr< Cz. 2.9.1 
f>latm) #< rere 
Proof. Let p < q < oo and recall from Remark 2.8.5 the estimate 
laf lla < C(a, 6,2)" Ifllps (2.9.2) 
where + =1—(5 — 2), 
w(n — 1)|Q|7 
2.28 
Awe) [((a —n)r + nla(n)?’ 
and ( 
a-—n)r 
pe em 
Y = a 
In the present situation, ap = n, and therefore 
np 
a-n)jr+n= ——. 
( ) pq + (p—q) 
Thus, we can write 
C(a, 6,9) = C = Ky|Q\7 (ew) < K|O\"q 


where K, and K are constants that depend only on p and n. Thus, since 
yq/r = 1, from (2.9.2) we have 


[totter < comisig 
Q 
< (qK)*/"|Q| |lflf = (aK) + /”? - | [FIZ 
Now replacement of g by p'q (which requires that q > p — 1) yields 
[at tae < o'ax)**10) 171% 


In preparation for an expression involving an infinite series, substitute an 
integer k, k > p—1, for q to obtain 


fo k 

1/ gl yr eke (2) 
— | —— dz < pK ——_ || | — 
he (atr, <P Kyl Ge 
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for any constant C' > 0. Consequently, 


Ls ae lal aes sok Y Ga ki SS). 
0 2H \Olilp (k—1)! \CP 


where ko = [p]. The series on the right converges if C? > eKp' and thus 
the result follows from (1.5.12) when applied to the terms involving k < ko 
and the monotone convergence theorem. Oo 


By appealing to a different method, we will give another proof of expo- 
nential integrability that gives a slightly stronger result than the one just 
obtained. 


2.9.2. Theorem. Let f € [?(R"), spt f C B where B is a ball of radius R, 
and let p= n/a > 1. Then, for any € > 0, there is a constant C = C(e,n,p) 


such that 
L 
} exp | n n/p f(x) 
B Wy—-1 


p' 
dx <C. (2.9.3) 
Ilfllp 
Proof. Clearly, we may assume that || f||,p = 1. Then, 


caer < 


Ta(f)(e) = f 


fly)ke — yle-Pdy + i fly)le — yl dy 
B(z,6) ) 


-B(a, 


where x € B and 0 < 6 < R. By Lemma 2.8.3(i), the first integral on the 
right is dominated by C6*M(f)(x). By Hélder’s inequality and the fact 
that ||f||p = 1, the second integral on the right can be estimated as follows: 
if r = |x — y|, then 


R 1/p' 
i f(y)le — yl "dy < en - yf remnant 
B-B(z,6) ‘ 
= [w(n —1) log(R/5)]*/”". 


Thus : 
[Jo(f)(x)| < C5*M(f)(x) + (w(n — 1) log(R/5))"/” . 


If we choose 
6% = min(eC”}[M(f)(xz)]~*, R®), 


then we have 
al f)(2)| Se + [ulm 1) log*(Re-V2CMAM(f\(a)¥/9)) 


or 
(Ia(f)(x) — €)*?’ < w(n — 1)n- logt (R"e-PC? M(f)(x)?) 
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since ap = n. Because ||f||)p = 1, the conclusion now follows immediately 
from Theorem 2.8.2. Oo 


2.9.3. Remark. Inequality (2.9.3) clearly implies that if 6 < n/w(n— 1), 
then there is a constant C = C(G,n, p) such that 


fe [o| nie 
B 


If llp 
thus recovering inequality (2.9.1). 

Although it is of independent mathematical interest to determine the 
best possible constants in inequalities, in some applications the sharpness 
of the constant can play a critical role. 

The sharpness of the Sobolev imbedding theorem in the case of critical 
indices has had many different approaches. For example, in [HMT], it was 
shown that the space Wo’ (Q) could not be embedded in the Orlicz space 
L,(Q) where y(t) = exp({¢|"/“-» — 1). On the other hand, with this 
Sobolev space, it was shown by Moser [MOS] that (2.9.4) remains valid for 
B = n/w(n — 1); that is, « can be taken to be zero in (2.9.3). Recently, 
Adams [AD8] has shown that (2.9.4) is valid for 6 = n/w(n — 1) with no 
restriction on a. 

Theorems 2.9.1 and 2.9.2 give one version of a substitute for boundedness 
in the case ap = n. We now present a second version which was developed 
by Brezis and Wainger [BW]. 

For this, recall the definition of the Bessel kernel, ga, introduced in (2.6.1) 
by means of its Fourier transform: 


p' 
| dz <C, (2.9.4) 


Ga(x) = 2n7"/2(1 + |x |?)-2/?. 


Also, recall that the space of Bessel potentials, L™?(R”), is defined as all 
functions u such that u = ga * f where f € L?(R”). The norm in this space 
is defined as ||ulla,p = ||f|lp. Also, referring to Theorem 2.6.1, we have in 
the case a is a positive integer, that this norm is equivalent to the Sobolev 
norm of u. 

For the development of the next result, we will assume that the reader 
is familiar with the fundamental properties of the Fourier transform. 


2.9.4. Theorem. Let u € L*%(R") with lg > n, 1 <q < o and let 
ap=n,1<p<o. ff |lullap <1, then 


fulloo < © [1 + log” (1 + llulle) (2.9.5) 
Proof. Because Cg°(R”) is dense in L“7(R”) relative to its norm and 


also in the topology induced by uniform convergence on compact sets, it is 
sufficient to establish (2.9.5) for u € C§°(R”). 
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Let y,n € C®(R") be functions with spty compact, y = (2m)~"/? 


on some neighborhood of the origin, and y + 7 = (27)~"/? on R®. Since 
u € C§°(R"), u may be written in terms of the inverse Fourier transform 
as 


u(x) = / &*Va(y)olu/R)ay + fe ¥a(u)nly/R)dy 


= ui(x) + ua(z), (2.9.6) 


where R > 2 is a positive constant to be determined later. 
The proof will be divided into two parts. In Part 1, the following inequal- 
ity will be established, 


lurlloo $ Clog R)/” 
while in Part 2, it will be shown that 
Ilu2lloo $ CR |lulle,g 
for some 6 > 0. The conclusion of the theorem will then follow by taking 


6 
R= max(2, |lullz/”). 


Proof of Part 1. We proceed to estimate u; as follows: 


u(x) = (@anynl? f ci=4(any"/7(1 x ly)? aly) a ano dy 
= f * Kr(z) 
where : 
Fly) = (2n)"/7(1 + |y|?)*/?a(y) 
and ae 
m _ Ply 
Kr(y) = + Re" (2.9.7) 


Note that u = ga * f (see Section 2.6) and therefore 
If llp = llullep <1. 
Consequently, in order to establish Part 1 it will be sufficient to show that 
Krllp < C(log R)/?", R>2. 


We now define a function L such that L = y. Note that L is a rapidly 
decreasing function and thus, in particular, L € L1(R") NC™(R"). Let 


Lr(z) = R°L(Rz). 


2.9. Limiting Cases of the Sobolev Inequality 93 
From (2.9.7) we have that 


(20)-"/*Kr(y) = Lr(y) - Ga(y) 


and 
(Qr)-"/*Kp = Lr * Qa. 


Let B(R) be the ball of radius R centered at the origin. Define two functions 
G} and G2 by 
Gq (2) = ga()xB(R-1)(2) 


G2 (2) = ga(x) — Ga(z). 


Then 
(2r)-"/? K p(x) = Lp * Gh (2) + Lp * G2 (2). 


An application of Young’s inequality yields 
Ln * G3lp: < Nally: I@4ll (2.9.8) 

and it is easily verified that 

|Zall: = CR"? 
while from (2.6.3) and ap = n, it follows that 

Gall < CR”. 
Similarly, from (2.6.3) we see that 

Gala) < Cy|z|°-"e~ FI 


and therefore 
1/p 
Gil sof f  Calai'e-™'ae 
1/R<|z|<1 


1/p' 
+C / e Cale lP’ dy 
1<|z|<oo 


since R > 2. Hence, 
[Lz * Gllp < C(log R)!/?" (2.9.9) 


because 
|Zallr = ||Z|li = C < oc. 
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Thus, from (2.9.8), and (2.9.9) we have 

Karly < C(log R)"””,, (2.9.10) 
thereby establishing Part 1. 


Proof of Part 2. We write u2 as follows: 


us(2) = (2n)-*/? / el Va(y)(2m)/2(1 + |yl2)/ ae 
= 9*Kp(z) (2.9.11) 
where (y/R) 
Kr(y) = TEaTOUE (2:9-12) 
and 


G(y) = G(y)(2n)”/2(1 + [y|?)?. 


By assumption, u € L“4(R”), and therefore it follows from definition that 
g € L4(R") with u = ge *g. In order to establish Part 2, it suffices to show 
that 

Kell <CR°® forsome 6>0. 


First, consider the case q = 1. Since fg > n by assumption, we have 
£>n. Now write 


|Ka(2)| = | fe oy _y/B)dy_ 


In(y/R)|dy 
(1+ G+ [ly | = 


~ J tye 
Recall that 7 vanishes in some neighborhood of the origin, say for all y such 
that |y| < ¢R. Thus, for all z, 


\Kr(a)| < f In(y/R)|dy 
~ JR—B(0,eR) lyl? 


CO 
< cf pr lla 
eR 


< CR-é 


since £ > n. Thus, Part 2 is established if g = 1. 
Now consider gq > 1, so that q’ < oo and without loss of generality, let 
£<n. Since y +n = (27)-"/? on R”, (2.9.12) can be written as 


ne 1 R 
On Ka = TERRE Tw 


Thus, we have 
K r(x) = ge(x) — ge * Lr(2) (2.9.13) 
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where ; 
Lr(t) = R"L(Rz), L(y) = v(y). 
We can rewrite (2.9.13) as 


Kp(e) = i [oe(x) — gee - v)|Ea(u)dy (2.9.14) 


because 
(2r)~"/? = v(0) = any? f e YL (y)dy. 


n 


To estimate f |ge(x — y) — ge(x)|? dx we write 


i. laelo—y) — ela) =f Igele - uv) - gua) 
Rz 


|z|<2ly| 
+ j ie Waleed 
|x|>2|y| 
aa ve + Ig. 


Now 


h<c (/ Ige(x — y)|% dx +f aloe) 
|2|<2ly| |x|<2lyl 


<c (/ |ge(x — y)|? da + / on 
|jz—y|<3ly| |z|<2|y| 
< Cly|e-m 4 +, 


by (2.6.3). To estimate Iz, note that ge is smooth away from the origin, 
and therefore we may write |ge(x — y) — ge(x)| < |Dge(z)|- |y| where z = 
t(2—y)+(1—t)x = 2 -—ty for some t € [0,1]. Since, |z| > 1/(2|z|) when 
|z| > 2|y| we have, with the help of (2.6.4), 


/ lge(x — y) — ge(x)|? dx <C eC || | y| 1 dx 
|jz|>2|y| |z|>2|y| 


< [yl i: e-Clel pg |(€-m—Dd gy 
Rv 
<Clyl*. 
Consequently, combining the estimates for I, and Ig, we have 


llge(x — y) — ge(z)\la < Clyl? (2.9.15) 


where 6 = [(€+1-—n)q'+n]/q’ > 0. Referring to (2.9.14), we estimate 
|Krl||q: with the aid of Minkowski’s inequality and (2.9.15) as follows: 


(/ ixatx)}ar) ae [ (fleet -w - ane) ae) Lal) idy 
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<c / ILa(u)| [ylody 


=cR"$ if IL(Ry)| |Ryl°dy 
<CR~°. 


The integral f |L(z)||z|°dz is finite because L = ¢ and thus L is rapidly 
decreasing. The proof of Part 2 is now complete and the combination of 
Parts 1 and 2 completes the proof of the theorem. Oo 


2.10 Lorentz Spaces, A Slight Improvement 


In this section we turn to the subject of Lorentz spaces which was intro- 
duced in Chapter 1, Section 8. We will show that the Sobolev inequality 
for Riesz potentials (Theorem 2.8.4) as well as the development in Chapter 
2, Section 9, can be improved by considering Lorentz spaces instead of L? 
spaces. 

We begin by proving a result that is similar to Young’s inequality for 
convolutions. 


2.10.1. Theorem. Jf h = f *g, where 


1 1 
f €L(p,n), 9 € L(pe,q2), and —+— >], 
Pi p2 
then h € L(r, s) where 
1 1 
—+—-l=- 
Pi p2 
and s > 1 is any number such that 
tint 
71 q2 s 


Moreover, 
Allcr,s) < 3r|l Fll@.,a:)llallq2,a2)- 


Proof. Let us suppose that q 1, g2, s are all different from oo. Then, by 
Lemma 1.8.9, 


leat = [ever < f° [ae [rosea ] 


TE fc FLY. ofl) dul a 
=f lal Gr) Sl ¢ (2.10-1) 
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The last equality is by the change of variables x = 1/y, t = 1/u. Now use 
Hardy’s inequality (Lemma 1.8.11) to obtain, 


ieee ee 
0 Ly/" Jo u uj uy y 
< ,? a [yom Cling ein dy 
= 0 y? y 
[oe) 
ae I ately *(a)g**(a) =, 
0 HO 
by letting y = 1/z. 
Since s/qi + s/q2 > 1, we may find positive numbers m1, m2 such that 
ee and ah OS eee 
my mg m1 qi me q2 


Therefore q, < sm, go < sm. An application of Hélder’s inequality with 
indices m1, mga, yields 


lore) ol/Pi f** (x 8 zi/P2 g** x)|° 
(Allen)? 1° f : gm qn a ae 


°° 1/mi 
co] [eum pecan S| 


| Peery S| 


os FCF Geenu) WellGaensy) 
Thus, by Lemma 1.8.13 


All (r,s) < T\| Fll(p:,sm.)[I9llp2,sm2) 
< e/ee!/*rll Fllpx.a:)ll9ll@a.a2) 
< 3r|lfll(p:,a.) llgll(p2,02)- 


Similar reasoning leads to the desired result in case one or more of qi, 
gd2, § are OO. Oo 


As an application of Theorem 2.10.1, consider the kernel I,(x) = |x|*~” 
which is a constant multiple of the Riesz kernel that was introduced in 
Chapter 2, Section 6. For simplicity of notation in this discussion, we omit 
the constant y(a@)~! that appears in the definition of I,(x). Observe that 
the distribution function of I, is given by 


ay, (t) = {x |x|" > F}| 
= [fo [al < 2/0} 
= a(n)t?/(o-”) 
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and because J* is the inverse of the distribution function, we have I3(t) = 
aa ” It follows immediately from definition that 


rr) = (ato) ten 


a(n)a 


and therefore that I, € L(n/(n — a), oo). If we form the convolution Ig * f 
where f € L? = L(p,p), then Theorem 2.10.1 states that 


I, * f € L(q,p) 


where 
1 1 n-a 1a 


tate Sa, 

q Pp n pon 
Moreover, it follows from Lemma 1.8.13 that L(q,p) C L(q,q) and thus we 
have an improvement of Theorem 2.8.4 which allows us to conclude only 
that I,*f € LY. As a consequence of Theorem 2.10.1, we have the following 
result that is analogous to Theorem 2.8.4. 


2.10.2. Theorem. If f € L(p,q) and0<a<n/p, then 


I, * f € L(r,q) 


and 
Ila * flr.) S Wall (n/(n—a),00) IIF lle) 
= Cllfll@,a) 
where 
_i_@ 
a 


We now consider the limiting case of 1/p; +1/p2 = 1 in Theorem 2.10.1. 
In preparation for this, we first need the following lemma. 


2.10.3. Lemma. Let y be a measurable function defined on (0,1) such 
that te(t) € L?(0,1; dt/t), p> 1. Then, 


1 
(1 + jloge)> f p(s)ds||z>(0,1;at/t) S oa llto(t) lz» (0,1;a8/t)- 
t 


Proof. By standard limit procedures, we may assume without loss of gen- 
erality that y € L'(0,1) is non-negative and bounded. Let 


I= fo + | log t|)~? (f o(s)as), =. 
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=f (f p(s) as). d(1 — log t)~?+? 


integration by et yields 


Since 


—1 


1 1 P 
i= : ( 7 o(s)ds) (1 — log t)-?+1yp(t)de, 


and Holder’s inequality implies 


1 
Dp = = 
Ts Poy +llogt) f oleddslirtaaaernltoOlir(oasa/ 
from which the conclusion follows. Oo 


2.10.4. Remark. Before proving the next theorem, let us recall the fol- 
lowing elementary proof concerning convolutions. If f,g € L1(R") we may 
conclude that 


I. I. \f(@— walu)ldedy = lato f [f(x — y)|dedy 


= [low Wtlhey 
= IIfll lls < oo. 


Thus, the mapping y > f(x — y)g(y) € L1(R") for almost all c € R” and 
fegeL(R"). 

In the event that one of the functions, say f, is assumed only to be an 
element of L(p,q), p > 1, q > 1, while g € L1(R”), then the convolution 
need not belong to L1(R”), but it will at least be defined. To see this, let 


1 if f(x) > 
file) =< f@) if -Lef@) <1 
~1 if f(x)<- 
and let fo = f — fi. Then f1 * g is defined because f; is bounded. We 


will now show that fz € L}(R") thus implying that f2 * g is defined and 
therefore, similarly for f * g. In order to see that /2 < L1(R") let 


rn) — ff (x) if |f(x)| >1 
A= {0° i Halen 
Clearly a7,(s) = as(1) if 0 < s < 1 and az,(s) = af(s) if s > 1. Conse- 
quently 7 
fz (az(1)) = inf{s : az (8) < ag(1)} = 0. 


Thus, since f¥ is non-increasing, f(t) vanishes for all t > a f(1) and it 
is easy to see that f*(t) = fZ(t) for all t < ay(1). We may assume 
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that q > p for, if gq < p, then Lemmas 1.8.13 and 1.8.10 imply that 
f € L(p,q) C L(p,p). Consequently, by Young’s inequality for convolu- 
tions, f *g is defined. In fact, f *g € L?. With g > p and a = a;(1), we 
have 

[oe] f**(t)4 


co * q a * q 
ao COP asf LO a 


ti-(q/p) = fy ti-(a/P) 


a 
> atein-1 f*(t)%dt 
) 


dt > 


co > 


= ateial-+ f fi (t)4dt 
a ; 

= aie f f3 (t)%dt 
0 


where @ € (0, a]. Since f#(t) vanishes for t > a whereas f3(t) > 1 fort <a, 
it therefore follows that 


i. fz (t)dt < e 3 (t)4dt < 00, 
0 0 


thus showing that fo is integrable because fr and iA have the same distri- 
bution function. Therefore f. is integrable. 


2.10.5. Lemma. Let 1 < p < w,1< qm < «,1< @ < & be such 
that 1/q: + 1/q2 <1 and set 1/r =1/q1 + 1/q2. Assume f € L(p,q1) and 
9 € (p’,q2) NL1(R”) and let u= f xg. Then 


1p uta) yr ae] 
eenegaieaihtest aes < A : 
LE Ea] SF] setitteny Uae) + lath 


where C depends only on p, qi, and qo. 


Proof. Note from the preceeding remark, that u is defined. For simplicity 
we set || fll(p,q.) and llgl] = |Igll¢p',q2) + IIglla- Also, for notational convenience 
in this discussion, we will insert a factor of (q/p)!/% in the definition of the 
lf lle.a)i thus, 


q 1/q fore) dt 1/q 
(2) (/ eee) eR eeieek 
0 


Dp 
IIF lli,a) = 
eye 
(2) sup t!/? f**(t), l<p<w,q=om. 
Dp t>0 


We distinguish two cases: 


(i) r< 00 
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(ii) r = 00 (ie. qi = G2 = 00). 


(i) The case r < oo. Recall from Lemma 1.8.8 that for every ¢ > 0, 


u™*(t) <tf*(t)g™ (t) + a f*(s)g"(s)ds. (2.10.2) 
Clearly, the following inequalities hold for every s > 0: 
f*(s) < f(s) $ a llfllieny (2.10.3) 
o(s) <9*(s) $ zllollo.a, (2.10.4) 
g*(s) <9°*(8) < =llglh. (2.10.5) 


For t < 1, it follows from (2.10.2), (2.10.3), and (2.10.4) that, 


a ae Pea ives 
w(t) < tae arlflloallalleray +f £()9" (sds 


[oe) 
+ | f*(s)g*(s)ds. (2.10.6) 
From (2.10.3) and (2.10.5) we have that 
[FP Fee as < all Alloa lob 


This in conjunction with (2.10.6) yields 


1 
w*() < alfa +f #°(s)e"(o)as (2.10.7) 
By Lemma 2.10.3, (2.10.7), and (2.10.4) we have 
\|(1 + | log t])~*u** (4) Ize (o,1ae/e) S CIF Il Mall + Cle 9" lz @,154e/4) 
= Ollfilligll + lle’? fee” 
9" (t)||n(0,1;at/t) 
< CllFlillgll + Cllfll@ayllglloa)- 
(ii) The case r = oo. By (2.10.7), (2.10.3), and (2.10.4) we have, for t < 1, 


u™*(t) < pllfll Iigll + [log tl IlFll@,coyllalliw',00) 


and therefore 
I|(1 + [log t])~*u**(£) |] (0,1) < Cllfill llgll- QO 


2.10.6. Theorem. Let 1 <p <w,1<m <~,1< q@ < © be such 
that 1/q, + 1/q2 <1 and set 1/r =1/q1 + 1/qa. Assume f € L(p, qi) and 
9g € L(p',q1) NL and let u= f *g. Then 
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(i) if r< co, edlul” ¢ Li,.(R”) for every > 0. 


(ii) if r < 00, there exists positive numbers C = C(p,q1,92) and M = 
M(|Q|) such that 


i: eClul” dx<M 
Q 
for every f and g with \|f\l(p,q.) <1 and |Igll(p,q2) + llglla <1. 


Before proceeding with the proof, let us see how this result extends the 
analogous one established in Theorem 2.9.1. To make the comparison, take 
one of the functions in the above statement of the theorem, say f, as 
the Riesz kernel, I,/p. As we have seen from the discussion preceeding 
Theorem 2.10.2, f € L(p',oo). The other function g is assumed to be 
an element of L?(Q.) where 2 is a bounded set. Thus, by Lemma 1.8.10, 
g € L(p,p)N L(A"). In this context, g, = co and gz = p > 1 thus proving 
that this result extends Theorem 2.9.1. 


Proof. Consider part (i) first. Because u* (t) is non-increasing we have that 


t t 
lu*(r)|P i} dsp < 7 u*(s)"(1 — logs)" 
0 s 0 8 


for every t < 1. The first integral equals (1 — logt)~"*!/r —1 with r > 1 
and Lemma 2.10.5 implies that I(t) — 0 as t — 0 where J(t) denotes the 
second integral. Note that there exists a constant K = K(r) such that 


lu*(t)|" <K(1+|loge|)1(t)/°-, O<t<1. (2.10.8) 


With Q Cc R” any bounded measurable set, we have with the help of 
Lemma 1.5.1, 


, 1Q| ; to ' 
/ exp(C|u(zx)|)” dz = | exp(C|u*(t)|)” dt = ‘i exp(C|u*(t)|)” dt 
Q 0 1) 


1Q| ‘ 
+ i exp(Cu*(t)|)” dé (2.10.9) 
to 
where 0 < tp < |Q|. Because u* is non-increasing, it is only necessary to 
show that the first integral is finite. For this purpose, choose tp < 1 so that 
CT KI(to)/(-»)) <1. Then, from (2.10.8), 
exp(Clu*(t)|)” < (e/t)* 


where a = C” KI(to)'/("-»), Thus, part (i) of the theorem is established. 
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For the proof of (ii), Lemma 2.10.5 and the fact that u*(t) is non- 
increasing allow us to conclude that for 0 <t <1, 


* r : _, ds Tr r 
wer" f logs)" < CII 


where [l/l] = [fllcon) and [lgll = llallco a2) + llglla- Therefore, 


u*(t)|" < K(1—loge)|lflI" llgll” - 


Similar to part (i), the proof of (ii) now follows from (2.10.9) by choosing 
KC <1. Oo 


Exercises 


2.1. Prove that W*?(R") = We? (R"). 


2.2. If f and g are integrable functions defined on R” such that 


| teae= f oeae 


for every function y € C§°(R”), prove that f = g almost everywhere 
on R”. 


2.3. Prove the following extension of the Rellich-Kondrachov compactness 
theorem. If 2 is a domain having the extension property, then 


wkt™P(Q) aN wa) 


is a compact imbedding if mp < n, 1 < q < np/(n— mp) andma 
non-negative integer. 


2.4. Verify the following equivalent formulation of Bessel capacity: 


Ba,p(E) = inf ts Go * re} ° 


—p 
= {oe [ga * io} 


where f € L?(R”), f > 0, and |[fllp > 1. 


2.5. Prove that the Riesz and Bessels capacities have the same null sets; 
that is, Ro,p»(E) = 0 if and only if Ba,p(Z) = 0 for every set E C R”. 
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2.6. Show that there is a constant C = C(a,p,n) such that 
Ba,p(E) 2 C 
provided ap > n and EF is non-empty. 


2.7. As an extension of Corollary 2.1.9, prove that if 2 is connected and 
u € W*P(Q) has the property that D%u = 0 almost everywhere on 
Q, for all |a| = k, then u is a polynomial of degree at most k — 1. 


2.8. Let 1 <p, kp <n. If K C R” is a compact set, let 
Yk,p(K) = inf{|lullg, : u = 1 on a neighborhood of K, 


u € CX(R")}. 


With the aid of Theorem 2.6.1, prove that there exists a constant 
C = C(p,n) such that 


C~* Bp(K) < k.p(K) < CBk,p(K). 
2.9. Show that for each compact set K C R”, 


int{ | |Du|"dz:u>1 on K, ve crn} =0. 
Rr 


2.10. Prove that there exists a sequence of piecewise linear maps 
Ly: R” — Rt 
satisfying (2.7.7) and (2.7.8). See the discussion in Exercise 5.2. 
2.11. Suppose that u: R” — R?} is Lipschitz with ||Dulli,z» < oo. Define 


Qy: R! > R} by ay(t) = |{z : u(x) > t}]. Since a, is non-increasing, 
it is differentiable almost everywhere. 


(a) Prove that for almost all t, 
—al,(t) > ‘ |Du|-*dH"—?. 
u-1(t) 
(b) Prove that equality holds in (a) if 
l{z : Du(x) = 0}| =0. 
2.12. Theorem 2.8.4 gives the potential theoretic version of Theorem 2.4.2, 


but observe that the latter is true for p = 1 whereas the former is 
false in this case. To see this, choose f; > 0 with f pn fidx = 1 and 
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2.13. 


2.15. 


spt f; C B(0,1/i). Prove that I, * f; > I, uniformly on R” — B(0,r) 
for every r > 0. Thus conclude that 


| (La * fr! da > | (Io * fi)? -V de. 


B(0,r) 
The right side tends to 


i (Iq) -% da = C |x|" "da. 
B(0,r) B(0,r) 


i: |z|-"dz > co as r—0. 


B(0,r) 
Show that Theorem 2.8.4 is false when ap = n. For this consider 


2A —a(1+e)/n 
f(a) = {le (log 2) 
0 


lz] <1 
|z| >1 


where € > 0. Then f € L? since ap = n but I, * f(0) = co whenever 
a(1+e)/n <1. 


. Prove the following extension of Theorem 2.8.2. Suppose | f| log(2 + 


|f|) is integrable over the unit ball B. Then Mf € L1(B). To prove 
this, note that (with the notation of Theorem 2.8.2) 


CO 
[Mtacsipi+ [ Maz <|B| + [ |Ay|dt + | Ai]. 
B Ai 1 


Now use (2.8.3) and Exercise 1.3. 


There is a variety of methods available to treat Theorem 2.6.16. Here 
is one that shows that B,,)(K) =0 if H"-? < oo, 1<p<n. 


STEP 1. Use Exercise 2.8 to replace By,,)(K) by 71,p(K). 
STEP 2. There exists C = C(n,k) such that for any open set U D K, 
there exist an open set V > K and u € Wo’?(R”) such that 
(i) u>0 
(ii) sptu CU 
(iii) K CVC {a: u(x) = 1} 
(iv) fan |DulPdx < C. 
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To prove Step 2, first observe that Hg ?(K) < oo (see Exercise 


1.10). Since K is compact, there exists a finite sequence of open balls 
{B(ri)}, i =1,2,...,m, such that 


Kc U B(ri) C U B(2r;) CU 


i=1 t=1 
and 
[oe) 
SD a(n—p)r; ? < Hg ?(K)+1. 
i=1 


Let V = UZ, B(r;) and define u; to be that piecewise linear function 
such that u; = 1 on B(r;), uj = 0 on R” — B(2r;). Let 


u = max{u;:7=1,2,...,m} 


to establish Step 2. 
STEP 3. For each positive integer k, let 


1 
Up = {2 :d(z,K)< 7} : 
Employ Step 2 to find corresponding wu, such that 


7 |\Du,|?dx < C 
Rr 


for k = 1,2,.... 


STEP 4. Use Theorem 2.5.1 to find a subsequence {u,} and u € 
W,’?(R”) such that uz > u weakly in Wj’?(R") and uz — u strongly 
in L?. Hence, conclude that u = 1 almost everywhere on K and that 
u=0on R°-K. 


STEP 5. Conclude from Theorem 2.1.4 that |K| = 0 and therefore 
that u = 0. 


STEP 6. Use the Banach-Saks theorem to find a subsequence {u,} 
such that : 
1 Jj 
U5 = S> Uk 
J za 
converges strongly to u in Wj’?(R"). Thus, ||Dv;||, > 0 as j > oo. 


But 
nip(K) Sf [DujlPae 
Rr 


for each j = 1,2,.... 
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2.16. 


2.18. 


In this problem we sketch a proof of the fact that y1,)(K) = 0 implies 
H™-P+(K) = 0 whenever € > 0. The proof requires some elementary 
results found in subsequent chapters. 


STEP 1. For each positive integer i, there exists u; € Cp°(R”) such 
that u; > 1 on a neighborhood of K and 


i |Duj|Pdx < Em 
Rn 2 


Let v = 052, u; and conclude that v € W'?(R"). Also note that 
K C interior {x : v(x) > k} whenever k > 1. Therefore, for z € K, 


lim inf U(z, r) =o 
where 
ver) =f v(yddy. 
B(z,r) 


STEP 2. For all z € K ande>0, 


lim suprene [ |Dv|Pdy = oo. 
0 B(a2,r 


Tt 


If this were not true, there would exist k < oo such that 
ae |Du|Pdy < k 
B(z,r) 


for all small r > 0. For all such r, it follows from a classical version 
of the Poincaré inequality (Theorem 4.2.2) that 


fo) -ateriPay sore" f—|Dojedy < or 
B(z,r) B(z,r) 
Thus conclude that 

|o(x, r/2) — B(x, r)| < Cré/? 


for all small r > 0. Therefore, the sequence {0(z, 1/2/)} has a finite 
limit, contradicting the conclusion of Step 1. 


STEP 3. Use Lemma 3.2.1 to reach the desired conclusion. 


. At the end of Section 2.3 we refer to [AR2] for the result that C°(Q) 


is dense in W*-?(Q) provided 2 possesses the segment property. Prove 
this result directly if the boundary of 2 can be locally represented as 
the graph of a Lipschitz function. 


Show that C°1(Q) = W1°°(Q) whenever 2 is a domain in R”. 
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2.19. This problem addresses the issue raised in (2.6.6). If f € L?(R”) and 
ap <n, then Theorem 2.8.4 states that 


|| Zox Filla < Cllf lip 


where g = p*. A simple homogeneity argument shows that in order 
for this inequality to hold for all f € L?, it is necessary for g = p*. 
For 6 > 0, let 75 f(x) = f(6x). Then 


[Ta * (T5fJIla SO" fllp 


and 
I, * (t6f) = 6-*r5(Ta * f). 
Hence, 
[Ta * (T5f)I|qQ = 6 °5-"/|[Tox * F lla 


thus requiring 


Historical Notes 


2.1. It is customary to refer to the spaces of weakly differentiable func- 
tions as Sobolev spaces, although various notions of weak differentiability 
were used before Sobolev’s work, [SO2]; see also [SO1], [S03]. Beppo Levi 
in 1906 and Tonelli [TO] both used the class of functions that are abso- 
lutely continuous on almost all lines parallel to the coordinate axes, the 
property that essentially characterizes Sobolev functions (Theorem 2.1.4). 
Along with Sobolev, Calkin [CA] and Morrey [MO1] developed many of 
the properties of Sobolev functions that are used today. Although many 
authors contributed to the theory of Sobolev spaces, special note should be 
made of the efforts of Aronszajn and Smith, [ARS1], [ARS2], who made a 
detailed study of the pointwise behavior of Sobolev functions through their 
investigations of Bessel potentials. 


2.2. Theorem 2.2.1 was originally proved by Rademacher [RA]. The proof 
that is given is attributed to C.B. Morrey [MO1, Theorem 3.1.6]; the proof 
we give appears in [S]. In our development, Rademacher’s theorem was 
used to show that Sobolev functions remain invariant under composition 
with bi-Lipschitzian transformations. However, it is possible to obtain a 
stronger result by using different techniques as shown in [Z3]. Suppose 
T : R” > R” is a bi-measurable homeomorphism with the property that 
it and its inverse are in WL?(R", R"), p >n—1.Ifu € W,g?(R”) where 
BD = pip — (n—1)]~!, then uoT € Wis (R”). With this it is possible to 


show that if u € Wir (R") and T is a K-quasiconformal mapping, then 
uoT €W"(R"). 


loc 
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2.3. Theorem 2.3.2 is due to Meyers and Serrin, [MSE]. 


2.4. Theorem 2.4.1 is the classical Sobolev inequality [SO1], [SO2], which 
was also developed by Gagliardo [GA1], Morrey [MO1], and Nirenberg 
[NI2]. The proof of Theorem 2.4.1 for the case p < n is due to Nirenberg 
[NI2]. 


2.5. Theorem 2.5.1 originated in a paper by Rellich [RE] in the case p = 
2 and by Kondrachov [KN] in the general case. Generally, compactness 
theorems are of importance in analysis, but this one is of fundamental 
importance, especially in the calculus of variations and partial differential 
equations. There are variations of the Rellich-Kondrachov result that yield 
a slightly stronger conclusion. For example, we have the following result 
due to Frehse [FRE]: Let 2. C R” be a bounded domain and suppose 
u; € Wi?(Q), 1 < p < n, is a bounded sequence of functions with the 
property that for each i = 1,2,..., 


ji |\Dus|P-2Du; Dy dz < M'Ilplloc 


for all p € W1?(Q) N L*°(Q). Then there exist u € W+?(Q) and a subse- 
quence such that u; > u strongly in W44(Q), whenever q < p. 


2.6. Potential theory is an area of mathematics whose origins can be traced 
to the 18th century when Lagrange in 1773 noted that gravitational forces 
derive from a function. This function was labeled a potential function by 
Green in 1828 and simply a potential by Gauss in 1840. In 1782 Laplace 
showed that in a mass free region, this function satisfies what is now known 
as Laplace’s equation. The fundamental principles of this theory were de- 
veloped during the 19th century through the efforts of Gauss, Dirichlet, 
Riemann, Schwarz, Poincaré, Kellogg, and many others, and they consti- 
tute today classical potential theory. Much of the theory is directed to the 
understanding of boundary value problems for the Laplace operator and its 
linear counterparts. With the work of H. Cartan [CAR1], [CAR2], in the 
early 1940s, began an important new phase in the development of potential 
theory with an approach based on a Hilbert-space structure of sets of mea- 
sures of finite energy. Later, J. Deny [DE] enriched the theory further with 
the concepts and techniques of distributions. At about the same time, po- 
tential theory and a general theory of capacities were being developed from 
the point of view of an abstract structure based on a set of fundamental 
axioms. Among those who made many contributions in this direction were 
Brelot [BRT], Choquet [CH], Deny, Hervé, Ninomiya, and Ohtsuka. The 
abstract theory of capacities is compatible with the recent development of 
capacities associated with non-linear potential theory which, among other 
applications, is used to study questions related to non-linear partial differ- 
ential equations. The first comprehensive treatment of non-linear potential 
theory and its associated Bessel capacity was developed by Meyers [ME1], 
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Havin and Maz’ya [HM], and ReSetnjak [RES]. Most of the material in 
Section 2.6 has been adopted from [ME]1]. 


2.7. The co-area formula as stated in Theorem 2.7.3 was proved by Fed- 
erer in [F1]. In the case m = 2, k = 1, Kronrod [KR] used the right side of 
(2.7.1) to define the variation of a function of two variables. Fleming and 
Rishel [FR] established a version of Theorem 2.7.1 for BV functions. An- 
other version resembling the statement in Theorem 2.7.3 for BV functions 
appears in [F4, Section 4.5.9]. 

The proof of the best possible constant in the Sobolev inequality (The- 
orem 2.7.4) is due to Fleming and Federer [FF]. Their result can be stated 
as follows: 

[|Dull 
lula /(m—1) 
where the supremum is taken over all u € C§°(R”). Talenti [TA] extended 
this result to the case p > 1 by determining the constant C(n, p) defined 
by 


na(n) = sup 


|Dullp 


llulle- 


C(n,p) = sup 


He showed that 


1 1/n 
a eeieeiya/ Bad -G/P) [D1 + 8)F(n) 
ee (SS) [rere] 


He also showed that if the supremum is taken over all functions which 
decay rapidly at infinity, the function u that attains the supremum in the 
definition of C(n, p) is of the form 


u(x) = (a + blx|P/(P-1))1-n/P 


where a and b are positive constants. This leads to the following obser- 
vation: in view of the form of the extremal function, it follows that if Q 
is a bounded domain and if u € Wo” (Q) has compact support, then by 
extending u to be zero outside of 2, we have 


Ilullp» < C(n, p)||Dullp. 


Brezis and Lieb [BL] provide a lower bound for the difference of the two 
sides of this inequality for p = 2. They show that there is a constant C(Q, n) 
such that 

C(Q, n)llUll(g,00) + llull2+ < C(n, p)||Dull3 
where g = n/(n — 2) and |lull(g,00) denotes the weak L*%-norm of u (see 
Definition 1.8.6). 


2.8. The maximal theorem 2.8.2 was initially proved by Hardy—Littlewood 
[HL] for n = 1 and for arbitrary n by Wiener [WI]. The proofs of Theorem 
2.8.4 and its preceding lemma are due to Hedberg [HE]1]. 
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2.9. The proof of exponential integrability in Theorem 2.9.1 is taken from 
[GT] while the improved version that appears in Theorem 2.9.2 was proved 
by Hedberg [HE1]. The question concerning sharpness of this inequality has 
an interesting history. Trudinger [TR] proved (2.9.1) for Sobolev functions 
in WP, n/p = k, with the power p’ replaced by n’. However, when n/p > 1, 
Strichartz [STR] noted that Trudinger’s result could be improved with the 
appearance of the larger power p’. The reason why Trudinger’s proof did 
not obtain the optimal power is that the case of k > 1 was reduced to the 
case of k = 1 by using the result that if ue W*?, k > 2, kp = n, then 
u € W)”. However, in this reduction argument, some information is lost 
because if u € W*? then u is actually in a better space than W1”. In fact, 
by appealing to Theorem 2.10.3, we find that the first derivatives are in the 
Lorentz space L(n,p) C L”. This motivated Brezis and Wainger to pursue 
the matter further in [BW] where Theorem 2.9.4 and other interesting 
results are proved. The sharpness of the Sobolev imbedding theorem in the 
case of critical indices was also considered in [HMT], where it was shown 
that the space Wj’"() could not be imbedded in the Orlicz space Ly(Q) 
where y(t) = exp(|t|"/("-)) — 1). 

The other question of sharpness of the inequality pertains to the constant 
3 that appears in (2.9.4). It was shown in [MOS] that (2.9.4) remains valid 
for 8 = n/w(n — 1) in the case of Sobolev functions that vanish on the 
boundary of a domain. The optimal result has recently been proved by 
Adams [AD8] where (2.9.4) has been established for @ = n/w(n — 1) and 
alla >0. 


2.10. Most of the material in this section was developed by Brezis and 
Wainger [BW] although Theorems 2.10.1 and 2.10.2 and due to O’Neil [O]. 


3 


Pointwise Behavior of 
Sobolev Functions 


In this chapter the pointwise behavior of Sobolev functions is investigated. 
Since the definition of a function u € W*?(Q) requires that the k*®-order 
distributional derivatives of u belong to L?(Q), it is therefore natural to 
inquire whether the function u possesses some type of regularity (smooth- 
ness) in the classical sense. The main purpose of this chapter is to show 
that this question can be answered in the affirmative if interpreted ap- 
propriately. Although it is evident that Sobolev functions do not possess 
smoothness properties in the usual classical sense, it will be shown that if 
u € W*?(R”), then u has derivatives of order k when computed in the 
metric induced by the L?-norm. That is, it will be shown for all points 
z in the complement of some exceptional set, there is a polynomial P, of 
degree k& such that the L?-norm of the integral average of the remainder 
|u — P,| over a ball B(z,r) is o(r*). Of course, if u were of class C*, then 
the L?-norm could be replaced by the sup norm. 

We will also investigate to what extent the converse of this statement is 
true. To this end, it will be shown that if u has derivatives of order k in the 
L?-sense at all points in an open set 2, and if the derivatives are in L?(Q), 
then u € W*-?(Q). This is analogous to the classical fact that if a function 
u defined on a bounded interval is differentiable at each point and if u’ is 
integrable, then u is absolutely continuous. In order to further pursue the 
question of regularity, it will be established that u can be approximated in a 
strong sense by functions of class C*, £ < k. The approximants will have the 
property that they are close to u in the Sobolev norm and that they agree 
pointwise with u on large sets. That is, the sets on which they do not agree 
will have small capacity, thus establishing a Lusin-type approximation for 
Sobolev functions. 


3.1 Limits of Integral Averages of 
Sobolev Functions 


In this and the next two sections, it will be shown that a Sobolev function 
u € W*?(Q) can be defined everywhere, except for a set of capacity zero, 
in terms of its integral averages. This result is analogous to the one that 
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holds for integrable functions, namely, if u € L1, then 
f ju(y) —u(r)|\dy +0 as r—-0 
B(z,r) 


for almost all x € R”. Since our result deals with Sobolev functions, the 
proof obviously will require knowledge of the behavior of the partial deriva- 
tives of u. The development we present here is neither the most efficient nor 
elegant. These qualities have been sacrificed in order give a presentation 
that is essentially self-contained and clearly demonstrates the critical role 
played by the gradient of wu in order to establish the main result, Theorem 
3.3.3. Later, in Section 3.10, we will return to the subject of Lebesgue points 
and prove a result (Theorem 3.10.2) that extends Theorem 3.3.3. Its proof 
will employ the representation of Sobolev functions as Bessel potentials 
(Theorem 2.6.1) and the Hardy-Littlewood maximal theorem (Theorem 
2.8.2). 

In this first section, it will be shown that the limit of integral averages 
of Sobolev functions exist at all points except possibly for a set of capacity 
zero. We begin by proving a lemma that relates the integral average of u 
over two concentric balls in terms of the integral of the gradient. 


3.1.1. Lemma. Let u € W!?[B(xo,r)], p > 1, where zo € R" and r > 0. 
Let 0<é6 <r. Then 


ro | u(y)dy—6- | u(y)dy = te" i [Du(y)-(y—20) dy 
B(zo,r) B(ao,6) n B(zo,r) 


a I go DU): (zoey 


n 
1 -n 
-<f ly-zol-"[Du(y) (y= zo)}dy. (8.1.1) 
1 J B(x0,r)—B(zo,6) 
Proof. Define y on R! by 
6" —p-"t<6 
u(t) =2t"—-pb<t<r 
0 t>r. 


Define a vector field V by V(y) = pw(|y — tol)(y — Zo). Since u is the 
strong limit of smooth functions defined on B(xo,r) (Theorem 2.3.2), an 
application of the Gauss—Green theorem implies 


/ u(y)div V(y)dy = — | Du(y)-(y—0)u(ly —2ol)dy. (3.1.2) 
B(zo,r) 


B(zxo,r) 


An easy calculation of div V establishes equation (3.1.1). oO 
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3.1.2. Lemma. Let £ be a positive real number such that lp <n, p > 1, 
and let u€ W)?(R"). Then 


= 1 = 
[we atmnly <5 flat Duaidy 8.18) 
for all x € R”. 


Proof. (i) We suppose first of all that u vanishes outside a bounded set. 
Let « € R” and for each positive integer j, define a C™ vector field V; on 
R” by 


(1/2)(é—n) 
| wae 


1 
V;(y) = E +|y-2/? 


Since |u| € W!?(R") (by Corollary 2.1.8), |u| is therefore the strong limit 
of smooth functions with compact support. Therefore, by the Gauss—Green 
theorem, 


[ aieviolucnyiay = [ ¥s(o)- Dud ariae 
R” R 
Moreover, since |D(|u])| = |Du| a.e., 
[ aevwluanlan sf vw Duwid. (8.4) 
Ra R" 


By calculating the divergence on the left-hand side of (3.1.4) one obtains 


1 (1/2)(€—n—2) ; We 
- [5+ lv —2P| le — +3] u(y) ly 
R” LJ Jj 


fl ee) 
< [ 5 +Wv—2"I ly ~ 2} [Du(y) lay. 


The inequality (3.1.3) now follows, in this case, when j — oo. 
(ii) The general case. Let 7 be a C'™ function on R, such that 0 <7 <1, 
n(t) = 1 when t < 1 and n(t) = 0 when ¢ > 2. Define 


uj(y) = u(y)nG~*Tyl) 
for y € R”. By applying (i) to uj; and then letting 7 — oo, one can verify 
(3.1.3) in the general case. oO 


3.1.3. Lemma. Let £ be a positive real number and k a positive integer 
such that (k+£—1)p <n. Then there exists a constant C = C(n,k,£) such 
that 


[w-ahwaldy so Df yale suw)lay 


lo|=k 
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for all x € R” and all u € W*?(R"). 
This follows from Lemma 3.1.2 by mathematical induction. oO 


We are now in a position to prove the main theorem of this section 
concerning the existence of integral averages of Sobolev functions. 


3.1.4. Theorem. Let k be a positive integer such that kp <n, p > 1, let Q 
be a non-empty open subset of R” and let u€ W*?(Q). Then there ezists 
a subset E of Q, such that 


Br p(E) =0 
and 
lim } u(y)dy 3.1.5 
sim ft) (3.1.5) 


exists for allx EN-E. 
Proof. (i) We suppose first of all that 2 = R”. Define 


gy) = >> |D%u(y)| (3.1.6) 


ja|=k 


for y € R". Then g € L?(R"). Let E be the set of all those points x of R” 
for which 


(Ik * g)(x) = co. (3.1.7) 
Then, from the definition of Riesz capacity (Definition 2.6.2), 
Rip(E) = 0, 
and therefore from (2.6.7), 
Br,p(E) = 0. 


Consider z € R” ~ E. By (3.1.1), 


1 
, u(y)dy — 6" i u(y)dy = + ‘| 
B(e,1) B(2,6) n JB(c, 
Dae. 
ae ie , Duly) (y — 2)ldy 
B(«,6) 


so) -(y — 2)|dy 


n 


1 


“7 [ ly—2|-"[Du(y)-(y—2)]dy. (3.1.8) 
 J6<|y-s|<1 


When k = 1, it follows from (3.1.6) and (3.1.7) that 


| ly — t|1-"|Du(y)|dy < 00. (3.1.9) 
B(z,1) 
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When k > 1, it follows from Lemma 3.1.3 with 2 = 1 and k — 1 substituted 
for k, that 


[wee Dawlavsc Sf wal Dev(allay 


ja|=k—-1 


which, by (3.1.6) and (3.1.7), is finite. Thus (3.1.9) still holds when k > 1. 
By (3.1.9) 


lim | ly — 2|-"[Duly) (v2) (3.1.10) 
60+ 6<|y—z]<1 


exists. It also follows from (3.1.9) that 


lim y — 2|'~"|Du(y)|dy = 0, 
sim, [gw — at" Dutwldy 
hence 
of (Duy): (w—a)}dy +0 (3.1.11) 
B(z,6) 


as 6 + 0+. It now follows from (3.1.8), (3.1.10), and (3.1.11) that the limit 
in (3.1.5) exists. 

(ii) The general case. Let 2 be an open set of R”. There exists an in- 
creasing sequence {y,;} of non-negative C® functions on R”, with compact 
supports, and spt y; C 2 for all 7 such that the interiors of the sets 


{c:cER" and 9;(x) =1} 
tend to 2 as j — oo. Define 


uj (2) = foe el a 


By applying (i) to each of the functions u;, one can easily prove the theorem 
in this case. Oo 


3.2 Densities of Measures 


Here some basic results concerning the densities of arbitrary measures are 
established that will be used later in the development of Lebesgue points 
for Sobolev functions. 


3.2.1. Lemma. Let uw > 0 be a Radon measure on R”. Let 0 < A < co 
and 0<a<n. Suppose for an arbitrary Borel set AC R” that 


HB(s, r)] 


lim sup >A 


r—0 
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for each x € A. Then there is a constant C = C(a,n) such that 
w(A) > CAH*(A). 


Proof. Assume (A) < oo and choose ¢ > 0. Let U D A be an open set 
with u(U) < oo. Let G be the family of all closed balls B(z,r) C U such 


that 2 
reA, 0<r<e/2, wees 9, 


Clearly, G covers A finely and thus, by Corollary 1.3.3, there is a disjoint 
subfamily F Cc G such that 


AC [U{B: Be F*})U[U{B: Be F-F*}] 
whenever F* is a finite subfamily of ¥. Thus, by Definition 1.4.1, 
a 6(B)\° re 6(B)\* 
He(A)sc SO () +c5° > (c2 
BeF* BeF-F* 


where 6(B) denotes the diameter of the ball B. Since F Cc G and F is 
disjoint, we have 


6(B us 
> (AP) so Yue 
BEF BEF 
< CA *p(U) < cw. 
Since 


oe (21)" 


BeF-F* ( . 
can be made arbitrarily small with an appropriate choice of F*, we conclude 
H2.(A) < CA w(U). 


Since 4 is a Radon measure, we have that (A) = inf{u(U) : U D A, - 
open}. Thus, letting « — 0, we obtain the desired result. 


3.2.2. Lemma. Let > 0 be a Radon measure on R” that is absolutely 
continuous with respect to Lebesgue measure. Let 


A= Rn fe: limsup HET 5 oh 


r—0 


Then, H%(A) = 0 whenever OS a<n. 


Proof. The result is obvious for a = 0, so choose 0 < a < n. For each 
positive integer 7 let 


A, = R"N {2 : |r] < i limsup MBE.) > of 
r—0 


118 3. Pointwise Behavior of Sobolev Functions 


and conclude from the preceding lemma that 
u(A;) > Ci-+H%(A,). (3.2.1) 


Since A; is bounded, u(A;) < oo. Therefore H%(A;) < oo from (3.2.1). 
Since a < n, H"(A;) = 0 and therefore |A;| = 0 from Theorem 1.4.2. The 
absolute continuity of 4 implies u(A;) = 0 and consequently H%(A;) = 0 
from (3.2.1). But A = U2, A;, and the result follows. oO 


3.2.3. Corollary. Suppose u € L?(R"), 1 <p < ov, and let0<a<n. If 
E is defined by 


E= {= : limsupr-® [ \u(x)|Pdx > ob : 
r—0 B(z,r) 


then H®(E) = 0. 


Proof. This follows directly from Lemma 3.2.2 by defining a measure pu as 


wa) = f JulPae. Qa 


3.3 Lebesgue Points for Sobolev Functions 


We will now prove the principal result of the first three sections (Theorem 
3.3.3) which is concerned with the existence of Lebesgue points for Sobolev 
functions. We will show that if ue W*?(R"), then 


lim ju(y) — u(x) |Pdx = 0 
70 J B(z,r) 


for Br,p-q.e. x € R”. This is stronger than the conclusion reached in Theo- 
rem 3.1.4, which only asserts the existence of the limit of integral averages. 
However, in case u € W1?(R"), the existence of the limit of integral av- 
erages implies the one above concerning Lebesgue points. In this case, we 
can use the fact that |u — p| € Wy?(R") for each real number p and then 
apply Theorem 3.1.4 to conclude that 


lim lu(y) — pldy 
70 J B(a,r) 

exists for B, )-q.e. z € R”. Of course, the exceptional set here depends on p. 

The object of Exercise 3.1 is to complete this argument. This approach fails 

to work if u € W*?(R”) since it is not true in general that |u| € W*?(R"), 
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cf. Remark 2.1.10. 


3.3.1. Lemma. Let k be a non-negative integer and X,p real numbers such 
that p>1, kp <n, andk<A< n/p. If 


u € WP(R), (3.3.1) 


then 
gee f u(y)dy > 0 (3.3.2) 
B(z,6) 


as 6 + 0+, for all x € R” except for a set E with B)(E) = 0. 


Theorem 3.1.4 states that the integral averages converge to a finite value 
at all points in the complement of a By,p-null set. This lemma offers a slight 
variation in that the integral averages when multiplied by the factor 6*—* 
converge to 0 on a larger set, the complement of a By p-null set. At some 
points of this larger set, the integral averages may converge to infinity, but 
at a rate no faster than 6*~>. 


Proof of Lemma 3.3.1. (i) Suppose k = 0. It follows from Corollary 3.2.3 
that 


ea is ‘ |u(y)|Pdy - 0 (3.3.3) 
z, 


as 6 — 0+, for all z € R” except for a set E with H"-*?(E) = 0. From 
the definition of Hausdorff measure, for e > 0 there is a countable number 
of sets {E;} such that E C UE; and (diam E,;)"-*? < ¢. Each E; is 
contained in a ball B; of radius r; where r; = diam £;. Therefore, with the 
aid of Theorem 2.6.13, 


foe) lo) 
Byp(E) <)> Bap(Ei) <C Dor?” < Ce. 


Since ¢ is arbitrary, we have that B),)(£) = 0. 
Now consider x € R" — E. From Holder’s inequality, there is a constant 
C = C(n,p) such that 


| u(y)dy 
B(z,6) 


(3.3.2) now follows from (3.3.3) and (3.3.4), and (i) is established. 
(ii) Now suppose k > 0. Let E be the set of all x for which 


ds _ly-2Pp™ | > rin dy = oo. (3.3.5) 


1/p 
gon EC ler i hada (3.3.4) 
B(a,6) 


lo|=k 
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Then Ry »(£) = 0 and therefore By ,(E) = 0 by (2.6.8). 
Consider z € R® — E. When k = 1, it follows from (3.3.5) that 


| ly — 2)*—*+1-" | Du(y)|dy < 00. (3.3.6) 
B(z,1) 


When k > 1, we replace £ by \—kK+1 and k by k —1 in Lemma 3.1.3 and 
again derive (3.3.6) from (3.3.5). For « € R" — E, we now show that 


bes / ly — z|'~"|Du(y)|dy — 0, (3.3.7) 
6<|y-2|<1 
as 6 | 0. Let r € (0,1) be arbitrary. Clearly 
am / ly — x|*-"|Du(y)|dy > 0 (3.3.8) 
r<ly-2|<1 
as 6 | 0. When 0 < 6 <r we have 


Br | ly — 2[-"|Du(y)|dy < i ly — P+" Du(y)ldy. 
6<|y-z|<r B(z,r) 


(3.3.9) 
It follows from (3.3.6) that the right-hand side of (3.3.9) approaches zero 
as r | 0. (3.3.7) now follows from (3.3.8) and (3.3.9). 
Clearly, 


| ly — z||Du(y)|dy < oo. (3.3.10) 
B(z,1) 


Since \—k —n <0, it follows that 


parkon 7 ly -2||Duw)lay < f 


B(x,6 B(s, 


so that by (3.3.6), 


ly — 2-***-"|Du(y)Idy, 


gr-k-n | eg U~AIDuCaey = 0 (3.3.11) 


z, 


as 6 | 0. By putting r = 1 in Lemma 3.1.1, one can obtain (3.3.2) from 
Lemma 3.1.1, (3.3.10), (3.3.11), and (3.3.7). Oo 


3.3.2. Theorem. Let £,k be integers such that k > 1,0 <k < @ and 
lp <n, p> 1. Let u€ W*?(R") and for each x € R" and r >0 put 


Ug,r = } u(y)dy. 
B(z,r) 


rth f |u(y) — uz,r|?dy — 0 (3.3.12) 
B(z,r) 


Then 
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as r | 0, for all x € R” except for a set E with By,(E) = 0. 


Proof. We proceed by induction on k. Suppose to begin with that k = 0. 
It follows from Corollary 3.2.3 that 


pn / |u(y)|Pdy + 0 (3.3.13) 
B(z,r) 


for all x € R”, except for a set E’ with H"~(E’) = 0 and therefore 
Bep(E’) = 0. (3.3.14) 


We now have, for x € R" — E’, 


1/p 1/p 
r(é—(n/p)) i |u(y) — te,r|?dy < r(é-(n/P)) | |u(y) dy 
B(a,r) B(z,r) 


1/p 
+ rE-P) Iu, | | / ay : (3.3.15) 
B(z,r) 


But by Lemma 3.3.1, 
r tts, + 0 (3.3.16) 


as r | 0, for all z € R” except for a set E” with By,(E”) = 0. (3.3.12) now 
follows from (3.3.13), (3.3.15), and (3.3.16) in the case k = 0. 

Now suppose that k > 0 and that the theorem has been proved for all 
functions of W*-1?(R"). Let u € W*?(R"). By the Poincaré inequality, 
which we shall prove in a more general setting later in Chapter 4 (for 
example, see Theorem 4.4.2), 


n(e-k)p—n i lu(y) — weedy < Crlé-&-Dip—n | |Du(y)!Pdy, 
B(z,r) B 


(2,r) 

(3.3.17) 
for all  € R”, where C depends only on n. By the induction assumption, 
there exists a set F’, with 

By p(F’) =0 (3.3.18) 
and 
re-aip-m f LDyu(y) - (Dita Pay — 0 (3.3.19) 
B(a,r) 


as r | 0, for all z € R" — F’. But 


| fo  pewtaPay 
B(z,r) 


1/p 1/p 
< fl |Diu(y) io (Dju) or \Pdy 
B(z,r) 
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1/p 
+ |(Diu)z,r| / iy ‘ (3.3.20) 
B(z,r) 


and by Lemma 3.3.1 
r-&-)) (Diu)e.r 4 0 (3.3.21) 


as r | 0, for all z € R”, except for a set F” with 
Bop(F”) = 0. 


(3.3.12) now follows from (3.3.17), (3.3.19), (3.3.20), and (3.3.21). This 
completes the proof. oO 


3.3.3. Theorem. Let k be a positive integer such that kp < n, let Q be an 
open set of R” and let ue W*?(Q). Then 


f_ lulu) — u(e)Pay — 0 (3.3.22) 
B(z,r) 
as r | 0, for all x EQ, except for a set E with By (EF) =0. 


Proof. (i) When 2 = R”, (3.3.22) follows from Theorem 3.3.2 and Theorem 
3.1.4. 

(ii) When 2 is arbitrary, the theorem can be derived from (i) as in the 
proof of Theorem 3.1.4. im 


3.3.4. Corollary. Let k be a positive integer such that kp <n, let Q be an 
open set of R” and let ue W*?(Q). Then 


lim lu(y)|’dy exists and = |u(x)|? (3.3.23) 
r—0+ B(z,r) 


for all c € Q, except for a set E with Byy(E) =0. 


3.3.5. Remark. Theorem 3.3.3 states that on the average, the oscillation 
of u at x is approximately equal to u(x) at By p-q.e. c € Q. This can 
also be stated in terms of the classical concept of approximate continuity, 
which will be used extensively in Chapter 5. A function u is said to be 
approximately continuous at zo if there exists a measurable set A such 
that 

: |B(z0,7) ‘al A| = 


lim 


3.2 
(Bea aM) 


and u is continuous at xo relative to A. It is not difficult to show that if 
u has a Lebesgue point at zo then u is approximately continuous at zo. 
A proof of this is given in Remark 4.4.5. Thus, in particular, Theorem 
3.3.3 implies that u € W1?(R") is approximately continuous at By,-q.e. 
ze R”. 
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Approximate continuity is a concept from measure theory. A similar con- 
cept taken from potential theory is fine continuity and is defined in terms 
of thin sets. A set A C R” is said to be thin at zo relative to the capacity 
Br,p if 

1 1/(p—1) 
Br y[AN B(xo,r dr 
i orn — <0. (3.3.25) 
0 Br,p[B(x0,7)] r 
A function u is finely continuous at xo if there exists a set A that is thin 
at Zo and 
aim, u(x) = u(Zo). 
rgA 
It follows from standard arguments in potential theory that A can be taken 
as a measurable set. In the case of the capacity, B12, which is equivalent 
to Newtonian capacity, these definitions are in agreement with those found 
in classical potential theory. In view of the fact that 


[Al < C[Bi pA 
for any set A C R", it follows that (3.3.25) implies 


sim LB (os) N(R" = A) 


ry [B(to.)] ‘ 


and therefore fine continuity implies approximate continuity. 

We now will show that the approximate continuity property of Sobolev 
functions can be replaced by fine continuity. First, we need the following 
lemma. 


Lemma. /f {A;} is a sequence of sets each of which is thin at xo, then 
there exists a sequence of real numbers {r;} such that 


oe) 
L) Ai B(xo,r1) 
i=l 


is thin at xo. 


Proof. Because A; is thin at xo, it follows that there exists a sequence 
{ri} — 0 such that 


Bg p[Ai O B(z0,7%)] 
Bk,p|B(20, 7%)] 


We may assume the r; to have been chosen so that 


—0 as i—oo. 


if [=e A B(x, ry] 4°"? dr <7 th), 
0 Br,p[B(2057)] 
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Then, 
A [ Beal A B(wo,r) N Blo, ra MEY) ge 
0 Bk,p|B(x0,7)| r 
_ is [ Bool A B(ao,r)N Bes] eae 
i By. p[B(20,7)] r 
; i [ Beol4 A B(20,r) N B(20, ral sede 
i By pB(20,7)] r 


A 


aa, ven fl 1 ear 
2 (i + Br p[AiN B(xo, ri)] /(p- 7 os op 


A 


=~ = 1 
2-7) + By [Ai N B(xo, ri)]/P- PCr ! os Ee 
»p nt 


< 27° for r; sufficiently small. 


Since capacity is countably subadditive, the result easily follows. Oo 


For ease of exposition, we now restrict our attention to u € W)?(R"). 
Again, we see the important role played by the growth of the gradient in 
order to obtain some regularity at a given point. 

Theorem. Let 19 € R", p > 1, and suppose u € W1?(R") has the property 
that 
1/(p-1) 


1 
i ant |Du|?dz kad < 00. 
0 B(zo,r) . 


Suppose also that 


lim u(y)dy = u(x). 
7° JB(a0,r) 


Then u is finely continuous at xo. 
Proof. For each ¢ > 0, let 
A(xo,€) = R"N {x : |u(x) — u(zo)| > e}- 


For r > 0, let 
Ur(z) = v,(x)[u(x) — U(2r)] 


where y, is a smooth function such that y, = 1 on B(zo,7r), spty,r C 
B(zo, 2r), |Dyr| < Cr-1 and where 


u(2r) = f udz. 
B(z0,2r) 
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Because of the assumption u(2r) —> u(zo) as r — 0, note that for all 
sufficiently small r, 


u,(z) >e/2 for x € A(zo,e)N B(zo,1r). 


Therefore, by appealing to Exercise 2.8, which allows B;,, to be expressed 
in terms of a variational integral, there exists C = C(p,n) such that 


By p[A(x0,€) M B(20,7)] < C(2e72)? / \Dv, Pde 
B(a0,2r) 


< cya | |Dul|?dx 


B(x ,2r) 


+ (C2e~*r—1)\P i |u — @(2r)|Pdzx. (3.3.26) 
B(z0,2r) 


An application of Poincaré’s inequality (cf. Theorem 4.4.2) yields 


/ lu — W(2r)|Pdx < Cr? / |\DulPde 
B(x ,2r) 


B(zo,2r) 
and therefore (3.3.26) can be written as 


By p[A(zo, é) nN B(zo, r)| 


— < Get f |Dul?dz, 
Tack B(a0,2r) 


which directly implies that A(xo,¢) is thin at zo. Now let ¢; be a sequence 
tending to 0. By the preceding lemma, there is a decreasing sequence r; — 0 
such that 


foe) 
A= U [A(zo, €;) n B(z0,7;)] 
j=l 
is thin at zo. Clearly 
Jim, u(2) = u(20) 
zeR"-A 
and the theorem is established. O 


It can be shown that 


1 1/(p-1) ae 
i, nf |Du|?da — <oo (3.3.27) 
0 B(20,r) ig 


for By,p-q.e. Zo € R” cf. [ME3]. Therefore, with Theorem 3.3.3, we obtain 
the following. 


Corollary. If u € W1?(R") then u finely continuous at all points except 
for a set of Bip» capacity zero. 
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Observe that Corollary 3.2.3 implies 


lim sup aie |Du|?dx = 0 (3.3.28) 
B(z0,7) 


r—0 


for H"~?-a.e. xo € R”. Although (3.3.27) implies (3.3.28) for each xo, the 
exceptional set for the former is larger than that for the latter. 


3.4 I?-Derivatives for Sobolev Functions 


In the previous three sections, the continuity properties of Sobolev func- 
tions were explored through an investigation of Lebesgue points and fine 
continuity. We now proceed to analyze their differentiability properties. We 
begin by proving that Sobolev functions can be expanded in a finite Tay- 
lor series such that for all points in the complement of an exceptional set, 
the integral average of the remainder term tends to 0, (Theorem 3.4.2). In 
keeping with the spirit of this subject, it will be seen that the exceptional 
set has zero capacity. Observe that Theorem 3.3.3 provides the first step 
in this direction if we interpret the associated polynomial as one of degree 
0 and the remainder at z as |u(y) — u(x)|. 

When k, m are integers such that 0 < m < k, (k —m)p < n and 
u € W*?(R®), it follows from Theorem 3.1.4 that there exists a subset E 
of R” such that 


Br—m,p(E) =0 (3.4.1) 
and 
lim f D*u(y)dy (3.4.2) 
rh J Blair) 


exists for all z € R” — E and for each multi-index a with 0 < |a| < m. 


Thus, for all such x, we are able to define the Taylor polynomial Ps” in 
the usual way: 


PMY) = SE AD%ula\(y -2)*. (3.4.3) 
O<|al<m * 


(Recall the notation introduced in Section 1.1.) Observe that when u is a 
C™ function on R”, Taylor’s theorem can be expressed in the form 


1 
uy) = PPM )em D S| fay 


|o|=m 


- D®u[(1 — t)z + tyldt] (y — x)*. (3.4.4) 


3.4.1. Theorem. Let 1 < m < k and suppose (k —m)p < n. Let u € 
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W*?(R") and E be the set described in (3.4.1) and (3.4.2). Then 


1/p 
u _ p(m) rm m-1 
i en tds ra) < >» 2 a fa- t) 


|a|=m “ 


1/p 
[> / |D°u(y) - Deu) dt (3.4.5) 
B(z,tr) 


and 


1/p 
— p(m-1) pm m-1 
| iE 7 u(y) — PSY (y)|P ww < 5 2 fa -t) 


lal=m © 


1/p 
. ef Dewey dt, (3.4.6) 
B(z,tr) 
for all x € R” except for a set E' D E with By_mp(E’) = 


Proof. (i) Suppose first of all that u is a C™ function on R”. Let x € R®, 
r > 0 and put B = B(z,r). Let ~ be a function of L? (B) with ||y||p < 1 
where p’ is the conjugate of p. By (3.4.3) and (3.4.4), 


[tu -P-Wlewav= TD Fa-y 
B =n Qa: 

[o2wa 2+ ty - D2Wa)}y - o)*u)dy at 
Hence, by Hoélder’s inequality, 


| [tw - PL yey )ay| <r am mf (1-t)™ 


|o|=m 


: iff |D*u((1 — t)z + ty) — D°u(2)Pay| i dt. 


By making the substitution z = 2 + ¢(y — x) in the right-hand side and 
then taking the supremum over all y, one obtains (3.4.5). 

The inequality (3.4.6) can be derived similarly. 

(ii) Now let u be an arbitrary function of W*?(R"). By Theorem 3.3.3, 
there exists a set E’ D E, with By_m,p(E’) = 0 such that 


lim |D“u(y) — D*u(x)|Pdy = 0 (3.4.7) 
60+ B(2,6) 


128 3. Pointwise Behavior of Sobolev Functions 


when 0 < |a| < m and z € R"® - E’. 
Consider z € R” — E’. There exists a constant M (depending on x), such 
that 


f [Du(y)Pdy <M (3.4.8) 
B(z,6) 


for all |a| = m and all 6 > 0. Let {y_} be a sequence of regularizers as 
discussed in Section 1.6. Thus, y. € C§°(R”), 


| pe(x)dz = 1, (3.4.9) 
spt y. C B(0,e) and 
sup 9-(r) < Ce~” (3.4.10) 
zER 


for all ¢ (where C depends only on n), while 
(ge * D®u)(x) — D* u(x) (3.4.11) 


as € | 0, for 0 < Jal < m and « € R" — E’. Put ue = ge * u. Each ue € 
C~(R")NW*?(R"). Let us denote by (3.4.5). and (3.4.6). the inequalities 
(3.4.5) and (3.4.6) with u replaced by u-. Since ue is smooth we know 
that (3.4.5). and (3.4.6). are valid. By (3.4.11) and Fatou’s lemma, the 
lower-limit as € | 0 of the left-hand side of (3.4.5). and (3.4.6). is greater 
than or equal to the left-hand side of (3.4.5) and (3.4.6). The result of the 
theorem will thus follow from Theorem 1.6.1(ii) and Lebesgue’s Dominated 
Convergence theorem when we show for each a with |a| = m and r > 0 
fixed, that the following function of t, 0 < ¢ < 1, is bounded; that is, 


| |D°ue(y)|Pdy < Mr” (3.4.12) 
B(z,tr) 


where M is independent of e. 
We now proceed to establish (3.4.12). For any measurable subset EF of 
R”, we have (when |a| = m) 


[iprwcoay = | | |, eelu-2)D%u(e)ae 
E E Rr 
hence by (3.4.10) 


Pp 
dy, 


P 
[i DructuyPay s creo i praca dy. _— (3.4.13) 
Ye 


Thus, when p > 1, we have by Holder’s inequality 


p-1 
[iruelu)Pay < creo | / Dea I es dy, 
E E |/B(y,e) B(y,) 
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so that 
i. |D@ue(y)/Pdy < cen f | |D°u(z)|Pdzdy, (3.4.14) 
E E /B(y,e) 


where C depends only on n and p. When p = 1, (3.4.14) follows from 
(3.4.13). 

When tr < 3e, we let E be the ball with center x and radius tr. Since 
B(y,e) C B(x, 4e) when y € B(z, tr), (3.4.14) implies that 


fPeuweavsce ff [peu(z)Pazay. 
B(z,tr) B(z,tr) J B(az,4e) 


It now follows from (3.4.8) and (3.4.12) holds in the case where tr < 3¢. 
When tr > 3¢, we have 


i |\D%ue(y)Pdy = | [D%ue(y) Pay + i. |D%ue(y)|Pdy 
B(a,tr) B(a,3e) 


3e<|y—2|<tr 


and a double application of (3.4.14) yields 


i. [Due (y)Pdy < Cem” | |D°u(2)/Pdedy 
B(z,tr) B(ax,4e) 


B(a,3e) 


+ ce f if |D°u(z)|Pdzdy 
3e<|y—2z|<tr J B(y,e) 


and by (3.4.8) 


corm ce 


3e<|y—a|<tr 


< Ch r™ + ae iL ewe dw 
B(O,e) | J 2e<|y—2|<tr+e 


[_. Deueluay < ctr. 
B(za,tr) 


Thus (3.4.12) is established. Oo 


| |D°u(w + y)|/Pdwdy 
B(0,e) 


so that 


3.4.2. Theorem. Let 0 < m < k and suppose (k —m)p <n. Let u€ 
WP?(R"). Then, 


1/p 
f ju(y) — P(y)Pdy| 0 
B(z,r) 


—m 


i 


as r | 0, for all x € R”, except for a set F with 
Br-m,p(F) = 0. 
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This is the main result of this section. In particular, it states that the 
integral average over a ball of radius r of the remainder term involving the 
formal Taylor polynomial of degree k tends to 0 as r — 0 at a speed greater 
than r® at almost every point. If a Taylor polynomial of smaller degree is 
considered, the integral average tends to 0 at perhaps a slower speed, but 
on a larger set. 


Proof of Theorem 3.4.2. When m = 0, the theorem reduces to Theorem 
3.3.3. Suppose m > 0. By Theorem 3.3.3, 


f |D°u(y) — D°u(z)|Pdy — 0 (3.4.15) 
B(z,r) 
as r | 0, for all |a| = m for all x € R”, except for a set F with 


Bu-mp(F) = 0. 


Consider z € R” — F and an a with |a| = m. Define 


1/p 
n(r) = bf |D°u(y) — D°u(x)|Pdy (3.4.16) 
B(a,r) 
for r > 0. By (3.4.15), n(r) ~ 0 as r | 0, hence 
1 
/ (1—t)™—!n(tr)dt + 0 (3.4.17) 
0 
r | 0. The required result now follows from (3.4.16), (3.4.17), and Theorem 
3.4.1. a) 


3.5 Properties of [?-Derivatives 


In this section we consider arbitrary functions that possess formal Taylor se- 
ries expansions and investigate their relationship with those functions that 
have Taylor series expansions in the metric of L?, such as those discussed 
in the previous section. 


3.5.1. Definition. Let E C R”. A bounded function u defined on E 
belongs to T*(E), k > 0, if there is a positive number M and for each 
x € E there is a polynomial P,(-) of degree less than k of the form 


Uo(£ 
Pe(y) = Do elt) y —x)%, (up =u) (3.5.1) 
jaj>0 
whose coefficients ua satisfy 


|ua(z)| <M for rE, 0<|al|<k, 
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and 
Ualy) = D°P2(y) + Ra(z, y) 


whenever x,y € E and where Ra(z,y) < Cly — 2|*-!*!, 0 < al < k. 

The class t*(E) is defined as all functions u on E such that for each 
x € E there is a polynomial P,(-) of degree less than or equal to k of the 
form (3.5.1) such that for 0 < jal < k, 


D*Py(y) = D*P(y) + Ra(z, y) 
whenever z,y € E with |Ra(zx,y)| < Cly — 2|*—!¢! and 


im —alt:¥)_ _ 9 
yt [y— a[eHa 
uniformly on E. 

As a mnemonic, T*(E) and t*(E) may be considered as classes of func- 
tions that possess formal Taylor series expansions relative to E’ whose re- 
mainder terms tend to 0 “big O” or “little O,” respectively. 


3.5.2. Remark. Clearly, if u € T*(E) then ug is locally Lipschitz on E, 
0 < |a| < k. If E is an open set, note that the derivatives Du exist on E, 
0 < |a| < k, and that 


D*u(x) = D°P,(x) =ua(z) for re. 


Since |D°P,(z)| < M for x € E, it follows that u € WI? (E) for every 
p > 1. The space t*(E) may be considered as the class of functions on E 
that admit formal Taylor series expansions of degree k. Of course, if E were 
open and u € C*(£), then u would have an expansion as in Definition 3.5.1 
with : 
Pe(y)= DY) Deu(s)(y-2)*. 
O<|al<k 


Moreover, if u € C*(R”) and E C R®, then the restriction of u to E, 
ulE, belongs to t*(F) for each compact set F C E. One of the reasons for 
identifying the class t*(E) is that it applies directly to the Whitney exten- 
sion theorem [WH], which we state here without proof. We will provide a 
different version in Section 3.6. 


3.5.3. Whitney Extension Theorem. Let E C R” be compact. If u € 
t*(E), k > 0 an integer, then there exists U € C*(R") such that for 0 < 


lal <k 
D®u(x) = D°P,(x) forall ré€ E. 


In view of this result, it follows that u € ¢*(#) if and only if u is the 
restriction to E of a function of class C*(R"). 
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We now introduce another class of functions similar to those introduced 
in Definition 3.5.1 but different in the respect that the remainder term 
is required to have suitable decay relative to the L?-norm instead of the 
L®-norm. The motivation for this definition is provided by the results 
established in Section 4 concerning Taylor expansions for Sobolev functions. 


3.5.4. Definition. For 1 < p < oo, k a non-negative integer, and x € 
R", T*?(x) will denote those functions u € L? for which there exists a 
polynomial P,(-) of degree less than & and a constant M = M(z,u) such 
that for 0 <r < 00 


1/p 
(f hs) ~ PvP) < Mr. (3.5.2) 
B(z,r) 


When p = 00, the left side of (3.5.2) is interpreted to mean ess supy¢5(z,r) 
|u(y) — P,(y)|. T*?(x) is a Banach space if for each u € T*?(x) the norm 
of u, |lullr«.2(2), is defined as the sum of ||ul|p, the absolute value of the 
coefficients of P,, and the smallest value of M in (3.5.2). 


3.5.5. Definition. A function u € T*?(x) belongs to t*?(z) if there is a 
polynomial of degree less than or equal to k such that 


1/p 
(f Ma) ~ Pana) =o(r*) as r—0. (3.5.3) 
B(z,r) 


Note that if u € T*?(x) the polynomial P, is uniquely determined. To 
see this write 


u(y) = Pe(y) + Re(y) 


. 1/p 
(f eco) < Mr*. 
B(z,r) 


If P, were not uniquely determined, we would have u(y) = Qz(y) + Re(y), 
where R, satisfies an integral inequality similar to that of R,. 
Let S,(y) = Pz(y) — Qz(y). In order to show that S, = 0, first note that 


where 


1/p 
f |S2(y)|dy < (f seu) <Cr®¥, 0<r<o. 
B(z,r) B(a,r) 


Now let L, be the sum of terms of S, of lowest order and let M, = S,;—Ly. 
Thus, L, has the property that for each \ € R!, L,(Ay+z) = A°Le(y+2), 
where a is an integer, 0 < a < k — 1. Since M, is a polynomial of degree 
at most k — 1, we have 


} |\M,(y)|dy < Crk-?, 0<1r<oo. 
B(z,r) 
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It follows from the inequality |Lz(y)| < |Sz(y)| + |Mz(y)| that 


nf IEe(y)ldy = 
B(z,1) 


-} \Le(y) dy 
B(z,r) 


<Cr*+Cré-!, O0<r<ow. 


This is impossible for all small r > 0 if a < k —1 and L, is non-zero. If 
a=k-—1, then M, =0 and the term Cr*-! above can be replaced by 0. 
A similar argument holds in case u € t*?(z). 
Obviously, t*(£) c t*(a) and T*(E) c T*?(x) whenever x € E and 
p > 1. We now consider the question of the reverse inclusion. For this 
purpose, we first need the following lemma. 


3.5.6. Lemma. Let k be a non-negative integer. Then there exists p € 
C§°(R") with spty C {|z| < 1} such that for every polynomial P on R” 
of degree < k and every ¢ > 0, 


yexP=P 
where y-(r) = e~"y(az/e). 


Proof. Let V = C§°(B) where B is the closed unit ball centered at the 
origin and let W denote the vector space of all m-tuples {y.} whose compo- 
nents are indexed by multi-indices a = (a1, Q2,...,Qn) with 0 < |a| < k. 
The number m is determined by k and n. Define a linear map T: V — W 


by 
(e)={ [ otererac 


ta= f p(x)a*dx 


where 0 < |a| < k and 2% = gf a9? --- xr. 

Note that vector space, range T, has the property that range T = W for 
if not, there would exist a vector, a = {aq} orthogonal to range T. That 
is, 


thus, 


VaaYa =O whenever y = {yo} € rangeT. 
This implies, 


i; y(r)Xagr%dx =0 whenever yeV. 
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Select 7 € V such that 7 > 0 in {x : |x| < 1}. Now define p by py = Lagx%n 
and note that 7 € V. Therefore, 


i (Sagt%)? n(x)dx = 0, 
Rr 


which implies © a,2% = 0 whenever |z| < 1. But this implies that all m 
numbers a, = 0, a contradiction. Thus, range T = W. In particular, this 
implies there is g € V such that 


| y(x)dr = 1, i p(a)a*dx =0, 0< lal <k. 


Since any polynomial Q of degree no greater than k is of the form 


Qz)= So baz’, 


O<|a|<k 


it follows that 
[, e@aleyae = (0). 


Given a polynomial P = P(x) as in the statement of the lemma, let z = 
(x — y)/e and set Q(z) = P(x — ez) to obtain the desired result. oO 


The next theorem is the main result of this section. Roughly speaking, 
it states that if a function possesses a finite Taylor expansion in the L?- 
sense at all points of a compact set FE, then it has a Taylor expansion in 
the classical sense on E. It is rather interesting that we are able to deduce 
a L™-conclusion from a L?-hypothesis. A critical role is played by the 
existence of a smoothing kernel y that leaves all polynomials of a given 
degree invariant under the action of convolution. 


3.5.7. Theorem. Let E C R” be closed and suppose u € T*?(x),1<p< 
co, k > 0, with |lullre.2(2) <M for all x € E. Thenueé T*(E). Also, if E 
is compact and if u € t*?(x) for all x € E with (3.5.3) holding uniformly 
on E, then u € t*(E). 


In view of Whitney’s Extension theorem (Theorem 3.5.3), note that a 
function satisfying the second part of the theorem is necessarily the restric- 
tion of a function of class C*(R”). In the next section, we will investigate 
Whitney’s theorem in the context of L”. 


Proof of Theorem 3.5.7. Let y € Cf°(R”) be the function obtained in 
Lemma 3.5.6 such that 
ge * P(x) = P(x) (3.5.4) 
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whenever P is a polynomial of degree less than k, e > 0, and x € R™. Note 
that (3.5.4) implies 


Dp. * P(x) = ye * D* P(x) = D*P(z). (3.5.5) 


Since u € T*?(x9) for all zo € E, we have for zp and x € E, 


u(y) = Peo (y) + R(2o, y) (3.5.6) 
and 
u(y) = Pr(y) + R(z, y) (3.5.7) 
where 
1/p 
( f |R(x*, vir) < Mr*, (3.5.8) 
B(ax*,r) 


with x* either ro or x. Now let ¢ = |x — xo| and for 0 < [| < k consider 
I= D®¢, * u(z). 


For each fixed z € R", define R, as R,(x) = R(z,x) whenever x € R”. 
From (3.5.6) and (3.5.5) it follows that 


T = D? pe * Poo (2) + D pe * Rao (2) 
= D®P,,(r) + D8 y, * Re, (2). 


Similarly, using (3.5.7) and (3.5.5), we have 


I = D®P,(x) + D8 gy. * Rz(z) 
= up(x) + D®y, * Re(2). 


Therefore, 


D*P,(z) = D*P,, (x) + [D°y. * (Re, — Re)|(2) 
= D8 P,, (x) 


+ / em +18) DB oe [R(xo, y) — R(x, y)]dy. 


Because y = 0 on |z| > 1, the last integral is taken over B(z,¢). Since 
B(z,e€) C B(xo, 2e), the integral is dominated by 


C if |R(xo, y)|dy +f |R(x, via e!Al (3.5.9) 
B(z0 ,2e) B(a,e) 


where C depends on an upper bound for |D*y|. Jensen’s inequality and 
(3.5.8) implies that (3.5.9) is bounded by CMe*-|6l|, thus proving u € 
T*(E). 
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A similar proof establishes the second assertion of the theorem. Indeed, 
as before we obtain 


DE Pa) = Dees (x) + [D®¢. * (Re, — Re)|(z) 
= D® Pz, (x) 


4 if 27 (416) DB y [=| [R(ao,y) — R(x, y)}dy 


<c f [R(o, y)|dy + f R(x, y)ldy | e-!4 
B(ao0,2e) B(z,€) 


Since (3.5.3) is assumed to hold uniformly on E£, for 7 > 0 arbitrary, the 
last expression is dominated by ne*—!8! = n\a — xo|*!9! provided |x — xo| 
is sufficiently small. The compactness of F is used in this case to ensure 
that |Ra(z,y)| < Clx — y|*-'4! whenever z,y € E. Oo 


3.6 An L?-Version of the Whitney Extension 
Theorem 


We now return to the Whitney Extension Theorem (Theorem 3.5.3) that 
was stated without proof in the previous section. It states that for a com- 
pact set E C R”, a function u is an element of t*(E) if and only if it is the 
restriction to E of a function of class C*(R”). The result we establish here, 
which was first proved in [CZ], is slightly stronger in that the full strength 
of the hypothesis u € t*(£) is not required. Instead, our hypothesis requires 
that u € t*?(x) for all « € E with (3.5.3) holding uniformly on E. 

We begin by proving a lemma that establishes the existence of a smooth 
function which is comparable to the distance function to an arbitrary closed 
set. 


3.6.1. Lemma. Let A C R” be closed and for x € R” let d(x) = d(a, A) 
denote the distance from x to A. Let U = {x : d(x) < 1}. Then there is a 
function 6 € C@(U — A) and a positive number M = M(n) such that 


M~'d(x) < 6(z) < Md(z), «E€U-A, 
|D%6(x)| < C(a)d(x)'“!*|, 2 €U—A, lal > 0. 


Proof. Let h(x) = 4d(z), « € U — A, and consider a cover of U — A by 
closed balls {B(z, h(x))}, with center x and radius h(x), c € U — A. From 
Theorem 1.3.1 there is a countable set S C U — A such that {B(s,h(s)) : 
s € S} is disjointed and 


R" — A> {UB(s,5h(s)): 3 € S}DU-A. 
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With a = G6 =10 and A= 3 we infer from Lemma 1.3.4 that 


; <h(z)/h(s) <3 for s €S;. (3.6.1) 


Let 6(x) = H°(S,) < C(n) and let 7: R! — [0,1] be of class C® with 
n(t)=1fort<1, n(t)=0 fort >2. 
Now define 4 € C™(R”) by (x) = n(|z|) and v, € C@(U) by 


us(x) = h( aeaed for s€S, c EU. 
h( 


Note that spt v, C B(s,10h(s)), vs = 
that 


s) on B(s,5h(s)) and from (3.6.1) 


|D*v4(x)| < h(s)N(a)[5h(s)|-'*" 
<57 gle 1N(a)h(x)'~!*! for s € Sz, 
where N(q) is a bound for |D*%I, |G| < |a|. Now define 


=Sou,(z) = S$) v.(z) for ceU. 


ses 8ESy 


Clearly, 


d(x) _ h(x) _3 
FO TS H(t) S$ 30(@)A(x) = 55 (@)d(a) 


and 


|D°6(x)| < 5~!!31¢-19(2)N(a)h(a)!-!*!, for ceU-—A. Oo 


The following is only a prelude to the L?-version of the Whitney exten- 
sion theorem, although its proof supplies all of the necessary ingredients. 
Its hypothesis only invokes information pertaining to the spaces T*?(zx) 
(bounded difference quotients) and not the spaces t*?(zx) (differentiabil- 
ity). In particular, the theorem states that if u is Lipschitz on A (the case 
when k = 1) then u can be extended to a Lipschitz function on an open 
set containing A. This fact is also contained in the statement of Theorem 
3.5.7. 


3.6.2. Theorem. Let A C R” be closed and let U = {x : d(x, A) < 1}. 
If u € LP(U), 1 < p < ~, and there is a positive constant M such that 
l|u\|7«.(2) < M for all x € A, where k is a non-negative integer, then there 
exists @ € Ck-11(U) such that D°u(r) = D8 P,(zx) for x € A, 0 < || <k. 


Proof. Let 6 denote the function determined in Lemma 3.6.1. Define U = u 
on A and for x € U — A let 
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where ¢ is the function determined by Lemma 3.5.6 and where 


p5(2)(y) = 6(z) "9p (<5) : 


Thus, @ is defined at z as the convolution of ys(z) and u evaluated at x. 

Because both y and 6 are of class C® it is easily verified that @ € C°(U— 
A). For xz € U, let z* be a point in A such that |x — x*| = d(x) = d(a, A). 
Because u € T*?(x) we may write 


u(x) = P,+(x) + Ry (2) (3.6.3) 


1/p 
(f |Ra+ rae] < Mr*. 
B(ax*,r) 


By substituting this expression into (3.6.2), we obtain 


where 


Daz) = D® [ps.e) * Pa (x)] + D® [p5(0) * Ree (x)] 
= (DP pa) * Pe-(2) + f Ro(au)Re-(u)dy 
= 95 (2) * (D?Pz+)(x) + i Ra(z, y) Ras (y)dy (3.6.4) 


where Rg(z, y) = D°{5(x)-"y[(x — y)6(x)~1]}. Applying Lemma 3.5.6 to 
the first term on the right side of (3.6.4) we obtain 


D9G(x) = D9 Py» (x) + / Ro(x, y) Re (y)dy. (3.6.5) 


We wish to estimate the remainder term in (3.6.5) which requires an anal- 
ysis of Rg(x,y). It can be shown that 


|Ra(x,y)| < C(B)d(x)-"—'4l 
and consequently 
| / Ra(z,y) Res (wa < C(B)d(x)-"—'4 ie \Ry-(y)Idy. (3.6.6) 


Because 6(x) is comparable to d(x) (Lemma 3.6.1) and |x — x*| = d(z), it 
follows that B(x, 6(x)) C B(x*,Kd(x)) for some K > 0. Therefore from 
(3.6.3) and Hélder’s inequality, 


i [Re (y)Idy < MUKd(2))** (3.6.7) 
B(2*,Kd(2)) 
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which along with (3.6.5) and (3.6.6) implies, 
D®u(x) — D® Py» (x) = Se(x*, x) (3.6.8) 


where 
|Sg(x*,x)| < C(B,k)M|x — 2*|F- 61, 
We emphasize here that for given x € U—A, (3.6.8) is valid only for z* € A 
such that d(x) = |x — z*|. We now proceed to establish the estimate for 
arbitrary z* € A. 
By assumption ||u||7«.2(2) < M for all c € A. Therefore, we may apply 
Theorem 3.5.7 to conclude that u € T*(A). Thus, if xt € A, 


P,»(x*) = u(x") 
and 
D°P,-(2*) = D°Pys(2") + Raltt,2"), OSlal<k (3.6.9) 


where 
|Ro(x*,x*)| < C(a,k)M|x* — xX |F-Ie!, 


By Taylor’s theorem for polynomials, it follows that 


k-1-|6| 1 
D°P,.(z)= >> DP Pe (0*)(a — 2*)*. 


|a|=0 
Thus, by (3.6.9) and Taylor’s theorem, 


k—1-—|6| 
1 * * * * 
D®P,+ (x) = y —[D?** Pes (a") + Rod a(27, 2 (2-27 )* 
lal=0 


k-1—|| 1 k-1—(lo|+|6]) 1 


a! wl 
jaimo | yieo 
+ Roa+g(xt, 2*)] (a4 — 2*)*. (3.6.10) 


DP Pye (ai)(e" — 23)? 


By Taylor’s theorem, it follows that 


1 * * 
D® Pye (x) = LS tes (xi)(x — £3). 
lal>0 ~ 


Therefore, since 


g—a2*|<|x—a2}| and |x* —2}| < |z* —2|4+ |x —2}| < 2|e -—z3], 
1 
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(3.6.10) becomes (after some algebraic simplification) 


(k-1)-|8] , ~ 
D®P,.(2)— J) = D9+*Pas (xf) (w — 2f)* = O(a — af), 
jal=0 
It follows from (3.6.8), that 
(e118 4 
D6u(2)- J) = D+ P,(x})(w — x})* = O(le — a3|-H*!) 
lal=0 
or 
D°a(x) - D® Pr. (x) = O(|x — ot |*-!l), (3.6.11) 


Thus, (3.6.11) holds whenever xj € A and x € U — A and Theorem 3.5.7 
implies that it also holds with D°u(zx) replaced by ug(xz) whenever x € 
A. This implies that D°7% is a continuous extension of ug and that this 
extension has a Taylor series expansion about each point in A. Since u € 
C™(U — A) it now follows that 7 € C*-1(U). 

In order to prove that u € C*-11(U) it suffices to show that D7 is 
Lipschitz, |G] = k—1. We know from (3.6.11) that ifa € A, and |6|=k-1 


|D°u(x) — D®a(a)| < C(k)M|x — a| (3.6.12) 


for z € U. Therefore, it is necessary to consider only the case z,y € U — A. 
First suppose |z — y| > $d(y) and let a € A be such that d(y) = |a — y]. 
Then, |a — y| < 2|x — y| and 


|x —a| < |x—y|+ly—a| < 3x — yl. 
Thus, utilizing (3.6.12), 


|D°u(x) — DPu(y)| < |D°u(x) — D¥u(a)| + |D?u(y) — D°a(a)| 
< |D°u(x) — D?u(a)| + |D°u(y) — DPa(a)| 
< C(k)M||a — al + ly — al] 
< 5C(k)M|z — y|. 


Finally, suppose |x — y| < $d(y) and d(y) = |a — y|. Using (3.6.5) with 
|G| = k —1 and the Mean Value theorem, we have 


|D?a(2) — D®a(y)| = / Rigo) (RsG@i2) = ReGe ae 
<|z— yl J |DzRg(Zo, z)| |R(a, z)|dz (3.6.13) 


where Zo is a point on the line segment joining x and y. Now spt Rg (to, y) C 
B(xo,6(xo)) and 6(%9) < Cd(ao). Thus, 


|[DzRg(xo,z)| < C(8)d(xo)"~*, 
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(|@| = & — 1). Therefore, (3.6.13) implies 


\D°a(2) — D®a(y)| < C(B)|e — yld(wo)-"-* A seccatesy HLM 24 


(3.6.14) 
Since Lip(d) = 1, we have 
1 
2d(xo) 2 d(x) 2 d(y) — |z — yl > 5 dly) > |x — yl. 
If z € U, |z — ro| < Cd(zo), then 
|z —al < |z— 20| + |z0 —a| 
< Cd(z0) + |20 = a| 
< Cd(xo) + |zo — y| + dy) 
< Cd(zo) + |x — y| + d(y) 
< Cd(xo) + d(xo) + 2d(zp). 
That is, 
B(xo,Cd(xo)) C Bla, (C + 3)d(z)). 
Therefore, reference to (3.6.7) implies 
i IR(a, 2)|d2 < Cld(ao)]"** 
B(2xo0,Cd(z0)) 
and this, along with (3.6.14) completes the proof. Oo 


This proof leads directly to the following which is the Whitney extension 
theorem in the context of t*?(x) spaces. 


3.6.3. Theorem. Let A C R” be closed and let U = {x : d(z, A) < 1}. If 
u€ L?(U),1<p<o, and ue t*?(z) for all c € A with (3.5.3) holding 
uniformly on A, then there exists u € C*(U) such that D®u(x) = D°P,(x) 
forre€ A,0< || <k. 


Proof. The proof is essentially the same as the one above with only minor 
changes necessary. For example, the polynomials in (3.6.8) and (3.6.9) are 
now of degree k and the remainders can be estimated, respectively, by 


|Sa(x*,x)| < o(|z — a*|F- 161) 


and 
[Ra(x},2*)| < o(le* — 2f|*-!*1), 


thus allowing (3.6.11) to be replaced by 
D? u(x) — D9 Pz: (x) = o(|a — 23 |*-*!). 


The remainder of the argument proceeds as before. Oo 
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3.7 An Observation on Differentiation 


We address the technicality of showing that ||ul|7+.»(z) is a measurable 
function of x and then establish a result in differentiation theory that will 
be needed later in the sequel. 


3.7.1. Lemma. Let u € T*?(zx) for all x in a measurable set E. Then, 
l|ullr*.2(2) 18 @ measurable function of x. 


Proof. Recall that the norm ||u||7+,.2(2) is the sum of the numbers ||ullp, 
|D“P,(x)|, 0 < |a| < k—1, and the p"® root of 


sup r7# f Iu(y) — Pe(y) Pay. 
r>0 B(z,r) 


Also recall that D*P,(r) = ue(x). To show that D°P,(x) is measurable 
in x consider the function y of Lemma 3.5.6 and define 


Ue(X) = Ge * u(z). 
If we write u(y) — P,(y) = Re(y), then 
Due (x) = D* (pe * Pr)(x) + D* (Ye * Rz)(Z) 
= D*P,(x) + / e~ (mtlal) py [2] R,(x — y)dy. 


The above integral is dominated by 
Gertmttad f |Ro(x es y)|dy < Ce (etlal) gktn 
B(z,e) 


=Ce*lel_ 40 as e€-0. 


This shows that D*P,(z) is the limit of smooth functions D®u,() for all 
x € E, and is therefore measurable. The remainder of the proof is easy to 
establish. Oo 


3.7.2. Lemma. Let u € L?(R"), 1 < p < ov, be such that for some C, 


a>0Oandallr>0, 
1/p 
¢; haa < cr’, 
B(z,r) 


for all x in a measurable set E C R”. Then, for almost all x € E, 


1/p 
(f mPa) = ofr?) as r 10. 
B(z,r) 
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Proof. Without loss of generality we may assume that FE is bounded and 
that u has compact support. Given ¢ > 0, let A C FE be a closed set such 
that |E — A| < e. Let U be the open set defined by 


U = {x : d(z, A) < 1}. 


It will suffice to establish the conclusion for almost all x € A. 
First, observe that the hypotheses imply that 


lim lu(y)|dy = 0 
r—0 B(z,r) 


for x € A and therefore, u = 0 almost everywhere on A. 
Let h(x) = Uz, A). Recall from Theorem 1.3.1 that there is a count- 
able set S C U — A such that {B(s, h(s)) : s € S} is disjointed and 


{UB(s,5h(s)):s€ S}DU-A. 


Therefore, since u = 0 almost everywhere on A, 


lu(y)| i | 
————_ dydzr < ————— dydz 
jy. Aree je —yrte® wea TE 


</> | _lu(w)iay_ de 
B(s,5h(s)) © — Yl 


ses 


dx 
= uU ————— (dy. 3.7.1 
> a B(s,5h(s)) | wf je aaylera Bod ) 


ses 


Let x, € A be such that |s — x,| = d(s, A) = d(s). Hence, B(s,5h(s)) C 
B(x,,|s —2,|+5h(s)) and |s—2,| = d(s) = 10h(s). By Jensen’s inequality 
and the hypothesis of the lemma 


1/p 1/p 
f..lws (f nt <C (f ne < Ch(s)*, 
B(s,5h(s)) B(s,5h(s)) B(z5,15h(s)) 


(3.7.2) 
Now for z € A, y € B(s,5h(s)), we have 


|z — y| > |x — s| — |s — y| 2 d(s) — 5h(s) = 5A(s). 


Hence, for y € B(s,5h(s)) we estimate by spherical coordinates with origin 


at y, 
[eo e) 
i eee < cf 7? dr 
alz—yl |5h(s)| 


< C(a)h(s)~°. 
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This, along with (3.7.2) yields 


iy lH) ade < C(a)h(s)". 
B(s,5h(s)) = = ae 


Since {B(s, h(s)) : s € S} is disjointed, it follows from (3.7.1) that 


i / et ce dydz < C(a) > h(s)” < co 
u |z—y ses 
[ ele <e 
u le ylhts 
for almost every x € A. Clearly, 
[wale co 
rey |Z — y|"te 


for all z € A, and therefore 


) |u(y)|dy oes 
R 


ne |x ~ y|rte 


and therefore, 


for almost all x € A. 
An analysis of the argument shows that this was established by using 


only the fact that 
f [es Ort 
B(z,r) 
If we apply the above argument with v = |u|?, our hypothesis becomes 
fF lw(u)ldy < cr” 
B(z,r) 
for all x € E and therefore 
Pp 
as / luyldy / Ju(y)|Pay 
ro ly—2|"toP Jpn |y — ar tor 
for almost all x € E. But, for all such z, and for e > 0, 


Pd 
if me <e for allsmall r>0. 
B(z,r) ly = x| : 


1/p 
(f say) <er* 
B(z,r) 


for all small r. oOo 


That is, 
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3.8 Rademacher’s Theorem in the L?-Context 


Recall the fundamental result of Rademacher which states that a Lipschitz 
function defined on R” has a total differential at almost all points (Theorem 
2.2.1). We rephrase this result in terms of the present setting by replacing 
the hypothesis that u is Lipschitz by u € T*?(z) for all x in some set E. 
If k = 1 and p = o, this yields the usual Rademacher hypothesis. The 
conclusion we will establish is that u € t*?(«) for almost all x € E. 


3.8.1. Theorem. Let u € T*?(zx) for all x € E, where E C R” is measur- 
able, k a non-negative integer and 1 < p< co. Then u€ t*?(x) for almost 
allzeé E. 


Proof. By Lemma 3.7.1 and Lusin’s theorem we may assume that FE is 
compact and that ||u||v*.2(2) < M for all c € E. Since u € T*? (x) for 
xz € E, we may write u(y) = P,(y) + Re(y) where P; is a polynomial of 
degree less than k and where 


1/p 
(f eco) <Mr*, r>0. (3.8.1) 
B(z,r) 
From Theorem 3.6.2 it follows that there exists an open set U D E and 
u € CK-11(U) such that 
D®u(x) = D°P;(x), 0<|B| <k. (3.8.2) 


Because @ is of class C*~1 it follows from Theorem 2.1.4 that @ € Wi2?(R") 
and therefore we may apply Theorem 3.4.2. Thus, for almost all x € R”, 
there is a polynomial Q, of degree at most k such that u(y) = Qz(y)+R2(y) 
where 


1/p 
(f (nay) =o(r*) as r10. (3.8.3) 
B(a,r) 


Because @ € C*—1(R"), the argument following Definition 3.5.5 implies 
that 
D®a(r) = D®Q,(z), 0< (Bl <k. (3.8.4) 


Therefore, in view of (3.8.1), (3.8.2), and (3.8.3) 


1/p 
} |u — ul? < Cr 
B(z,r) 


for almost all 2 € E. Appealing to Lemma 3.7.2 we have 


1/p 
f ju — al? =o(r*) as rl0 
B(z,r) 
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for almost all x € E. Consequently, for all such z, 


1/p 1/p 
(f ha) ~ Qe] <(f ha) ~w)Pa) 
B(a,r) B(a,r) 
1/p 
aly) — Qely) Pd 
+ (f,.0 Qz(y)| ’ 


<o(r*) as r—0, 


thus establishing the result. Oo 


3.9 The Implications of Pointwise Differentiability 


We have seen in Section 4 of this chapter that Sobolev functions possess 
L?-derivatives almost everywhere. This runs parallel to the classical result 
that an absolutely continuous function f on the real line is differentiable 
almost everywhere. Of course, the converse is false. However, if it is assumed 
that f’ exists everywhere and that |f’| is integrable, then f is absolutely 
continuous (Exercise 3.16). It is natural, therefore, to inquire whether this 
result has a counterpart in the multivariate L? theory. It will be shown 
that this question has an affirmative answer. Indeed, we will establish that 
if a function has an L? derivative everywhere except for a small exceptional 
set, and if the coefficients of the associated Taylor polynomial are in L?, 
then the function is in a Sobolev space. 

We begin the investigation by asking the following question. Suppose 
u € LP(R") has L?-derivatives at z € R”; that is, suppose u € t*?(z) 
where k is a positive integer. Then, is it possible to relate the distributional 
derivatives of u (which always exist) to the L?-derivatives of u? The first 
step in this direction is given by the following lemma. First, recall that 
u € t* P(x) if there is a polynomial P, of degree k such that 


1/p 
¢ |u(y) — racy] =o(r*) as r0, (3.9.1) 
B(z,r) 


and u € T*(z) if there is a polynomial P, of degree less than k and a 
number M > 0 such that 


1/p 
(f la) ~ Pls) Pa) SMe. OR < co: 
B(z,r) 


3.9.1. Lemma. Suppose u € L?(R"), p> 1. 
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(i) If ue T*? (x), then 
lim inf yt * D°u(y) > —00, 


with |x —y| < t, and where D%u denotes the distributional derivative 
of u,0< lal <k; 


(ii) If ue th? (x), then 


lim sup y, * D°u(y) = D*P, (2), 
t—0 


with |x —y| <t,0< lal <k. 

The function y; above is a mollifier as described in Section 1.6. Since 
yt € C§(R"), its convolution with a distribution T is again a smooth 
function. Moreover, for small ¢ and |y—=x| < t, the quantity y; *T(y) gives 
an approximate description of the behavior of T in a neighborhood of x. 
Indeed, if T is a function, then 


lim sup vy; * T(y) = T(z) 

lyal<t 
whenever z is a Lebesgue point for T’. This will be established in the proof of 
Lemma 3.9.3. Very roughly then, the statement in (ii) of the above lemma 
states that, on the average, the behavior of the distribution D%u near x 
is reflected in the value of the coefficient, D*P,(x), of the Taylor series 
expansion. 

Let F(y,t) = y;,* u(y). F is thus a function defined on a subset of R"*+?, 
namely R” x (0,00) and is smooth in y. The lower and upper limits stated 
in (i) and (ii) above can be interpreted as non-tangential approach in R"*+1 
of (y,t) to the point (z,0) whch is located on the hyperplane t = 0. 


Proof of Lemma 3.9.1. Proof of (ii). Let 


u(y) = Pe(y) + Rely) and Fi(y) = F(y,¢). 


Then 
D°Fi(y) = D*[yz * u(y) = Dye * uly). 


Therefore 
D°Fi(x +h) = / D%pi(u +h — y)uy)dy 
= / D%pi(e + h—y)Po(y)dy + i D%pi(w +h —y)Re(y)dy 


= (p+ D*Ps)(o+h)+ [ D%e(eth-Relwdy. (3.9.2) 
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There is a constant C = C(|Dy|) such that 
|[D°gi(rx+h—y)|< ctr 


for |a| = k. Consequently, for h € B(0,t), it follows that 


| [ Preda+h- W)Re(u)dy orm [| Re(u)idy 
B(x+h,t) 


< ose |Rz(y)|\dy>0 as t]0, 
B(z,2t) 


by (3.9.1). Writing P, in terms of its Taylor series, we have 


5) 


v= eae 
and therefore D°P,(y) = D°P,(xz) for all y € R” if |a| = k. Hence, 
1 * D°P,(x +h) = D“P,(x), and reference to (3.9.2) yields 
lim sup y; * D°u(x +h) = D°P, (x), 0< lhl <t, (3.9.3) 
+10 


thus establishing (ii) if |a| = k. However, if 0 < £< k, then u € t®?(x) and 
the associated polynomial is 


e 
Mae x 
= i 


Thus, applying (3.9.3) to this case leads to the proof of (ii). 
The proof of (i) is similar and perhaps simpler. The only difference is 
that because P, is of degree at most k — 1, we have 


D°F,(x +h) =0+ [Prod — y)Ra(y)dy 


if |a| = k. The integral is estimated as before and its absolute value is seen 
to be bounded for all ¢ > 0, thus establishing (i). Oo 


The next two lemmas, along with the preceding one, will lead to the 
main result, Theorem 3.9.4. 


3.9.2. Lemma. Let T be a distribution and suppose for all x in an open 
set QC R” that 


liminf yp; *T(y) > —00, |e—y| St, 
tes 
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where S C (0,00) is a countable set having 0 as its only limit point. Let C 
be a closed set such that CNQ # 0. Then there exist N > 0 and an open 
set 2, CQ with CNQ, # @ such that yp, * T(y) > —N > —oo whenever 
ly—z|<t,rECNM, tes. 


Proof. Let 
F,(x) = inf{y, * T(y) : |x -— y| < t,t € S}. 


Then, F,(xz) > —oo for x € 2 since 0 is the only limit point of S and it is 
easy to verify that F, is upper semicontinuous. Thus, the sets 


Cnoan{«e: F(2) >i}, *+=1,2,..., 


are closed relative to CM and their union is CN]. Since CN is of the 
second category in itself, the Baire Category theorem implies that one of 
these sets has a non-empty interior relative to CN 2. Oo 


One of the fundamental results in distribution theory is that a non- 
negative distribution is a measure. The following lemma provides a gener- 
alization of this fact. 


3.9.3. Lemma. Let 6 > 0, N > 0, and suppose S is as in Lemma 3.9.2. If 
T is a distribution in an open set Q such that 


yi* T(z) >—-N>-oo for cE, te SN(0,6) 
and 
limsup y;* T(z) >0 for almost all to €Q, 


tlo 
|jz—2o|<t 


then T is a non-negative measure in 2. 


Proof. Let » € D(Q), > 0, and recall from Section 1.7, that the convo- 
lution y; * T is a smooth function defined by 


gt * T(x) = T (Tet) 
where $:(y) = ye(—y) and T2$:(y) = $e(y — x). Then, 


T(b * Gr) =T *(b * G1)(0) 
= (T * 91) *4(0) 


= i T * pr (—y)b(y)dy 
= i, T * pr(y)b(y)dy. 
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Now w * @& — w in D(Q) as t — O*. Moreover, since 7 is non-negative 
and y; * T(x) > —N for x €N and t € SN (0,6), it follows with the help 
of Fatou’s lemma, that 
T(¥) = lim TW * Ge) 
tes 


> lim inf i T « pr(y)b(y)dy 
ae Q 
te 


> / linn hE T + ys(y)h@)ey 
Q ae 
te 


>-N | wav. 
Thus, the distribution T + N has the property that 
(T+N)(p)>0 for peDO), ro. 


That is, T + N is a non-negative measure on Q, call it uw. Let w= vt+o 
where v is absolutely continuous with respect to Lebesgue measure and o 
is singular. Clearly, 2 is the union of a countable number of sets of finite 
v measure. Thus, by the Radon—Nikodym theorem, there exists f € L1(Q) 
such that 


V(E) = | f(x)dz 
E 
for every measurable set E C 2. Since T + N = p, it follows that 
ge * T(x) +N = yy * (T+ N)(z) = o¢ * uz) 


= [vde-wswdv+ [ vle-wdow), 8.94) 
2 Q 


for x € Q. Because o is a singular measure, a result from classical differen- 
tiation theory states that 

im o[B(zo, t)] = 

t0 |B(2xo, t)| 
for almost all xo € 2, cf. [SA, Lemma 7.1]. Therefore, at all such xo with 
|x =a Zo| St, 


i pie — y)do(y) = y vila — y)doly) 


st 


< | pr(x — y)do(y) 
B(z0 ,2t) 


o[(B(2o, 2t)] 
S CllelleoTBte5, 


—0 as t>0+ with |x —z| <t. 
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To treat the other term in (3.9.4), recall that f has a Lebesgue point at 
almost all zo € 2. That is, 


f f(y) — f(xo)|dy +0 as r—-0t. 
B(zo,r) 
Therefore, 


| Flu)ex( — dy - Fle) = [ [F(y) — F(wo)loule — y)dy 
B(z,t) 


B(z,t) 
< Cllvllo f 
B(xo 


Consequently, 


, FO) — Fleo)ldy = 0 as t- 0, |x — z9| <t. 
2t 


N < limsup gy * T(x) +N = f(z0) 
#10 


|z—zo|<t 


for almost all xo € Q. This implies that 
V(E) > N\E| 


for all measurable EF C 2. Since p(E) > v(E) it follows that the measure 
u— N =T is non-negative. o 


3.9.4. Theorem. Let T be a distribution in an open set Q C R” and let 
f € Lh, (Q). Assume 


limsup ge *T(y) > f(a), |e-yl St, 
tl0 


for almost all x € Q, and 


lim inf yr*T(y) >-o0o, |z—y| <t, 
tes 


for all x €Q. Then T — f is a non-negative measure in 2. 


Proof. We first assume that f = 0. Lemma 3.9.2 implies that every open 
subset of 2 contains an open subset 2’ such that for some N > 0, y:*T(z) > 
—N for x €’',t € S. Lemma 3.9.3 implies that T is a measure in 10’. 

Let 2; be the union of all open sets 2’ C 2 such that T is a non-negative 
measure on 2’. From Remark 1.7.2 we know that T is a measure in 2). 
We wish to show that 2) = 2. Suppose not. Applying Lemma 3.9.2 with 
C = R™ —Q), there is an open set 2’ C 12 such that y, * T(r) > —N 
for y E CNY, |v -—y| < t, andt € S. Let N2 = 2; UM and note that 
N2 - 21 = CNN’. Let 


3 =2N {x : d(x, R” — 2) > e} 
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for some € > 0. Take € sufficiently small so that N3N (R" — 1) # @. 
Consider y; * T(z) for  € N3 and t < e. Now T is a non-negative measure 
in Q,. Therefore, if d(x, R" — 1) > t, y, * T(x) > 0. On the other hand, 
if d(z, R" — Q;) < t, there exists y € R” — Q, such that |x — y| < t. 
Since B(x, t) C Qe, it follows that y € QM, —Q, = CNN’. Consequently, 
prxT (x) > —N. Hence, y;*T (x) is bounded below for x € 03, t € SN(0,¢), 
and thus T is a measure in 23 by Lemma 3.9.3. But 03N(R" —2Q1) #@ 
thus contradicting the definition of 4. 
For the case f 4 0, for each N > 0 define 


N, f(#)2N 
f(z) = 4 f(z), -N< f(z) <N 


and let R be the distribution defined by R = T — fn. Clearly R satisfies 
the same conditions as did T when f was assumed to be identically zero. 
Therefore, R is a non-negative measure in (2. Thus, for » € C§°(Q), » > 0, 


R(}) = TW) - / fnbdr > 0. 


Letting N — oo, we have that 


r(¥)- [ fear >0. 
That is, T — f is a non-negative measure in 22. Oo 


Now that Theorem 3.9.4 is established, we are in a position to consider 
the implications of a function u with the property that u € T*?(zx) for 
every z € 2, where (2 is an open subset of R”. From Theorem 3.8.1 we 
have that u € t*?(x) for almost all 2 € Q. Moreover, in view of Lemma 
3.9.1 (ii), it follows that whenever u € t*?(z), 


lim sup y; * D°u(y) = D°P,(x), |c—y| <t, 
£10 


for 0 < |a| < k. For convenience of notation, let ua(x) = D°P,(z), and 
assume Ug € L?(Q). Then Theorem 3.9.4 implies that the distribution 
D°u-— Ug is a non-negative measure. Similar reasoning applied to the func- 
tion —u implies that D%(—u) — (—u,) is a non-negative measure or equiv- 
alently, that D“u — ug is a non-positive measure. Thus, we conclude that 
Du = Uq almost everywhere in 2. That is, the distributional derivatives 
of u are functions in L?(Q). In summary, we have the following result. 


3.9.5. Theorem. Let 1 < p < oo and let k be a non-negative integer. If 
u € T*?(x) for every x € Q and the L?-derivatives, ug, belong to L?(Q), 
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0 <|a| <k, then ue W*P(Q). 


Clearly, the hypothesis that the L?-derivatives belong to L?(Q) is neces- 
sary. On the other hand, we will be able to strengthen the result slightly 
by not requiring that u € T*?(z) for all z € ©. The following allows an 
exceptional set. 


3.9.6. Corollary. Let K Cc R” be compact and let Q = R" — K. Suppose 
H"~1[x;(K)] = 0 where the 7: R" > R"1, i =1,2,...,n, are n inde- 
pendent orthogonal projections. Assume u € T*?(x) for all « € Q and that 
Ua € LP(Q), 0 < lal < k. Then u € W*?(R"). 


Proof. Assume initially that the projections 7; are given by 


mi(Z) = (41,...,£2,.-.,2n) 


where (21,...,%;,---,£n) denotes the (n —1)-tuple with the z;-component 
deleted. Theorem 3.9.5 implies that u € W*?(Q). In view of the assumption 
on K, reference to Theorem 2.1.4 shows that u € W)?(R™) since u has a 
representative that is absolutely continuous on almost all lines parallel to 
the coordinate axes. Now consider D®u, |a| = 1. Since D*u € W*-1?(Q) 
a similar argument shows that D*u € W1?(R™) and therefore that u € 
W2-?(R"). Proceeding inductively, we have that u € W*?(R"). 

Recall from Theorem 2.2.2 that u € W*?(R") remains in the space 
W*?(R") when subjected to a linear, non-singular change of coordinates. 
Thus, the initial restriction on the projections 7; is not necessary and the 
proof is complete. a) 


In the special case of k = 1, it is possible to obtain a similar result 
that does not require the exceptional set K to be compact. We state the 
following [BAZ, Theorem 4.5], without proof. 


3.9.7. Theorem. Let K C R” be a Borel set and suppose H"—*[n;(K)] = 0 


where the nm; : R” + R"-!,i=1,2,...,n, are n independent orthogonal 
projections. Let Q = R" —K and assume u € L?,.(Q) has the property that 


its partial derivatives exist at each point of Q and that they are in L¥,.(Q). 
Then u € Wi? (R"). 


iC 


3.10 A Lusin-Type Approximation for Sobolev 
Functions 
Lusin’s Theorem states that a measurable function on a compact inter- 


val agrees with a continuous function except perhaps for a closed set of 
arbitrarily small measure. By analogy, it seems plausible that a Sobolev 
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function u € W*?(Q) should agree with a function of class C*(Q) except 
for a set of small measure. Moreover, if the requirement concerning the 
degree of smoothness is lessened, perhaps it could be expected that there 
is a larger set on which there is agreement. That is, one could hope that u 
agrees with a function of class C“(Q), 0 < £< k, except for a set of small 
Br-e,p-capacity. Finally, because Sobolev functions can be approximated 
in norm by functions of class C*(Q), it is also plausible that the Lusin-type 
approximant could be chosen arbitrarily close to u in norm. The purpose 
of this and the next section is to show that all of this is possible. 

In this section, we begin by showing that if u ¢ W*?(R"), then u agrees 
with a function, v, of class C’ on the complement of an open set. of ar- 
bitrarily small B,—¢p-capacity. In the next section, it will also be shown 
that ||u — v||¢) can be made small. The outline of the proof of the exis- 
tence of v is as follows. If u€ W*?(R") and 0 < £ < k, then Theorem 
3.4.2 implies that u € t&?(zx) for all x except for a set of By—¢p-capacity 0. 
This means that the remainder terms tends to 0 (with appropriate speed) 
at Br_ep-q.e. z € R”. We have already established that if a function u 
has an L?-derivative of order @ at all points of a closed set A (that is, if 
u € t&?(x) for each x € A) and if the remainder term tends to 0 in L? uni- 
formly on A, then there exists a function v € C4(R") which agrees with u 
on A (Theorem 3.6.3). Thus, to establish our result, we need to strengthen 
Theorem 3.4.2 by showing that the remainder tends uniformly to 0 on the 
complement of sets of arbitrarily small capacity. This will be accomplished 
in Theorem 3.10.4 below. 

In the following, we will adopt the notation 


1/p 
Mp,nu() = sup (f hs) Pay) 
0<r<R B(z,r) 


whenever u € L?(R"), 1 <p<oo, and0<R<o. 


3.10.1. Theorem. If 1 < p < 00 and k is a non-negative integer such that 
kp <n, then there is a constant C = C(k,p,n) such that 


C 
Br pl{z : Mp,nu(x) > t}) < Fllulli.y (3.10.1) 


whenever u € W*?(R") and R<1. 


Proof. We use Theorem 2.6.1 to represent u as u = g,*f where f € L?(R") 
and |lullk,p ~ ||f|lp- Thus, it is sufficient to establish (3.10.1) with |lullx,p 
replaced by ||f||p. Since |u| < gx *|f|, we may assume f > 0. Let 


E, = {x : Mp,ru(zx) > t} 


and choose z € £;. For notational convenience, we will assume that x = 0 
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and denote B(0,r) = B(r). Thus, there exists 0 < r < R < 1 such that 


f Iu(y) Pay > 
B(r) 


ie UE only — w)F (w)dw) dy >t. 


Utilizing the simple inequality (a + b)? < 2?-1(a? + b?) whenever a,b > 0, 
it therefore follows that either 


Pp 
f, ' (/ ie 9x (y — wy sce) dy > 2)-P 4? (3.10.2) 


Pp 
} ( gn (y — wystoyae) dy > 2)-P4P. (3.10.3) 
B(r) |w|>2r 


If y € B(r), then from Lemma 2.8.3(i) and the fact that g, < CI, (2.6.3), 
we obtain 
f(w) 


ge(y — w) f(w)dw <C Taare TEs = 
Vics ) |y—w|<3r ly ~ w|" : 


< Cr'M fly), 
where C = C(k,n). Thus, in case (3.10.2) holds, we have 


or 


or 


t < Cr'P Mf (y)?dy (3.10.4) 
B(r) 


where C = C(k,p,n). 
We will now establish the estimate 
J, uw) Fluw)dw < Cant ox(y—w)f(w)dw (8.10.5) 
|w|>2r yEB(r) Jjw|>2r 
for all y € B(r). Recall that r < 1. Now if y and w are such that |y| <r < 
2r < |w| < 2, we have 
3 |wI 
glut 2 lel + lyl 2 lw — yl 2 lwl — [yl 2 fol — 


Consequently, if y; and y2 are any two points of B(r), refer to (2.6.3) and 
the inequality preceding it to conclude that for some constant C = C(k,n) 


C C 


lo — aalP=* ~ fwp* 


C 
+ fw l"—* < Cox(w — y2). (3.10.6) 


ge(w—yi) < 
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If |w| > 2 and y € B(r), then 3|w| > |w| +1 > |w—y| = |w| —lyl = 
|w| —1 > |w|/2. Therefore, in this case we also have 


gk(w — 41) < Con (w — y2). (3.10.7) 


Our desired estimate (3.10.5) follows from (3.10.6) and (3.10.7). Thus, in 
case (3.10.3) holds, there is a constant C = C(k,p,n) such that 


Pp 
t?<C inf | _ d 
? aa, ( eee y)f(w) ») 
<C inf P 
< yant (ge * Fy) 


To summarize the results of our efforts thus far, for each x € EF; there 
exists 0 < r < 1 such that either 


P< rte Mf(y)?dy (3.10.8) 
B(a,r) 
or 
t<C_ inf : 3.10.9 
SC inf on f(y) ( ) 


Let G, be the family of all closed balls for which (3.10.8) holds. By Theorem 
1.3.1, there exists a disjoint subfamily F such that 


By p[{UB : B € G1}] < Be p[{UB : B € F}] 
< Do Be p(B) 
BEF 
<c > (5r)"-* (by Theorem 2.6.13) 
B(a,r)€EF 


€ a a [mse 


BEF 
2 


ir: |f\lf (by Theorem 2.8.2). (3.10.10) 


Let Gp be the family of closed balls for which (3.10.9) holds, then the def- 
inition of Bessel capacity implies that Br,p[{UB : B € Go}] < (C/t)IIFIID. 
Thus 


Zu 


By p[Et] < Br p|{UB :Be Gi}| + Bgp[{UB :Be Go}| Sp 


Ilfllps 


which establishes our result. o 


We now have the necessary information to prove that integral averages 
of Sobolev functions can be made uniformly small on the complement of 
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sets of small capacity. This result provides an alternate proof of Theorem 
3.3.3, as promised in the introduction to Section 1 of this chapter. 


3.10.2. Theorem. Let 1 < p < o and k be a non-negative integer such 
that kp < n. If u € W*?(R"), then for every « > 0 there exists an open 
set U C R” with Byp(U) < such that 


f.,_.w(u) - u(2)Pay = 0 
B(z,r) 
uniformly on R" —U asr | 0. 


Proof. With the result of Theorem 3.3.3 in mind, we define 


Agti(ae) = f 9 Mo) Maa 


’ 


for x € R” and r > O. Select = such that 0 < = < 1. Since u € W*?(R"), 
there exists g € CK(R”) such that 


Iu — gl» < P47 /2. 
Set h = u—g. Then 
A,u(z) < 2?7"[A,g(a) + Arh(2)], 


A,h(a) < 2?~* (f, hPa + eo ; 


and therefore, 


Lr 


A,u(z) <C ote +f , hay - io ; 


where C = C(p). Consequently, for each x € R”, 


sup A,u(z) <C sup A,g(x) + Mp, r|h|(x) + ite) | i 
O<r<R 0<r<R 


Since g has compact support, it is uniformly continuous on R” and therefore 


there exists 0 < R < 1 such that 


sup CA,g(z) <é 
O<r<R 


whenever x € R”. Therefore, 


{2 : sup A,u(x) > seh C {x: CM, ,r\h|(x) > =} U {x : Clh(x)|? > E} 
O<r<R 
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C {x: CM, r\h|(z) >e}U{z: (Ce~*)*/?|h(x)| > 1}. 


Since h € W*?(R"), by Theorem 2.6.1 we can write h = g, * f, where 
lf llp ~ IlPlle,p- Now 


{x : (CE)? |h(x)| > 1} C {xs (CE)? ge * f(x) > 1} 


and therefore, by the preceding theorem and the definition of capacity, we 
obtain a constant C = C(k,p,n) such that 


Bepl{x: sup A,u(x) > 3€}] < CE ||Alle, +E MAE p] 
O0<r<R 
get 
< CE"? (=) 
2 
< CE. 


For each positive integer 7 and ¢ as in the statement of the theorem, let 
=, = C~1e2-* to obtain 0 < R; < 1 such that 


Bk.p fe: sup A,u(x) > xe\] <e27*, 


0<r<R; 
Let 
lo) 
U= U {s : sup A,u(xr) > sei} 
f=1 O<r<R; 
to establish the conclusion of the theorem. Oo 


3.10.3. Remark. If we are willing to accept a slightly weaker conclusion in 
Theorem 3.10.2, the proof becomes less complicated. That is, if we require 
only that 


fF Iuly) - u(e)|dy 0 
B(a,r) 


uniformly on R” —U as r | 0, rather than 
f_ (ulu) — ule) Pay 0, 
B(z,r) 
then an inspection of the proof reveals that it is only necessary to show 


Cc 
By pl{z : Mu(x) > th] s Fllulli.y: 
To prove this, let u = gx, * f, where ||f||p ~ |lullk,p and define 


if jz] <r 
otherwise. 


Paya {i 
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Then 
F__ lwudldy = ful) 
B(z,r) 


<Ty * (ge * |FI)(2) 
<9 * M|f\(z), 
which implies Mu < g, * M|f|. From the definition of capacity, 
By pl{e : Mu(x) 2 t}) < Bepl{x : gx * M|f\(x) > t}] 
<tPM lf IIb 
< Ct P\|f\IE, by Theorem 2.8.2, 
< Ct? llullep: 
As an immediate consequence of Theorem 3.10.2 and the proof of The- 
orem 3.4.2, we obtain the following theorem which states that Sobolev 


functions are uniformly differentiable on the complement of sets of small 
capacity. 


3.10.4. Theorem. Let @,k be non-negative integers such that £< k and 
(k—2)p <n. Let u€ W*?(R"). Then, for each € > 0, there exists an open 
set U with Br_ep(U) < € such that 


1/p 
i if Ju(y) -— POO(y)Pdy} = 0 
B(z,r) 


uniformly on R” —U as r | 0. 


Finally, as a direct consequence of Theorems 3.10.4 and 3.6.3, we have 
the following. 


3.10.5. Theorem. Let £,k be non-negative integers such that £< k and 
(k —2)p < n. Let u€ W*?(R”) and e > 0. Then there exists an open set 
U CR" and a C* function v on R”, such that 


Br-ep(U) <e 


and 
D*%vu(z) = D%u(z) 
for all x € R"-—U and 0< |a| <2. 


3.11 The Main Approximation 
We conclude the approximation procedure by proving that the smooth 


function v obtained in the previous theorem can be modified so as to be 
close to u in norm. 
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In addition to some preliminary lemmas, we will need the following ver- 
sion of the Poincaré inequality which will be proved in Theorem 4.5.1. 


3.11.1. Theorem. Let o € (0,1), £ a positive integer, and 1 < p < ov. 
Then there exists a constant C = C(a,£,p,n) such that for every non-empty 
bounded conver subset 2 of R” with diameter p and every u € W®?(Q) 
for which 

|QN {x : u(x) = 0}| > of QI, 


we have the inequality 


4 a 
[i iwaypac < cpt Sf Dew2)Pac. 


la|=é 
3.11.2. Lemma. Let £ be a positive integer and let u be a function W*?(R”) 
which vanishes outside a bounded open set U. Let 6,0 € (0,1) and let 


nm 
B=oun{s: inf [K(z, 4) N(R" — UV) >of (3.11.1) 
0<t<6 t 


where K(x,t) denotes the closed cube with center x and side-length t. Let 
m be a positive integer such that m < £ and let e€ > 0. Then there exists a 
function v € W™?(R") and an open set V such that 


(i) lu—vllmp <€; 
(ii) E CV and v(x) = 0 when tx EV U(R" —-U). 
Proof. For \ € (0, 1], let Ky denote the set of all closed cubes of the form 
[(@1 — 1)A, 41] x [(é2 — 1)A, 2A] x +++ x [Cin — 1)A, ind] 
where #1, %2,...,%m are arbitrary integers. Let A < 36 and let 
Ky, Ko,..., Ky 
be those cubes of K that intersect E. Let a; be the center of K; and let 
P,; = K(a;,4,). 
Let ¢ be a C™ function on R”, such that 0 < ¢ < 1, ¢(x) = 0, when 
x € K(0,1) and ¢(x) = 1 when z ¢ K(0,3/2). Define 


v(x) = u(x) II¢ € x 
i=l 


for c € R”. Clearly v(x) = 0 when d(x, FE) < 5A, so that, for any A, we 
can define v by v = v) and find an open set V satisfying (ii). 


) (3.11.2) 
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We keep 7 fixed for the moment and estimate 


lu — vallep;P,- (3.11.3) 


We observe that there exists a constant 7, depending only on n and such 
that at most 7 of the cubes P; intersect P; (including P;). Denote these by 


Pj, Pigs ++) Pj, 
where s <7. Then, for x € P; 
v(x) = u(x)w(s), (3.11.4) 
where 
8 
w(x) = [ 6l(w - a;,)/22). (3.11.5) 
k=1 
Now, for x € P; and any multi-index a with 0 < |a| < 4, we have 
|D*w(x)| < A,A7!1, 


where A, depends only on @ and n. Hence for almost all z € P; and any 
multi-index y with 0 < |y| < 4, we have 


ad 
[D7v,(x)| < 42 SoM! S™ [DF u(a)|, (3.11.6) 
r=0 \a|=r 


where A2 depends only on @ and n. 

Let y be a point where K; intersects E. Clearly, there is a subcube Q; of 
P; with center y and edge length 3. By (3.11.1), u and hence its derivatives 
are zero on a subset Z of Q; with 


|Z| > o(3A)”. . (3.11.7) 


By applying the Poincaré inequality to the interior of the convex set P; we 
obtain, when || < £, 


| |D8u(x)|Pdex < Ass” I8) S$” fF |DSu(x)|Pdx (3.11.8) 
P,; P, 
: lejmen 


where A3 = A3(f,0,p,n). But, with a suitable constant Ag, (3.11.8) will 
still hold when |A| = @. By (3.11.6) and (3.11.8) (since  < 1) 


i |[D7uy(x)|Pdx < Ag > |D§u(a)|Pdx (3.11.9) 
P; i 


\ejae? 
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for 0 < |y| < 4, where Aq = Ag(é,p, 0,7). Let 


Then 
I. |D7u(2)Pdx < Aa SD y \Déu(z)|Pde 


ejae iar? Pr 


for 0 < |7| < £. But each point of X) belongs to at most 7 of the cubes FP, 
hence 


/ |D7v, (2) yPae<7ae df |\D§u(x)|Pde, (3.11.10) 
X 


\él=é 


for 0 < |y| < 2. Now 


lu — valle, S 2? ye / |D7vy(x)|Pdax + i ID" u(2) Pa ; 
X)» a 


0<|7|<é 


so that by (3.11.10) 


Ju-»lh,< 45 >> j |D¥u(a)|Pdx (3.11.11) 


0<|7]<e% Xa0U 
where As = As(é,p,0,n). But 
X\NU CUN{x: d(x, OU) < 2VnA}. 
Hence |(X, NU)| > 0 as A | 0. Therefore by (3.11.11) 


Iu — vallep > 0 


as A OF. 
The required function v is now obtained by putting v = v), with suffi- 
ciently small 4. ao 


3.11.3. Lemma. Let 0 < \ < n. Then there exists a constant C = C(A,n) 
such that 


} |z — yl "de < Cly— 2, (3.11.12) 
B(z,6) 
for all y,z € R” and all 6 > 0. 


Proof. We first show that there exists a constant C’, such that (3.11.12) 
holds when y = 0 and z is arbitrary. 
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When |z| > 36, we have 
1 
\z| < |x| + |z—2| < |z| +6 < |x| + Flap 


so that |z| < 3|z|, |z|*-" < Alz|*~™, and (3.11.12) holds. 
When |z| < 36, 


on f |a|>-"dax < ae |a)*-"de = Co”. 
B(z,6) B(0,46) 


Hence, it is clear that (3.11.12) holds with y = 0. 
Since we have shown that 


on f \a)*-"de < Clz|*-, 
B(z,6) 


for all z € R”, the general result follows by a change of variables; that is, 
replace z by z— y. Oo 


Throughout the remainder of this section, it will be more convenient 
to employ the Riesz capacity, Rx», rather than the Bessel capacity, By p. 
This will have no significant effect on the main result, Theorem 3.11.6. See 
Remark 3.11.7. 


3.11.4. Lemma. Let k be a non-negative real number such that kp < n. 
Let U be a bounded non-empty open subset of R” and F a subset of OU 
with the property that for each x € F, there is a t € (0,1) for which 


[UN Biz, t)| 
——_— Po 3.11.13 
[B(e, 8) ore 
where o € (0,1). Then there exists a constant C = C(n,p,k) such that 
Ry p(U UF) < Co? Rx p(U). (3.11.14) 


Proof. Let o, U, and F be as described above. The cases k = 0 and k > 0 
are treated separately. 

(i) We consider first the case where k > 0. Let ~ be a non-negative 
function in L?(R”) with the property that 


1 —n 
5 (h) ia lx — yl*"w(y)dy > 1 (3.11.15) 


for all z € U. Let C, be the constant of Lemma 3.11.3. It can be assumed 
that C, > 1. Consider a point b € F and let t be such that (3.11.13) holds 
for c = b. By Lemma 3.11.3, 


Cily - a > f |x — y|*-" dx 
B(b,t) 
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so that 


— oF" w(y)d say” ay] a 
os fw vady2 f | flea tay] do 


and by (3.11.15), 
> 7(k)t-"|U O Bib, t)]. 


Hence by (3.11.13), 


C2 | k- 
—_ —b|""" dy >o. 
10) dave ly — bl)’ "p(y )dy 
Put 7 = C2071. Then 
1 | ed 
—_— —x|*~" dy>1 
wR) se ly — x|°~"n(y)dy 


for all x € F, and therefore, 


P C2\? P 
Rap(F) < lin = (2) IIB. 


Thus 
C2 \? 
Rkp(F) < eo Rx,p(U). 


The required inequality now follows. 
(ii) Now let k = 0, so that Ry,» becomes Lebesgue measure. Let B be 
the collection of all closed balls B with center in F and radius between 0 
and 1 such that 
UNB| sie 
|B] ~ 


Hence, by Theorem 1.3.1, there exists sequence {B,}, B, € B, such that 
B, B, =0 when r # s and 


(3.11.16) 


Thus 


and by (3.11.16) 


co 
< 5°07 S$) |UNB,| < 5" |U}. 


r=1 


Since o < 1, the required inequality follows. oO 
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3.11.5. Lemma. Let p > 1, k a non-negative real number such that kp <n 
and £ a positive integer. There exists a constant C = C(n,p,k, €) such that 
for each bounded non-empty open subset U of R”, each u € W4?(R") 
which vanishes outside U and every € > 0 there exists a C® function v on 
R” with the properties 


(i) |lu—vllep <e; 
(ii) Rep(sptv) < CRzp(U) and 
(iii) sptu CV = R"°N {zx : d(z,U) < e}. 


Proof. Let U, u, and € be as described above. Since U # @, it follows that 


EB=0un {* g iige | BEDS s s}. (3.11.17) 


0<t<1/2 t” ~ 2 


Then E is closed. By Lemma 3.11.2 there exists a function v9 € W?(R") 
and an open set Vo such that 


1 
llu — voller < 5€ (3.11.18) 
E C Vo and vo(x) = 0 when x € Vo U(R” — U). Set 


F=0U -E. 
Then, for each x € F there exists t € (0, 1/2] such that 
EPCS (3.11.19) 
|B(x, t)| 


where go = 1 —1/(2a(n)). Let C, be the constant appearing in Lemma 
3.11.4. Then 


Ry p(U UF) < 5CORi (0), (3.11.20) 
where C = 2Co0~?. Let 
B= R"N {x : vo(x) F Of. 


Then B CUUF and hence Ry,p(B) < $C Rx,p(U), so that there exists an 
open set W with B Cc W and 


Rip(W) < CR p(U). 


By applying a suitable mollifier to vp we can obtain a C™ function v with 
sptu CV NW and 


1 
vo — vllep < 5f (3.11.21) 
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It follows from (3.11.18) and (3.11.21) that v has the required proper- 
ties. Oo 


We are now in a position to prove the main theorem. 


3.11.6. Theorem. Let £,m be positive integers with m < £, (€—m)p <n 
and let Q be a non-empty open subset of R". Then, for u € W%?(Q) and 
each € > 0, there exists a C™ function v on Q such that if 


F=QN{z: u(x) 4 v(z)}, 


then 
Re-mp(F)<e and |lu-v|lmp <e. 


Proof. It can be assumed that the set A = QN {zx : u(x) # 0} is not empty. 
Initially, it will be assumed that 2 = R” and A bounded. We will show 
that there exists a C™ function v on R” satisfying the conclusion of the 
theorem and that spt v is contained in the set V = R" N {x : d(z, A) < e}. 

Let C be the constant of Lemma 3.11.5. Let u be defined by its values 
at Lebesgue points everywhere on (2 except for a set E with Byp(E) = 
Rzp(£) = 0. By Theorem 3.10.5 there exists an open set U of R” and a 
C™ function h on R”, such that U D E, 


€ 


Re-mpU) < 7G 


(3.11.22) 


and 
h(a) = u(z) 


for all c € R™ — U. We may assume that spth C V and U C V. By 
substituting 2—m for k and u—h for u in Lemma 3.11.5, we obtain a C™ 
function y on R” such that 


lu-—h-Y|lmp <€; (3.11.23) 
Re-m,p(spt y) S CRe-mp(U), (3.11.24) 

and 
spty C V. (3.11.25) 


Put v = h+y. Then the second part of the theorem follows from (3.11.23). 
Clearly, 


FCR"N[{z: h(x) 4 u(x)} Uspt y] CU Uspty, (3.11.26) 
so that by (3.11.24) 


Re-mp(F) < (1+ C)Re_-mp(U). 
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Thus, the first part of the conclusion follows from (3.11.22). Since spt h and 
spt y are both contained in V, it follows that sptv C V. 

We now consider the general case when 22 is an arbitrary open subset of 
R”. Let {C;}$2o be an infinite sequence of non-empty compact sets, such 
that 

C; Cc Int Cha (3.11.27) 


for 7 a non-negative integer and 


lim C; = Q. (3.11.28) 


i—00 


Put C_, = @. For each i > 0, let y; be a C© function on R” such that 
0 < Yi < 1, 


C; C int{x : y;(x) = 1}, (3.11.29) 

and 
spty; C Int Cy41. (3.11.30) 

Put 
Yo= 0 and pi = 9; — Yi-1 (3.11.31) 


when i > 1. Then each y; is C® on R” with compact support and 
spt Yj C (Int Ci41) — Ci-1. (3.11.32) 


Hence, for each x € 2, (x) # 0 for at most two values of 1. Therefore 


co 
Yo vil) =1 (3.11.33) 
i=0 
for all c € Q. For each i = 0,1,2,... define 
py — J ulz)pi(z) when xeQ 
ui(a) = . fe eee. (3.11.34) 


By the conclusion of our theorem proved under the assumption that 2 = 
R"”, there exists for each i > 0 a C™ function v; on R” with compact 
support such that 


lus — ville < seer) (3.11.35) 
and P 
Re-mp(Fi) < seq7 (3.11.36) 
where 
F, = R° {x : ui(x) F v;(z)}. 
Moreover, 


spt vu; C (Int Ci41) — Cj-1. (3.11.37) 
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For each x € Q, there are at most two values of i for which v,;(x) # 0. 


Hence we can define 7 
u(x) = > u; (2) 


i=0 
for x € 2. It is easily seen that F C Uf2 Fj, hence 


Re_-m,p(F) <e. 
Also 
[oe 
lu — v\|mp S [x l|ui — Villm,p < o 
i=0 


3.11.7. Remark. We have seen from earlier work in Section 2.6, that 
Rip < CBk,p and that Rz,p and By,» have the same null sets. However, it 
also can be shown that By,» < C[Re,p + (Re,p)"/"~*)] for kp <n, cf. [A5]. 
Therefore, the Riesz capacity in the previous theorem can be replaced by 
Bessel capacity. 


Exercises 
3.1. Prove that the statement 


lim u(y)dy = u(x) 
r—0 B(z,r) 


for By p-q.e. x € R” and any u € W'?(R”) implies the apparently 
stronger statement 


lim |u(y) — u(x) |dy = 0 
6-40 B(z,r) 


for By p-q.e. c € R”. See the beginning of Section 3.3. 


3.2. It was proved in Theorem 2.1.4 that a function u € W1?(R") has 
a representative that is absolutely continuous on almost all line seg- 
ments parallel to the coordinate axes. If a restriction is placed on p, 
more information can be obtained. For example, if it is assumed that 
p <n-—1, then wu is continuous on almost all hyperplanes parallel 
to the coordinate planes. To prove this, refer to Theorem 3.10.2 to 
conclude that there is a sequence of integral averages 


Arle) =f uluddy 


which, for each e > 0, converges uniformly to u on the complement 
of an open set U. whose By, p-capacity is less than ¢. Hence E = 
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3.3. 


3.4. 


3.5. 


3.6. 


3.7. 


3.8. 


Ne>oUe is a set of Bi py-capacity 0. It follows from Theorem 2.16.6 
(or Exercise 2.16) that the projection of E onto a coordinate axis 
has linear measure 0. Note that u is continuous on 7~1(t), t ¢ 7(E) 
where 7 denotes the projection. Corresponding results for p > n—k, 
k an integer, can be easily stated and proved. 


At the beginning of Section 3.9, an example is given which shows that 
u need not be bounded when u € W"[B(0,r)], r < 1. This example 
can be easily modified to make the pathology even more striking. Let 
u(x) = log log(1/|z|) for small |x| and otherwise defined so that wu is 
positive, smooth and has compact support. Now let 


v(x) = $> 2-*u(a — re) 
k=1 


where {rz} is dense in R”. Then v € W)"(R") and is unbounded in 
a neighborhood of each point. 


Use (2.4.18) to show that if u € Ween, p> n, then wu is classically 
differentiable almost everywhere. 


Verify that ||u||7%.2(2), which is discussed in Definition 3.5.4, is in fact 
a norm. 


If u € W1?(R”), the classical Lebesgue point theorem states that 


lim |u(x) — u(x) |dx = 0 (x) 
79 JB(e0,r) 


for a.e. Zo. Of course, u € L1(R®) is sufficient to establish this result. 
Since u € W)?(R"), this result can be improved to the extent that 
(*) holds for By p-q.e. 9 € R” (Theorem 3.3.3). Give an example 
that shows this result is optimal. That is, show that in general it is 
necessary to omit a By p-null set for the validity of (x). 


Prove that (3.3.22) can be improved by replacing p by p* = np/(n — 
kp). 


A measurable function u is said to have a Lebesgue point at zo if 


lim lu(y) — u(ro)|dy = 0. 

r—0 B(zo,r) 
A closely related concept is that of approximate continuity. A mea- 
surable function u is said to be approximately continuous at 2%po if 
there exists a measurable set F with density 1 at xo such that u is 
continuous at zo relative to E. Show that if u has a Lebesgue point 
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3.9. 


3.10. 
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at Zo, then u is approximately continuous at xo. See Remark 4.4.5. 
Show that the converse is true if u is bounded and that it is false 
without this assumption. 


Another definition of approximate continuity is the following. wu is 
approximately continuous at Zo if for every ¢ > 0, the set 


Ae = {x : |u(x) — u(xo)| > €} 
has density 0 at zo. A, is said to have density 0 at Zo if 


lim |AeN B(xo,7)| 


oy (Baanr 


Prove that the two definitions of approximate continuity are equiva- 
lent. 


The definition of an approzimate total differential is analogous to 
that of approximate continuity. If u is a real valued function defined 
on a subset of R”, we say that a linear function L : R” — R} is an 
approximate differential of u at xo if for every € > 0 the set 


a fe: lua) — u(to) - Lie ~ 20) , e} 


|x — Xo| 


has density 0 at xo. Prove the analog of Exercise 3.8; show that if u 
is an element of t!1(z9), then u has an approximate total differential 
at Lo. 


The definition of an approximate total differential given in Exercise 
3.9 implies that the difference quotient 


|u(x) — u(xo) — L(x — 20) 
|x — ro| 


approaches 0 as x — Zo through a set E whose density at zo is 
1. In some applications, it is necessary to have more information 
concerning the set E. For example, if u€ W'?(R"), p > n—1, then 
it can be shown that u has a regular approximate total differential at 
almost all points x9. The definition of this is the same as that for an 
approximate total differential, except that the set E is required to be 
the union of boundaries of concentric cubes centered at ro. To prove 
this, consider 


u(to + tz) — u(Xo) 


t — Lz), 


Ug, (t, z) = 


and define 
Yn. (t) = sup{|ue(z)| : z € AC} 
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where C is a cube centered at xo. Since 29 is fixed throughout the 
argument, let uz(z) = uz, (t, z). 


STEP 1. For each zg and each cube C with zo as center, observe that 
uz € W}P(C) for all sufficiently small t > 0. With 


ae, (t) = i ({us|? + [Dug|?) de 


prove that a,z,(t) > 0 as t — 0 for almost all xo. 


STEP 2. Show that u has a regular approximate differential at all xo 
that satisfy the conclusion of Step 1 and for which Du(o) exists. For 
this purpose, let L(z) = Du(zo) - z. Since u, € W1?(C), it follows 
that u; € W1?(K,) for almost all r > 0 where K;, is the boundary of 
a cube of side length 2r. Moreover, from Exercise 3.2, we know that 
uz is continuous on all such K,. Let 


gir) = i ([us|? + [Duy |? dE". 
K, 


Let E; = [1/2,1]N {r: yi(r) < ag, (t)!/?} and conclude that 


|({1/2, 1] — Ex)| < ae, (t)/?. 


STEP 3. Use the Sobolev inequality to prove that for z € K,,r € E;, 
and 3 = (n—1)/p 


1/p 
lus(2)| < Mr? ( / juan) 
Kr 


1/p 
+ Mri? ( / [DujPa”—) 
K, 


< Mr-Fy,(r)/? + Mri 4, (r)*/ 
< (M2? + M]az,(t)'/??, 


where M = M(p,n). 
STEP 4. Thus, for z € K, andr € Fi, 


Ya. (t-7) = r—} sup{|uz(z)| : 2 € Kr} 
< 2[M2° +1] - a, (t)!/”?. 


STEP 5. For each positive integer 7, let t; = 2-* and let E;, be the 
associated set as in Step 2. Set A = Uf2,F;, and note that 0 is a 
point of right density for A (Step 1) and that 72,(t) + 0 as t — 0, 
te A. 
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3.12. 


3.13. 
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Prove that @ defined in (3.6.2) belongs to C®(U — A). 


Give an example which shows that the uniformity condition in the 
second part of the statement in Theorem 3.5.7 is necessary. 


In this and the next exercise, it will be shown that a function with 
minimal differentiability hypotheses agrees with a C+ function on a 
set of large measure, thus establishing an extension of Theorem 3.11.6. 
For simplicity, we only consider functions of two variables and begin 
by outlining a proof of the following classical fact: If u is a measur- 
able function whose partial derivatives exist almost everywhere on a 
measurable set E, then u has an approzimate total differential almost 
everywhere on E. See Exercise 3.9 for the definition of approximate 
total differential. 


STEP 1. By Lusin’s theorem, we may assume that E is closed and 
that u is its partial derivatives are continuous on E. 


STEP 2. For each (x, y) € E consider the differences 
A(z, ys h, k) = |u(x + h, yt k) ot u(x, y) = hD,u(z, y) i kDou(z, y)| 


Ai(z,y;h) = |u(x +h, y) — u(x, y) — hDyu(z, y)| 
Aa(a, yy; k) = ju(x, yt k) —< u(x, y) = kD2u(z,y)| 


where D, = 0/O0x and Dz = 0/Oy. Choose positive numbers e, rT. 
Using the information in Step 1, prove that there exists o > 0 such 
that the set A C E consisting of all points (x,y) with the property 
that 

{a+h:Ai(z,y;h) < Th, (c+h,y) € E, 


a<az<b, |b—al| <a, |h| < |b—al}| > (1—e)|b-a| 


satisfies |E — A| < ¢. Perhaps the following informal description of A 
will be helpful. For fixed (x,y), let us agree to call a point (x + h,y) 
“good” if Ai(xz,y;h) < Th and (4 +h,y) € E. The set A consists 
of those points (x,y) with the property that if J, is any interval 
parallel to the x-axis containing z whose length is less than o, then 
the relative measure of the set of good points in J, is large. 


STEP 3. Now repeat the analysis of Step 2 with EF replaced with A to 
obtain a positive number o; < o and aclosed set B C A, |A—B| <e 
which consists of all points (x, y) with the property that 


y+k: Ao(a,y;k) < rk, (t1,y+k) € A, 


a<y<b, |b-—al<o, |k| < |b—al}| > (1 —e)|b-al. 
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3.14. 


STEP 4. Let og < 0, be such that 
|Diu(x + he, y + ke) — Dyula + hi,ytki)| <7 


for any 2 points (c+he, y+ke), (ethi,y+hk1) in E with |ho—hy| < 02, 
lke ar ky | < O71. 


STEP 5. Choose (zo, yo) € B and let R = [a1,bi] x [a2,b2] be any 
rectangle containing (Zo, yo) whose diameter is less than 02 < a1 <o. 
Let 


Eo = {(yo +k) : A2(t0, yo: k) < TIA, 
(xo, yo + k) € A, a2 < yo tk < by}, 
and for each (yo + k) 
Ex (yo + k) = {(20 +h) : Ar(z0, yo + ksh) <7IAl, 
(to +h, yo +k) € E}. 


Now for any (h,k) such that yo +k € Ey and zo +h € Ei(yo+ k), 
we have (tp +h, yo + k) € EN R and therefore 


A(xo, yor h, k) < A1(o, yo; h) + A2(Zo, yo; k) 
+ |h| |Diu(zo, yo + k) — Diu(zo, yo)| 
< 7({h| + |rI). 
From this conclude that 
IBN RN {(xo +h, yo +k) : A(xo, yo; h, k) < 27(|h| + [kI)} 
> (1—«)?(b1 — a1)(be — a2) = (1 —e)?|RI. 


STEP 6. Take R to be a square with (Zo, yo) as center and appeal to 
Exercise 3.8 to reach the desired conclusion. 


We continue to outline the proof that a function whose partial deriva- 
tives exist almost everywhere agrees with a C! function on a set of 
large measure. Let u be a real valued function defined on a measurable 
set E C R”, and for each positive number M and z € EF let 


A(z, M) = En {y: |u(y) — u(x)| < Mly — aI}. 


If A(x, M) has density 1 at x, u is said to be of approximate linear 
distortion at x. Our objective is to show that if u is of approximate 
linear distortion at each point E, then there exists sets E;, such that 
E =U, E; and u is Lipschitzian on each of the sets Ex. 
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STEP 1. If 2; and z2 are any two points of R”, then 
_ |B(21,|e2 — 21)) 0 Bae, [v2 — 211)| 
|B(x1,|22 — x1|)| + |B(x2, |e2 — 21))| 


is a positive number less than 1 which is independent of the choice of 
“1 and £2. 


STEP 2. For each positive integer k, let E;, be the set of those points 
xz € E such that |u(x)| < k and that if r is any number such that 
0<r<1/k, then 


B 
JAG OBEN yy 

|B(z,r)| 
Prove that E = Uf, Ex. 
STEP 3. In order to show that u is Lipschitz on E;,, choose any two 
points 21,2 € Ex. If |z2 — 21| > 1/k, then 

|u(x2) — u(ri)| < 2k? |ar2 — 24|. 
Thus, assume that 
1 
- <-. 
0< |xo x4| 25 


Let = 
Ai => A(#1,k) a) B(x, |zo = £1\), 


Ag = A(X2,k) Nn B(za, |z2 = 21). 
Prove that |A1M A2| > 0. If 2* € Ay M Ag, show that 
ju(x*) — u(a;)| <kla*-—a2;|, *1=1,2 
\x* —2;| < |zo—- 2,4, 4= 1,2. 
Now conclude that 


|u(re) = u(21)| < 2k|ze = xy|. 


STEP 4. If u has partial derivatives almost everywhere, appeal to the 
previous exercise to conclude that u is of approximate linear distor- 
tion at almost every point. Now refer to Theorem 3.11.6 to find a C+ 
function that agrees with u on a set of arbitrarily large measure. 


Suppose u € W1?(R"). Prove that for Byp-q.e. x € R”, u is abso- 
lutely continuous on almost every ray Az whose endpoint is x. 


Let f be a measurable function defined on [0,1] having the property 
that f’ exists everywhere on [0,1] and that |f’| is integrable. Prove 
that f is an absolutely continuous function. 
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Historical Notes 


3.1. The idea that an integrable function has a representative that can be 
expressed as the limit of integral averages originates with Lebesgue [LE2]. 
The set of points for which the limit of integral averages does not exist (the 
exceptional set) is of measure zero. Several authors were aware that the 
exceptional sets associated with Sobolev functions or Riesz potentials were 
much smaller than sets of measure zero, cf. [DL], [ARS1], [FU], [FL], [GI]. 
However, optimal results for the exceptional sets in terms of capacity were 
obtained in [FZ], [BAZ], [ME2], [CFR]. The development in this section is 
taken from [MIZ]. 


3.2. The results in this section are merely a few of the many measure 
theoretic density theorems of a general nature; see [F, Section 2.10.9] for 
more. 


3.3. Theorem 3.3.3 was first established in [FZ] for the case k = 1, and for 
general k in [BAZ], [ME2], and [CFR]. The concepts of thinness and fine 
continuity are found in classical potential theory although their develop- 
ment in the context of nonlinear potential theory was advanced significantly 
in [AM], [HE2], [HW], [ME3]. The proof of the theorem in Remark 3.3.5 
was communicated to the author by Norman Meyers. 


3.4. Derivatives of a function at a point in the L?-sense were first studied 
in depth by Calderén and Zygmund [CZ]. They also proved Theorem 3.4.2 
where the exceptional set was obtained as a set of Lebesgue measure zero. 
The proof of the theorem with the exceptional set expressed in terms of 
capacity appears in [BAZ], [ME2], and [CFR]. 


3.5. The spaces T*(E), t*(E), T* (x), and t*?(x) were first introduced 
in [CZ] where also Theorem 3.5.7 was proved. These spaces introduce but 
one of many methods of dealing with the notion of “approximate differen- 
tiability.” For other forms of approximate differentiability, see [F, Section 
3.1.2], [RR]. 


3.6-3.8. The material in these sections is adopted from [CZ]. It should 
be noted that Theorem 8 in [CZ] is slightly in error. The error occurs 
in the following part of the statement of their theorem: “If in addition 
f € t?(xo) for all xo € Q, then f € b,(Q).” The difficulty is that for 
this conclusion to hold, it is necessary that condition (1.2) in [CZ] holds 
uniformly. Indeed, the example in [WH] can be easily modified to show 
that this uniformity condition is necessary. Theorem 3.6.3 gives the correct 
version of their theorem. In order for this result to be applicable within the 
framework of Sobolev spaces, it is necessary to show that Sobolev functions 
are uniformly differentiable on the complement of sets of small capacity. 
This is established in Theorem 3.10.4. 

In comparing Whitney’s Extension theorem (Theorem 3.5.3) with the 
L?-version (Theorem 3.6.3), observe that the latter is more general in the 
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sense that the remainder term of the function u in question is required to 
approach zero only in L? and not in L®. On the other hand, the function 
is required to be defined only on the set E in Whitney’s theorem, while the 
condition u € t*(x) in Theorem 3.5.3 implies that u € L?[B(zx,r)] (for all 
small r > 0) thus requiring u to be defined in a neighborhood of z. 


3.9. Theorem 3.9.4 and the preceding lemmas are due to Calderén [CA4]; 
the remaining results are from [BAZ]. 


3.10. The main result of this section is Theorem 3.10.2 which easily implies 
that Sobolev functions are uniformly differentiable in L? on the complement 
of sets of small capacity. The proof is due to Lars Hedberg. Observe that 
the proof of Theorem 3.10.2 becomes simpler if we are willing to accept a 
subsequence {rj, } such that 


f lu(y) — u(x)/Pay — 0 
B(z,7:;) 


uniformly on R”—U where By,p(U) < €. This can be proved by the methods 
of Lemma 2.6.4. However, this result would not be strong enough to apply 
Theorem 3.6.3, thus not making it possible to establish the approximation 
result in Theorem 3.10.5. 


3.11. These results appear in [MIZ]. The main theorem (Theorem 3.11.6) 
is analogous to an interesting result proved by J.H. Michael [MI] in the 
setting of area theory. He proved that a measurable function f defined on 
a closed cube Q C R” can be approximated by a Lipschitz function g such 


that 
l{x: f(x) Fg(z)}| <e 


and |A(f,Q) — A(g, Q)| < « where A(f,Q) denotes the Lebesgue area of f 
on Q. Theorem 3.11.6 was first proved by Liu [LI] in the case m = £. 


A 


Poincaré Inequalities— 
A Unified Approach 


In Chapter 2, basic Sobolev inequalities were established for functions in 
the space Ww P(Q). We recall the following fundamental result which is a 
particular case of Theorem 2.4.2. 


4.1.1. Theorem. Let 2 Cc R” be an open set and 1 <p <n. There is a 
constant C = C(p,n) such that if u € Wo’? (Q), then 


Ill p50 < C||Dull1p;0 (4.1.1) 
where p* = np/(n — p). 


Clearly, inequality (4.1.1) is false in case wu is the function that is identi- 
cally equal to a non-zero constant, thereby ruling out the possibility that 
it may hold for all u € W1?(Q). One of the main objectives of this chapter 
is to determine the extent to which the hypothesis that u is “zero on the 
boundary of 2” can be replaced by others. It is well known that there are 
a variety of hypotheses that imply (4.1.1). For example, if we assume that 
Q is a bounded, connected, extension domain (see Remark 2.5.2) and that 
u is zero on a set S with |S| = a > 0, then it can be shown that (4.1.1) 
remains valid where the constant C’ now depends on a, n, and 2. This in- 
equality and others similar to it, are known as Poincaré-type inequalities. 
We will give a proof of this inequality which is based on an argument that 
is fundamental to the development of this chapter. A general and abstract 
version of this argument is given in Lemma 4.1.3. 

There is no loss of generality in proving the inequality with p* replaced 
by p. The proof proceeds as follows and is by contradiction. If (4.1.1) were 
false for the class of Sobolev functions that vanish on a set whose measure 
is greater than a, then for each integer 7 there is such a function u; with 
the property that 

I|uillpe 2 @[|Duillp;a- 


Clearly, we may assume that |lu;||1,),.9 = 1. But then, there exist a sub- 
sequence (denoted by the full sequence) and u € W1?(Q) such that u; 
tends weakly to u in W?(Q). By the Rellich-Kondrachov compactness 
theorem (Theorem 2.5.1, see also Remark 2.5.2) u; tends strongly to u in 
L?(Q). Since ||ui||1,p;2 = 1 it follows that ||Du,||p,o — 0 and therefore that 
||Dullp;.a = 0. Corollary 2.1.9 thus implies that u is constant on 2. This 
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constant is not 0 since ||u||p,.9 = 1. Now each u; is 0 on a set 5; whose mea- 
sure is no less than a. The strong convergence of u; to u in L?(Q) implies 
that (for a subsequence) u; — u almost everywhere on S = N72, UP; Si. 
Since |S| > a > 0, this contradicts the conclusion that u is equal to a 
non-zero constant on 2. 

A close inspection of the proof reveals that the result also remains valid if 
we assume f,, u(x)dz = 0 rather than u = 0 on a set of positive measure. In 
this chapter we will show that these two inequalities and many other related 
ones follow from a single, comprehensive inequality obtained in Theorem 
4.2.1. 


4.1 Inequalities in a General Setting 


We now proceed to establish an abstract version of the argument given 
above which will lead to the general form of the Poincaré inequality, The- 
orem 4.2.1. 


4.1.2. Definition. If X is a Banach space and Y C X a subspace, then a 
bounded linear map L : X — Y onto Y is called a projection if LoL = L. 

Note that 
Ly)=y, yey, (4.1.2) 


for there exists z € X such that L(x) = y and y = L(x) = L[L(«)] = L(y). 
4.1.3. Lemma. Let Xo be a normed linear space with norm || ||o and let 
X C Xo be a Banach space with norm || ||. Suppose || || = || llo+|| |l1 where 
|| lla 2s @ semi-norm and assume that bounded sets in X are precompact in 


Xo. Let Y= XN {zx: |x|], =O}. If LD: X — Y is a projection, there is a 
constant C' independent of L such that 


llc — L(x)|lo < Cl]L|| [lalla (4.1.3) 


for allxe x. 


Proof. First, select a particular projection L’ : X — Y. We will prove that 
there is a constant C’ = C’(||L’||) such that 


|x -— L'(x)\lo < C'llalla, (4.1.4) 


for all ¢ € X. We emphasize that this part of the proof will produce a 
constant that depends on L’. 
If (4.1.4) were false there would exist 2; € X such that 


llzs — L(x) lo > allel, 2=1,2,.... 
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Replacing x; by 2;/||z; — L’(x;)|lo it follows that 
Ilzi — L'(xs)|lo=1 and ||zi\}1 — 0. 
Let z; = x; — L'(2;). Then 


ill = Wei — L'(wa)|ha S llxalla + L"(wa) lla 
$ |Iailhs 

since ||L’(x;)||1 = 0. Hence, z; is a bounded sequence in X and therefore, 
by assumption, there exist a subsequence (which we still denote by {z;}) 
and z € Xo such that ||z; — z||o — 0. Since ||z;||1 — 0 it follows that z; is a 
Cauchy sequence in X and therefore ||z; — z|| > 0. Note that ||z||) = 1 and 
\|z||, = 0. Thus z 40, z € Y, and L’(z) = z by (4.1.2). But L’(z;) > L’(z) 
and L'(z;) = 0, a contradiction. 

The next step is to prove (4.1.3) for any projection L where C' does not 
depend on L. Let L: X — Y be a projection and observe that 


x —L(x)=a2-L' (rz) - L(x -L'(z)). 
Hence, by (4.1.4), 


llc — L(2)|lo < lla — L'(x)llo + |L(@ — L'(z))lo 
< C" lala + |L(e - L'(2))Ih 
SC" lala + [LI @ - L'@))II 
<C"|lx|l1 + (ZI [I(@ — L'(x))llo + lle] 


since ||L'(x)||, = 0. Appealing again to (4.1.4) we obtain, 


lz — L(x)llo < C'llrlls + LIC leila + Hells] 
= (C' + (C' + I)/IZ|I)llells. 


Since L is a projection, ||Z|| > 1 and the result now follows. oO 


We now will apply this result in the context of Sobolev spaces. In par- 
ticular it will be convenient to take X = W™?(Q). 

For notational simplicity, in the following we will let the characteristic 
function of 2 be denoted by 1. That is, let xq = 1. Also, let P,(R”) denote 
the set of all polynomials in R” of degree k. 


4.1.4. Lemma. Let k and m be integers with 0 < k < m and p > 1. 
Let 2 C R” be an open set of finite Lebesgue measure and suppose T € 
(W™-:P(Q))* has the property that T(1) # 0. Then there is a projection 
L:W™?(Q) > Py (R") such that for each ue W™?(Q) and all jal <k, 


T(D%u) = T(D*P) (4.1.5) 
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where P = L(u). Moreover, L has the form 
L(u) = $5 T(Pa(Du))2* 
lal<k 
where Py € P;,(R"), Du = (Du, Dou,..., Dru), and 
ir)" 
>c.{#t 
izy>c- (ty 

C = C(k,p,|Q|). 
Proof. If P € Py(R”) then P has the form P(x) = Yj) -9 4x7 and 


therefore 
D*P(0) = alag 


for any multi-index a. Consequently, by Taylor’s theorem for polynomials, 


k—-|a| 


is D°+8 P(O 
D° P(x) = > ee 
|2|=0 
or 
7 geal a 
D*P(z) = > Ga+B B! v 
|@|=0 
In particular, 
D°P(z) = a,a! 


if |a| = k. Thus, in order to satisfy (4.1.5), the coefficients a, of the poly- 
nomial must satisfy 

T(D%u) 
a!T(1) ’ 
if |a| = k. Similarly, if |a| = k — 1 then 


Qa = (4.1.6) 


(a+ 6)! 6 


D° P(x) = aga! + > Ga+p Bi 


|@|=1 
Consequently by using (4.1.6), (4.1.5) will hold if 


_ T(D*%u) (a + 8)! T(x") 
to = “OlT(1) Do tats alB! T(1)’ 


\|=1 
where |a| = & — 1. Proceeding recursively, for any |a| < k we have 


_T(D%u) 


(a+ 8)! T(x?) 
Go = “QIT(1) 


FOE” Ah. PAY.” 


(4.1.7) 
|e|=1 
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It is easily verified that L is a projection since L(u) = P implies D°[L(u)] = 
D°P for any multi-index a. But then, 


T(D%u) = T(D°P) = T[D°(Lu)] 


and reference to (4.1.7) yields the desired conclusion. 
In order to estimate the norm of L, let ue W™?(Q) with ||ullm,p.e < 1. 
Then ||L|| < ||L(w)||m,p:0 = ||Pllm.p;0 where P(x) = Df) 227. Now 


k 
|Pllmpa < C(|Q)) ye |a-|.- 


|y|=0 


To estimate the series, first consider |ag|, |a| = k. Note that for ja] = k 
and any non-negative integer @, 


T T\|-T(1)? ri \ ett 
At = oer £0 < O(6,p e.r.iay (Ht) (4.1.8) 


because T(1) < |Q|?/?||T'|. In particular, this holds for £ = k. Hence from 
(4.1.6) it follows that 


k+1 
Jao] < EH < o(kyp. I) (FE) (4.19) 


If |a| = k-1, k > 1, then from (4.1.7), (4.1.9) and the fact that ||T||/T(1) > 
[aj-¥?, 


|aa| < iy + C(k, |Q\) ps Qa+B at 


[@|=1 
<ctk,p,tay (ML) 


< o'(t,p,jan (HA ae 


| 
T(1) 


In general, if |a| = k —i, k > i, we have 


[Z| 
T(l 


vA" 


ie k+1 
Proceeding in this way, we find that 


k+1 
Iz < (kp, 10) (A) 0 


laal < < C(k,p, |Q\) Gan 


ala 


< O'(k, psi) (Ft 


ala 
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In the preceding analysis, if we knew that the distribution T was a non- 
negative measure py, then we would be able to improve the result. Indeed, 
suppose the measure satisfies the inequality 


| x*du(r) < My(Q) (4.1.10) 
Q 


for every |a| < k. Of course, such an M exists if either Q or spt y is bounded. 
Then the estimate of ||Z|| becomes sharper because, with T = p, the term 
T(x*)/T(1) in (4.1.7) is bounded above by M, thus implying that 


ILI < Ck, Men. 


Hence, we have the following corollary. 


4.1.5. Corollary. Let k and m be integers with 0 < k < m and p > 1. 
Let Q C R” be an open set and suppose p € (W™—*P(Q))* is a non- 
negative non-trivial measure satisfying (4.1.10). Then there ts a projection 
L:W™?(Q) + P;,(R") such that for each ue W™?(Q) and all |a| < k, 


p(D%u) = p(D*P) (4.1.11) 


where P = L(u). Moreover, L has the form 


L(u) = > w(Pa(Du))z” 


lal<k 


where Py € P;,(R"), Du = (Diu, Dou,..., Dru), and 


IZ <c- (4) 


C =C(k,p,M). 


4.2 Applications to Sobolev Spaces 


We now consider some of the consequences of the previous two results when 
applied in the setting of Sobolev spaces. Thus, if 0 < k < m are integers, 
p>land2Q C R” is a bounded, connected, extension domain (see Remark 
2.5.2), we employ Lemma 4.1.3 with X = W™?(Q) and Xo = W*?(Q). It 
follows from the Rellich-Konrachov imbedding theorem (see Exercise 2.3) 
that bounded sets in W™?(Q) are precompact in W*?(Q). Set |lullo = 
\[ul|k,po and |lull: = || D*+1ul|m—(e41),p;2 where D**1u is considered as the 
vector {D%u} Ja] = k +1. Clearly, ||u|] = |lullo + |lulla is an equivalent 
norm on W™?(Q). Moreover, it follows from Exercise 2.7 that ||u||, = 0 if 
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and only if u € P,(R"). If T € (W™-*?(Q))* with T(1) # 0, then Lemma 
4.1.4 asserts that there is a projection L : W™?(Q) — Py(R”) such that 


ir \*" 
Ll < — i 
Therefore, Lemma 4.1.3 implies 


Iu — L(u)|Ik,p;30 < Cl|LI| || D*** ulm —(e-+1),p:0 
Im \ 
<C (Fs [| DF+ all ne —(e-+1),9;0 


These observations are summarized in the following theorem. 


4.2.1. Theorem. Suppose 0 < k < m are integers and p> 1. Let QC R” 
be a bounded, connected extension domain. Let T € (W™-*?(Q))* be such 
that T(1) #0. Then, if L: W™?(Q) — P;,(R”) is the projection associated 
with T, 


et ares: 
lu — L(u)|le,p3a $C T(1) | De? ull m—(k-+1),p;0 (4.2.1) 
where C = C(k,p,). 


It will now be shown that the norm on the left side of (4.2.1) can be 
replaced by the L?’-norm of u — L(u), where p* = np/(n — mp). For this 
we need the following lemma. 


4.2.2. Lemma. Suppose m > 1 is an integer and p> 1. Let 0 C R” bea 
bounded extension domain. Then for each integer k, 1 <k < m-—1, and 
€ > 0 there is a constant C = C(n,m,p,k,¢,Q) such that 


||D*ullp;a <Cllullp.a + el|D™ullpa, we wmr(Q) (4.2.2) 


whenever u € W™?(Q). 


Proof. We proceed by contradiction. If the result were not true, then for 
each positive integer 7 there would exist u; € W™?(Q) such that 


|D¥usllpia > tllusllpss + €||D™sllps0- (4.2.3) 


By replacing u; by u;/||uéllm,p;2 we may assume that |lui||m.p.o = 1,7 = 
1,2,.... Hence, from Exercise 2.3 there is u € W™?(Q) and a subsequence 
(which we assume without loss of generality is the full sequence) such that 
uj — u strongly in W™—)?(Q). In particular u; > u in L?(Q). Since 


||D*uillp;e < ||2i||m—1,p;2 S Ils llm,p;025 (4.2.4) 
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it follows from (4.2.3) that u;j > 0 in L?(Q) and therefore u = 0. But then 
uj 2 0 in W™-1-?(Q) and consequently ||D*u;||p.0 > 0 by (4.2.4). This 
implies that ||D™u;||p.9 > 0 or u, > 0 in W™?(Q), a contradiction to the 
fact that ||uillmp;.0 = 1. Oo 


If v € W™?(R") has compact support, then it follows from the funda- 
mental Sobolev inequalities, namely Theorem 2.4.2, 2.9.1, and 2.4.4 that 


Ilellp» < Cllellm.p 


where p”* is defined by 


1 1m . 

—=--— if mp<n, 

p* ~ —p n 

l<p*<co if mp=n, 
and 

p* =o if mp>n. 


Since Q C R®” is an extension domain, u € W™P?(Q) has an extension 
to v € W™?(R") with compact support such that ||vllmp < Cllullmp;a- 
Therefore, 


Ilullp-;2 S Cllellp- 
<Cllu|lmp 
< Cllullm.pi0 
< C[llullp;a + ||D™ullp;0] (4.2.5) 


by Lemma 4.2.2. Now apply this to (4.2.1) while observing that D®(L(u)) = 
0, |a| = m, and obtain 


lu — L(u)|lp+;0 <C[llu- L(u)|lp.0 ea ||D™ ullp;0] 
pe glial wae 
<Cc T(1) || DT "ull m—(e-+1),p;0- 


We have thus established the following result. 


4.2.3. Corollary. With the hypotheses of Theorem 4.2.1, 


ITI 
T(1) 


4.2.4. Remark. In many applications it is of interest to know when L(u) = 
0. In this connection we remind the reader the coefficients of the polynomial 
L(u) are given by (4.1.7) and will be zero if T(D®%u) = 0 for 0 < Ja] < 
k. The question of determining conditions under which L(u) = 0 will be 
pursued in Sections 4.4 and 4.5. 


Iu Leeda 0 (LAL Da ces 
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4.3 The Dual of W™?(Q) 


In order to obtain more information from inequality (4.2.1) it will be helpful 
to have a representation of (W™?(Q))*, the dual of W™?(Q). This is easily 
accomplished by regarding W™?(Q.) as a closed subspace of the cartesian 
product of L?(Q). 

To this end let 


N = N(n,m) = 3 1 


O<|al<m 


be the number of multi-induces a with 0 < |a| < m. Let 


N 
TR,(Q) = [[27). 


i=1 


L,() is endowed with the norm 


1/p 
m 
( >» nt) if 1<p<oo 
llullp,v;0 = 


|o|=0 


: if p= 
oe IIe loo; if p = 00 


where v = {vq} € Lh, (). 


4.3.1. Theorem. Let 2 C R” be an open set. Then each linear functional 
T € (W™?(Q))*, 1 < p < 00, can be represented as 


T(u) = 3 ve va(z)D%u(x)dx for we W™P(Q), (4.3.1) 


|o|=0 
where v = {va} € LP (Q). 


Proof. Clearly, the right side of (4.3.1) defines an element T € (W™?(Q))* 
with 

IT] < Cllullp,n;2, 
see (2.1.5). In order to express T(u) in the form of (4.3.1) first observe 
that W™?(Q) can be identified as a subspace of L4,({). The operator 
D:W™?(Q) — LA,(Q) defined by 


D(u) = {D%u}, O0< |al<m 


has a closed range since W™?(Q)) is complete. Define a linear functional 
T* on the range of D by 


T*[D(u)]=T(u), we Ww™?(Q). 


186 4. Poincaré Inequalities—A Unified Approach 


By the Hahn-Banach theorem, there is a norm preserving extension 7” 
of T* to all of L4,(Q). By the Riesz Representation theorem, there exists 


v={utag}e€ LP (Q) such that 


Gp) = yy [va(@)mala)ae 


|a|=0 


whenever w = {wa} € Lh,(Q). Thus, if ue W™?(Q), we may regard 


Du = {Dau} € LX,() and therefore 


T(u) = T*[D(u)] = T’(Du) 


m 


In the event that 2 C R” is a bounded extension domain, the repre- 
sentation of (W™?(Q))* is slightly simpler, as described in the following 
result. 


4.3.2. Theorem. Jf 2 C R” is a bounded extension domain and 1<p< 
oo, then each element T € (W™?(Q2))* can be represented as 


T(u) = [ (ou+ > vaD%u) da (4.3.2) 


ja|=m 


where v, Va € L?'(Q), |a| =m. 


Proof. The proof is almost the same as in Theorem 4.3.1 except that now 
W”™-P(Q) can be identified with a subspace of L4,(Q) where N = k(m) +1, 
and k(m) = the number of multi-indices a such that |a| = m. Thus u € 
W™P(Q) is identified with (u, {D°u}\o|=m). In view of Lemma 4.2.2 this 
provides an isometric embedding of W™?(Q) into Lh, (). oO 


It is useful to regard the restriction of the linear functional T in Theorems 
4.3.1 and 4.3.2 to the space Y(Q) as a distribution. Indeed, if p € D(Q) 
is a Schwartz test function (see Section 1.7), then from (4.3.1) we have 


m™m 
T(y) = > / UVaD" p dx (4.3.3) 
lal=o” 2 
where vq € L?'(Q). In the language of distributions, this states that T is a 


distribution in Q with 


T= s (—-1)l¢ID*u, (4.3.4) 
|a|=0 
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where vq € L?'(Q). Similarly, if T is the functional in Theorem 4.3.2, then 


=u+ > (-1)!!D%v, (4.3.5) 


ja|=m 


where v, Ug € L? (Q). However, not every distribution T of the form (4.3.4) 
or (4.3.5) is necessarily in (W™?(Q))*. In case one deals with Wy”? (Q) 
instead of W™?(Q), distributions of the form (4.3.4) or (4.3.5) completely 
describe the dual space, for if T is a distribution as in (4.3.4), for example, 
then it possesses a unique extension to W,"’?({). To see this, consider 
u € Wy”?(Q) and let {y;} be a sequence in D(Q) such that y; — u in 
Wo”? (Q). Then 


IT(y:) -T -|> [rave Pi — VoD" pjdx 
|a|=0 

< 3 |D* (gi — P,)Ilpllvall’e 
|a|=0 


S [lv — P3llm.pllvallya — 0 


as i,j — oo. Thus, T(y;) converges to a limit, denoted by T(u), which is 
well-defined. T' is clearly linear and bounded, for if y; > u in Wo”?(Q), 
then 


|T(u)| = lim |T(ys)| < Jim IIT [l¢illmp 
100 100 
= | llullm.p- 


The norm ||T'| in this context is defined relative to the space Wy”? (Q). 
These remarks are formalized in the following theorem. 


4.3.3. Theorem. Let 1 < p< oo. If QC R" is an open set, then the dual 
space (W,”?(Q))* consists of all distributions T of the form 


T= 3 (-1)!*!D%u, 


where vq € L?'(Q). If Q is a bounded extension domain, then (Wj””(Q))* 
consists of those T such that 


=vut+ IG 1)!*1D%u, 


la|=m 


U,Vq € LP’ (Q). 
The dual space (W,""?({))* is denoted by W-™P' (2). 
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4.4 Some Measures in (W9’?())* 


We now exploit Theorem 4.2.1 and its Corollary 4.2.3 to derive some of the 
most basic and often used Poincaré-type inequalities. These inequalities 
are obtained below by considering Lebesgue measure and its variants as 
elements of (W™?(Q))*. 

In order to demonstrate the method that employs the results of Section 
4.2, we begin by reproving the inequality 


||D*ullp < C|D™ullp (4.4.1) 


for u € C§°(R"), where 0 < k < mare integers and p > 1. Suppose that the 
support of u is contained in some ball: spt u Cc B(0,r). Let 2 = B(0,2r). 
With this choice of 2, we wish to apply Corollary 4.2.3 by selecting T so 
that the associated projection L will have the property that L(u) = 0. 
Then by appealing to (4.2.2), we will have established (4.4.1). Define T € 
(wm—kP(Q))* by 


T(w) = : vw dx 
Q 
for w € W™-*P(Q), where v = xB(0,2r)-B(0,r): Since spt u C B(0,r), 
T(D°u) =0 for 0<|a|<k 


and therefore L(u) = 0 by Remark 4.2.4. Hence, (4.4.1) is established. 

In case 2 is a bounded open set and u € C§°(Q), a similar result can 
be established by defining u to be identically zero on the complement of 2 
and by considering a ball B(0,r) that contains 2. Since C§°(Q) is dense 
in wi *P(Q) the following is immediate. (Of course, this result also follows 
from the inequalities established in Chapter 2.) 


4.4.1. Theorem. Let 2 C R” be a bounded set. Let 0 < k < m be integers 
and p> 1. Then, there is a constant C = C(k,m,p, diam) such that 


||D*ullp:e < C||D™ ullp;a. 
for ue Wo”? (Q). 
A slight variation of the preceding argument leads to the following results. 


4.4.2. Theorem. Suppose 0 < k < m are integers and p > 1. Let 2 be a 
bounded extension domain. Suppose u€ W™?(Q) has the property that 


[ Drude =0 for 0<|lal<k, 
E 


where E CQ is a measurable set of positive Lebesgue measure. Then, 


Ilulle,p;0 << C||D** ull m— (+1) pi 
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where C = C(k,m, p,Q, |E}). 
Proof. Define T € (W™-*?(Q))* by 
T(w) = [ wae, wew™- PQ), 
Then T(1) 4 0, 


T(D°%u) =0 for 0<|al<k, 


and therefore by Remark 4.2.4 the associated functional L has the property 
that L(u) = 0. The result now follows from Theorem 4.2.1. Oo 


4.4.3. Corollary. If ue W™?(Q) has the property that D*u = 0 almost 
everywhere on E for 0 < |a| < k, then 


lle\l&:,p;0 < C||D*t ull m—(e-+1),p;0 


Theorem 4.4.2 provides a Poincaré-type inequality provided the integral 
averages of the derivatives of u over a set FE of positive measure are zero. In 
the next result, the integral average hypothesis is replaced by one involving 
the generalized notion of median of a function. If the sets A and B below 
are of equal measure, then we could think of 0 as being the median of u 
over AUB. 


4.4.4. Theorem. Let 2 € R” be a bounded extension domain and let 
ué€ WP(Q), p> 1. Suppose u>0 on A and u <0 on B, where A and B 
are measurable subsets of Q of positive Lebesgue measure. Then 


llullp;a < C||Dullp.a 
where C = C(p,n, |Al, |B]). 


Proof. Let 


a= | ude and p= | ude 
A B 
and define T € (W}?(Q))* by 


T(w) = / vudr, weW*?(Q) 
Q 


where v = (1/a)x4 — (1/8)xe. Then T(u) = 0 and the result follows from 
Theorem 4.2.1 and Remark 4.2.4. oO 


4.4.5. Remark. In the remainder of this section, we will include a small 
development of the notion of trace of a Sobolev function on the boundary 
of a Lipschitz domain as well as some related Sobolev-type inequalities 
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(Theorem 4.4.6 and its corollary). This material will be subsumed in the 
development of BV functions in Chapter 5, but we include it here for the 
benefit of the reader who does not wish to pursue the BV theory. 

If 2 C R® is a bounded Lipschitz domain and u € W1?(Q), 1 < p< 0, 
it is possible to give a pointwise definition of u on 02. in the following way. 
Since Q is an extension domain, let & denote an extension of u to all of 
R” where & € W!?(R"). Therefore, & has a Lebesgue point everywhere on 
R” except possibly for a set of By,,-capacity zero (Theorem 3.3.3). Since 
p > 1, we know from Theorem 2.6.16 that sets of B,,»-capacity zero are of 
H™—1-measure zero and therefore & is defined H"~1-almost everywhere on 
OQ. We define the trace of u on 02 by setting u = & on ON. 

We now show that this definition is independent of the extension &. For 
this purpose, we first show that at each Lebesgue point zo of w, there is a 
measurable set A such that the Lebesgue density of A at xp is 1 and that 
a is continuous at ro relative to A. Since 


} |a(x) — u(xo)|dx +0 as r—0, 
B(z0,7r) 


for each positive integer i, there is a number 7; such that the set E; = 
R" 2 {ax : |u(x) — u(xo)| > 1/7} has the property that 


|B(xo,7) N Ei 


seen ( <1r;. 4.4.2 
(Bao, <2, for r<r; ( ) 


We may assume that the sequence {r;} is strictly decreasing. Let 


B= J[B(wo, ri) oo B(x0,Ti-1)| N Ej. 


i=1 
We now will show that the Lebesgue density of EF at zo is zero, that is 


& |B(zo,r) N E| a 


lim Bae (4.4.3) 


Choose a small r > 0 and let k be that unique index such that rpii1 < 
r <x. For notational simplicity, let B(r) = B(ro,r). Then from (4.4.2) it 
follows that 
[oe) 
|B(r) NE| < |B) NB) 9 (Bers) — B(ri4))] 
i=k 


< 2-*|B(r)| + 2 2~*|B(rs)| 
i=k+1 
< 27*|B(r)| + 2-*|B(r)| 
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which establishes (4.4.3). Clearly, if we set A = R” — E we have that u is 
continuous at xo relative to A and that the Lebesgue density of A at xo is 
one. 

Because 2 is a Lipschitz domain, the boundary of 2 is locally repre- 
sentable as the graph of a Lipschitz function. Thus, the boundary can 
be expressed locally as {(x, f(x)) : « € U}, where U is an open ball in 
R”—! and f is a Lipschitz function. Recall from Theorem 2.2.1 that a Lip- 
schitz function is differentiable almost everywhere. Moreover, the function 
f : RR"! = R® defined by 


F (2) = («, f(z) 


is Lipschitz and carries sets of Lebesgue measure zero in R"~! into sets of 
H”~1-measure zero in R”. Consequently, OQ possesses a tangent plane at 
all H"~!-almost all points of OQ. From this it is not difficult to show that 
_ [Blo 7) NQ| _ 1 


l 
r0 |B(xo,7)| 2” 


for H"~1-almost all 29 € OM. Since the Lebesgue density of A at xo is equal 
to one, it follows that 
|B(zo,r)NQNA| 1 


lim —-———————— = =. 
r0 ([B(xo,7)| 2 


Also, because wu is continuous at Zo relative to A, it is clear that 


This shows that the value of &(xo) is determined by u in 2, thus proving 
that the trace of u on the boundary of 2 is independent of the extension 
tu. 

In the statement of the next theorem, we will let y denote the restriction 
of (n—1)-dimensional Hausdorff measure to 0Q. That is u(A) = H"~1(AN 


OQ) whenever A C R”. 


4.4.6. Theorem. Let 2 C R” be a bounded Lipschitz domain and suppose 
ue WP(Q),1<p<oo. Let 


c(u) -f udH"* =| udp. 
aa an 
Then p € (W'?(Q))* and 


( [ \u — c(u)|?” an)" <C ( i [Duar ae 
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where p* = np/(n—p) and C = C(n,p,Q). 


Proof. Because 2 is a bounded Lipschitz domain, u has an extension & 

to all of R” such that |li|l1,p < C|lulli,p,.2. By multiplying a by a function 

yp € C§°(R") with yp = 1 on 2, we may assume that & has compact support. 
In order to show that p € (W1?(Q))*, we will first prove that 


[edu s clot. (4.4.4) 


whenever v is a non-negative function in C§°(R”). From Lemma 1.5.1, we 
have 


fe dp = [ p(E,)dt (4.4.5) 


where E, = {x: u(x) > t}. By the Morse-Sard theorem, for almost all ¢, 
E is bounded by a smooth manifold. We now borrow an essentially self- 
contained result of Chapter 5. That is, we employ Lemma 5.9.3 and Remark 
5.4.2 to conclude that for all such t, E; can be covered by balls B(x;,7;) 
such that 


co 

Sort? < CH" [v0], (4.4.6) 

i=1 
where C is a constant depending only on n. Because OM is locally the graph 
of a Lipschitz function, it follows from (1.4.6) that there is a constant C 
such that p(B(z,r)) < Cr"~1. Thus, from (4.4.6) it follows that 


HE) < >) u( Blas, 7) 
1 
< eye < CH" (v(t). 


Appealing to (4.4.5) and co-area formula (Theorem 2.7.1), we have 


fou= i M( Ey )dt 


<C / * H-1(y-1(t)) dt 
0 


= C||Dolli 

< C(Q)||Dullp 

< Cllulli.p, 
thus establishing (4.4.4). 


If v is now assumed to be a bounded, non-negative function in W!?(R"), 
we may apply (4.4.4) to the mollified function v.. From Theorem 1.6.1 we 
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have that ||ve —v|l1,p — 0 and that v-(x) — v(x) whenever z is a Lebesgue 
point for v. From Theorem 3.3.3 we know that v has a Lebesgue point at all 
zx except possibly for a set of Bp capacity zero, therefore of H"~!-measure 
0, and therefore of y-measure 0. Consequently, by Lebesgue’s dominated 


convergence theorem, 
i ved > il v du. 


It now follows that (4.4.4) is established whenever v is a non-negative, 
bounded function in W1?(R). 
If we drop the assumption that v is bounded, then we may apply (4.4.4) 


to the functions 
ee k if v(x) >k 
ae v(x) if v(x) <k. 


It follows from Corollary 2.1.8 that v4, € W)?(R") for k = 1,2,.... Thus, 
an application of the Monotone Convergence theorem yields (4.4.4) for non- 
negative functions in W1?(R"), in particular, for 7+ and &. Hence (4.4.4) 
is established for a. 

From Remark 4.4.5 we have that u = & H"~1-almost everywhere on 02, 


and therefore 
/ udu = / udu 


< Cllall1,p 
< Cllullap:0- 


Thus, we have shown that p € (W?(Q))*, and reference to Corollary 
4.2.3 completes the proof. Oo 


The following is an immediate consequence of Theorem 4.4.6. 


4.4.7. Corollary. If 2 is a bounded Lipschitz domain and u € W1?(Q), 
p> 1, then 


i, {ude < Clllullrsa + [Dull 


and 
lull 2 < C Dulin + / i an 
a2. 


As mentioned in the beginning of Remark 2.4.5, these inequalities will 
be extended to the situation when u € BV, thus including the case p = 1. 
4.5 Poincaré Inequalities 


Here we further develop the results in Section 4.2 to obtain Poincaré-type 
inequalities for which the term L(u) in inequality (4.2.1) is zero. We will 
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show that this term vanishes provided the set {x : u(x) = 0} is sufficiently 
large when measured by an appropriate capacity. 
First, recall from Corollary 2.6.9 that if A C R” is a Suslin set, then 


Bep(A) = sup{Bzp(K): K C A, K compact}. 


Moreover, if K C R™ is compact Theorem 2.6.12 implies that there is a 
non-negative measure pz such that spt u Cc K, 


llge * Hl <1, 


and : 
w(R") = [Bep(K)]”? . 
Now consider u € W™—*-P(Q) where Q C R” is a bounded extension 
domain. Then wu has an extension & defined on R” such that ||d||m-kp < 


C|lullm—z,p;2. Without loss of generality, we may assume that & has com- 
pact support. From Theorem 2.6.1 it follows that wu has the representation 


U = 9m—k * f 


where f € L?(R”) and ||f||p ~ ||t||m—z,p- 
Now suppose that y is a non-negative measure with the properties that 
spt uw C 2 and 
9m—k * HE L? (R") 


where k is an integer, 0 < k < m. Observe that yz can be considered as an 
element of (W™~*(Q))* for if we define T : W™—*(Q) — R? by 


ru) = [ udu, 
then, 
[udu= [iid 
=f omn* fu 


= [om *x u- f dx, by Fubini’s theorem, 


< ll9m—& * Hllp’llfllp, by Hélder’s inequality, 
<C\l9m—k * Llp’ ||@4||m—k,p" 
<Cllom— * Mlpr I[t4||m—K,p;2- (4.5.1) 


Thus, » € (W™-*P(Q))*. 
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This leads to another application of Theorem 4.2.1 which allows the 
main constant in the inequality to be estimated by the capacity of the set 
on which wu vanishes. 


4.5.1. Theorem. Let 2 € R” be a bounded extension domain and let 
AC R” be a Suslin set with Bm—z,p(A) > 0 where 0 < k < m are integers 
and p> 1. Then, there exists a projection L:W™?(Q) — P;,(R”) such that 


lu — L(u)llipsa S C (Bm—kp(A))/? [LDF* ll m—ce+),0:0 
where C = C(k,m,p,2). 
Proof. From the above discussion, there exists a non-negative measure pL 


such that p is supported in A, 


IlQm—k * Llp <1 
and 1 
wR) > 5 (Bm—z(A))””. 


If we set T = p in Theorem 4.2.1, we have T(1) = p(R") > 0 and from 
(4.5.1) that 
IIT || < Cllam—z * Hllp: < C. 


The result now follows from Theorem 4.2.1 and Corollary 4.1.5. Oo 
4.5.2. Corollary. Let ue W™?(Q) and let 

N =Qn{2: D%u(x) = 0 for all 0 < |a| < kK}. 
If Bm—k,p(N) > 0 then 


llullk,ps0 < C (Bm—kp(N)) 1? || D**ullm—(e41),p30 


and 
Ilullpe0 < C (Bm—zp(N))~/? ||D** 1 ul|m— (441) p;0 


Proof. The coefficients of the polynomial L(u) in Theorem 4.5.1 depend 
upon 


T(D°%u) = [pred 


for 0 < |a| < k, and thus are all zero, (see Remark 4.2.4). The second 
inequality follows from Corollary 4.2.3. oO 


Because of the importance of the case m = 1, k = 0, we state the Poincaré 
inequality separately in this situation. 


4.5.3. Corollary. If u€ W)?(Q), then 
\lullp-;0 < C (Bip(N))~/? ||Dullp;e (4.5.2) 
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where N = {x: u(x) = 0}. 


4.6 Another Version of Poincaré’s Inequality 


We can improve the inequalities of Corollary 4.5.2 if we allow dependence 
on the set N and not merely on its capacity. In particular, if 7, k, and m are 
integers such that 0 < j < k < m, then the assumption Bm—zk,p(N) > 0 will 
be replaced by the weaker one, Bm_(x—;),p(N) > 0, provided an additional 
condition is added which requires dependence on the set N in the resulting 
inequality. 

To make this precise let 2 be a bounded extension domain and let N c 0 
be a Suslin set with the property that 


Bm—(k—j),p(N —-Z)>0 (4.6.1) 
for every set Z of the form 


Z= () {e:D*P(c)=0, 04 PE P(R")}. (4.6.2) 
jal<k-j 


These sets comprise a subclass of the class of algebraic varieties. Thus, for 
any algebraic variety of the form (4.6.2), we require some subset of N of 
positive capacity to lie in the complement of Z. 

Let M(N) denote the set of all non-negative Radon measures p, com- 
pactly supported in N such that 


Gm—(k—3) * u € LP (R”). 
Consider all functionals of the form 


T(u) = jf pred, we M(N), (4.6.3) 


where |a| < k—j. We will verify that all such T are elements of (W™?(Q))*. 
Let u € W™?(Q). Since N is an extension domain, there is an extension & 
of u to R” with ||&||m.p < Cllullm,p;a. From Theorem 2.6.1, we know that w 
has the representation % = gm * f, where f € L?(R”) and ||f\lp ~ ||&llm,p- 
Since yw is supported in N CQ, it follows that 


[prwdn = [ pridu. 


But D°a € W™—|¢?(R") and therefore 


D°t = Im-—|a| * 9 
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where g € L?(R”). By Fubini’s theorem we have 


jf pridu = fom +g du 
= f 9m * h-gda. 
It follows from (2.6.2) that 
Im—|a| * = Ge * (Gm—(k—3) * Ls 
where £ = (k — j) — |a|. Since 9m—(k—j) * HE L”' (R”) by assumption and 
ge € L'(R™), it follows from Young’s inequality that gm—a| * U € L?'(R"). 
Therefore an application of H6lder’s inequality yields 
[omdu= fom * bg dx 
S |l9m—|o| * Hle'Ilglle 
< l9m—|ce| * Llp" ||D° tl m—la,p- 


However, 
|| D° || m—|e|,p < \|@llm,p < Cllullm,p, 


thus proving that T € (W™?(Q))*. 
Let V c (W™?(Q))* be the space spanned by all such functionals T as 
defined in (4.6.3). Let 


Vo = {T|Px: T € V}, 
so that Vo C Pg. Observe that 
dim Vo = dim Py (R”) 


or 


Vo = [Pr(R”)]"; 
for if this were not true, there would exist 0 # P € P;,(.R”) such that 
T(P) = 0 for every T € V. This would imply 
[orpdu=o, lal sk 


for all » € M(N). That is, from Theorem 2.6.12, this would imply 
D*P(2) =0, 


for Bm—(k-;)-4-e. £ € N and |a| < k — j, a contradiction to (4.6.1) and 
(4.6.2). Therefore dim Vo = dim P;,(R") or Vo = [Px (R”)]*. This implies 
the existence of T, € V such that 


Ta (2?) = 60,8: (4.6.4) 
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Hence, if we define L : W™?(Q) — Px(R”) by 
m 
L(u) = >> Ta(u)e*, (4.6.5) 


then (4.6.4) shows that L is a projection. An appeal to (4.1.3) results in 
the following theorem. 


4.6.1. Theorem. Let Q C R” be a bounded extension domain. Suppose 
N CQ is a Suslin set such that (4.6.1) is satisfied. Then, with L given by 
(4.6.5), there is a constant C = C(j,k,m, N,Q) such that 


|| u = L(u)|lk,p;0 < C||D** ull n—(e-+1),p;0- 


The special nature of the projection L is what makes this result inter- 
esting. For example if we assume that D®u = 0 on N except possibly for 
& By—(k—j),p"null set, then all T of the form (4.6.3) are zero and therefore 
L(u) = 0. The following is a consequence. 


4.6.2. Corollary. Let 2 Cc R" be a bounded extension domain. Suppose 
N CQ is a Suslin set such that (4.6.1) is satisfied. If ue W™?(Q) is such 
that 

D°u(xz) =0 for Bm-(e-;),p-4-e- TEN 


and all 0 < jal << k—j, then 


Ilulle.p;2 S C\|D** ull m—(k-+1) p02 


where C = C(j,k,m, N,Q). 


4.7 More Measures in (W™?(Q))* 


The general inequality (4.2.1) involves a projection operator L : W™?(Q) — 
P;,(R”) which is determined by an element T € (W™~*?(Q))*. It is there- 
fore of importance to have an ample supply of elements in the dual of 
W™-*.P(Q) that are useful in applications. In Section 4.4 we have already 
seen that Lebesgue measure (more precisely, suitably normalized measures 
which are absolutely continuous with respect to Lebesgue measure) and 
normalized (n—1)-dimensional Hausdorff measure belong to (W™~*?(Q))*. 
The fact that these measures are elements of (W™~*?(Q))* allowed us to 
deduce interesting Poincaré-type inequalities. In this section we will per- 
form a finer analysis to establish that a large class of measures belong 
to (W™-*P(Q))*, including those that are obtained as the restriction of 
Hausdorff measure to sub-manifolds of appropriate dimension in R”. 
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We begin with a result that provides a generalization of the Sobolev 
inequality for Riesz potentials and also gives us a method of exhibiting a 
large class of measures that are elements of (W™~*?(Q))*. It will depend 
on the Marcinkiewicz Interpolation Theorem which we state here without 
proof. 

Let (po, go) and (pi, qi) be pairs of numbers such that 1 < pj < qj < ov, 
i = 0,1, po < pi, and qo # qi. Let ys be a Radon measure defined on R” 
and suppose T is an additive operator defined on C§°(R”) whose values are 
p-measurable functions. The operator T is said to be of weak-type (pi, qi) 
if there is a constant C; such that for any f € Cp°(R”), and a > 0, 


u({a : |(Tf)(x)| > a}) < (a *Cill fll.) 


4.7.1. Theorem (Marcinkiewicz Interpolation Theorem). Suppose T is 
simultaneously of weak-types (po,qo) and (pi,qi). If 0< 0<1, and 


1-6 6 
1/p = —+— 
/P Pp Pi 
1-0 6 
1/q = —— a) 
/ q Pi 


then T is of strong type (p,q); that is, 
ITfllanw S CCA Ci lfllp: f € Co(R"), 
where C = C(pi, qi, 6), t = 0,1. 


We are now in a position to prove the basic estimate of this section which 
is expressed in terms of the Riesz kernel, J;,, that was introduced in Section 
2.6. 


4.7.2. Theorem. Let p be a Radon measure on R” such that for all x € R” 
and 0<r< oo, there is a constant M with the property that 


u[B(a,r)] < Mr* 


where a = q/p(n—kp),k >0,1<p<q<o, and kp<n. If f € L*(R"), 
then 


1/q 
(/\exsidu)  som*isi 
where C = C(k,p,q,n). 


This inequality is obviously an extension of the Sobolev inequality for 
Riesz potentials that was established in Theorem 2.8.4. In that situation, 
the measure py is taken as Lebesgue measure. In Remark 4.7.3, we will 
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discuss further what other measures play an important role in the inequality 
of Theorem 4.7.2. 


Proof of Theorem 4.7.2. For t > 0 let 


At = {y: Ie *|f|(y) > th. 


Our objective is to estimate y(A;) in terms of ||f||p. Let wz = “| Ar. Then 


tu(At) =) I, * |fldu = jo + |fldue 


a [ _Te* we(a) If (@) Ide (4.7.1) 


where the last equality is a consequence of Fubini’s theorem. Referring to 
Lemma 1.5.1 it follows that 


Ip * pe(2) = wD [ Lt [2 (2,r/@-"))] dr 


= a E H1[B(a, r)|\r*-" 1dr. 


For R > 0 which will be specified later, (4.7.1) becomes 


Hijo! “5 Bf I. LF (2) ue B(@, r)Jr*-" Ader dr 


+o 8 a |f (x) |ue[B(a, r)\r*—” "da dr 


=h+h. (4.7.2) 


Since p[B(zx,r)] < Mr® by hypothesis, the first integral, I), is estimated 
by observing that 


ue[B(2,7)] < me[B(a, r)}/? (Mr*)*/? 


and then applying Hélder’s inequality to obtain 


I< oe) MP 7 os k—n—-1+(a/p) 
1s lf llp Hr[ B(x, r)|dx r dr. 
1(k) 0 Rt 


(4.7.3) 
We now will evaluate 


i BCE de: 
Rr 


For this purpose, consider the diagonal 


D=(R" x R")N{(a,y) 2 =y} 
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and define for r > 0, 
= (R" x R") 1 {(2,y): |e —y| <r}. 


Finally, let F = yp,. Then, by Fubini’s theorem, 


[i mtwteriae= ff aetna 
=f fr (x, y)dus(y)dx 
=f f Peudeduty) 


=f. |B(y,r)| due(y) 
= a(n)r" (At). 


Therefore (4.7.3) yields 


Hire al IlpM/Pa(n)/? (Ay) /? RE)? 


Similarly, by employing the elementary estimate 


h< 


+[B(z,7r)] < Mw [B(a, r)P/? w(At)!/?, 


we have 


1/p' 
Ins Ae ¥(k) z Oa (/. p{B(e,r)]az pk-"—ldp 


p(in-—k ae 
~ lw Aer)” RE n/p. 
Hence 
kp — (n _ a) 


i hes Dato?! tly | 
(Ar) RE-”/P 
n—kp 


In order for this inequality to achieve its maximum effectiveness, we seek 
that value of R for which the right-hand side attains a minimum. An ele- 
mentary calculation shows that 


202 4. Poincaré Inequalities—A Unified Approach 
and the value of the right-hand side for this value of R is 
p(n —k)a 1/p' ygi/ 1—1/ 
SS in) OM A I fll p- 
(yn php =n + ay”) Tae 
Consequently, from (4.7.2) 
tu(Ar)/9 = ty(As)u(At) 44 
Z ( p(n — k)a 
~ \y(k)(n — kp)(kp — n + a) 
- (w(Ae)?-4/4u( Ae)! I fly) 


eee 3: Speed n 1/p' yfi/ 7 
CeCe yl? MI flp (4.7.4) 


Expression (4.7.4) states that the Riesz potential operator J, is of weak 
type (p,q) whenever p and q are numbers such that 


a(n)" m/*) 


l<p<q<w, kp<n. (4.7.5) 


Hence, if (po, qo), (p,q) and (pi, q1) are pairs of numbers such that (po, qo), 
(pi, 41) satisfy (4.7.5) and for0 <6 <1, 


1-0 0 
1/p = —+ — 
Ip D P1 
1-0 6 
1/q= ty 
qo Pi 


then the Marcinkiewicz Interpolation Theorem states that J}, is of type 


(p,q), with 
Ze * flaw S CM 4\lf\lp, 


thus establishing our result. Oo 


4.7.3. Remark. The number a that appears in the statement of Theorem 
4.7.2 is equal to n when g = np/(n — kp) = p*. In this case the conditions 
of the theorem are satisfied by any measure yp that is absolutely continuous 
with respect to Lebesgue and that has bounded density. In particular, if 
we take yw as Lebesgue measure, we can recover Theorem 2.3.6, which is 
Sobolev’s inequality for Riesz potentials. 

Theorem 4.7.2 also provides an inequality for Riesz potentials restricted 
to a lower dimensional submanifold M> of R”. For example, if M? is a com- 
pact, smooth A-dimensional submanifold of R”, then it is easy to verify that 
A-dimensional Hausdorff measure restricted to M satisfies the condition of 
Theorem 4.7.2. That is, if we define u by 


u(E) = H(ENM%), 
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for every Borel set E C R”, then there is a constant M such that 


p[B(ax,r)] < Mr? (4.7.6) 
for every ball B(x,r) C R”. Now let f € L?(R”) and consider the potential 
u= I, * fs 


By Theorem 4.7.2 we have 


— yt 
( fe an) < Cllflp 


where \* = Ap/(n — kp), n — A < kp <n. In other words, 


: 1/d* 
( fc twcor aH(2)) < Cllfll (4.7.7) 
M> 


where C = C(k, p,A,n, M). Note that the constant C depends on M which, 
in turn, theory, it is sometimes possible to obtain an equality similar to 
(4.7.7) where the constant is independent of the manifold. 

Inequality (4.7.7) is valid for Riesz potentials u = J;, * f and thus does 
not automatically include Sobolev functions. However, it is immediate that 
Theorem 4.7.2 and (4.7.7) apply as well to Sobolev functions u € W*?(R") 
because Theorem 2.6.2 states that u can be represented as 


Uu=gr*f 


where gz is the Bessel kernel, f € L?(R") and ||f|lp ~ |lullk,p. Moreover, 
we know from (2.6.3) that there is a constant C' such that gx(x) < CIk(z), 
z#0. 

To reassure ourselves that the integral on the left-side of (4.7.7) is mean- 
ingful, recall from Theorem 3.3.3 that u is defined pointwise everywhere on 
R®” except possibly for a set A with Ryp(A) = 0. Therefore, by Theorem 
2.6.16, H"—*P+*(A) = 0 for every € > 0. By assumption, \ > n — kp and 
consequently H*(A) = 0. Thus, wu is defined H* almost everywhere on M* 
which is in accord with inequality (4.7.7). 

Also, we observe that if yz is a non-negative measure on R” with compact 
support, and otherwise satisfies the conditions of Theorem 4.7.2, then p € 
(W*?(Q))* whenever Q is a bounded extension domain. To see this, let 
u € W*P(Q) and let & be an extension of u to R” such that |lallk.p < 
Cllullk,p;2- Because @ € W*?(R"), we have 


U=gr%xf 


where ||f|lp ~ |léllk,p- Hence, by Theorem 4.7.2 and the fact that spt yu is 


compact, 
1/q 
[iuituse(f lulu) < Cll 
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= Cllulle,p 
< Cllulli,p;0- 


This establishes the following result. 


4.7.4. Theorem. Let 2 Cc R” be a bounded extension domain and suppose 
p is a compactly supported Radon measure on R” with the property that if 
€ > 0, there is a constant M such that 


p[B(x,r)] < Mr?—*Pte, 


for all x € R® and all r > 0, where kp <n, p> 1. Then pw € (W*P(Q))*. 


This result obviously is not sharp and thereby invites the question of 
determining an optimal condition for p to be an element of (W*?(R"))*. 
By using a different approach, it is possible to find a condition, related 
to the one in the theorem above, that provides a characterization of those 
Radon measures that are elements of (W*?(R"))*. 

For this purpose, we need a few preliminaries. If 1 is a Radon measure, 
we will use the fractional maximal operator 


Myp(x) = sup{r*-"y[B(2x,r)] : 7 > Of. 
There is an obvious relationship between the Riesz potential of and the 
fractional maximal operator: M;,(z) < CI,* u(x) for every x € R”, where 
C = C(k,n). The opposite inequality in integrated form is not so obvious 
and is implied by a result due to [MW]. It states that for every 1 < p< co 
and 0 < k <n, there exists C = C(k,p,n) such that 
IZ * Hllp < Cl|Miully. (4.7.8) 


The (k, p)-energy of is defined as 
Ex,p(H) = A (ge p)? de. 
Since the Bessel kernel is dominated by the Riesz kernel, we have 
Exp(u) SC is (Tex up dx 
= fh ten) ee NOP ae 
= a Tk (Ix * p)'/’-Ydy, by Fubini’s theorem. (4.7.9) 


The expression 
Th * (ex wo 
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is called the non-linear potential of p. 


4.7.5. Theorem. Let p > 1 and kp < n. If pw is a Radon measure, then 
uw € (W*P(R”))* if and only if 


Lf ee fants) < 20 (4.7.10) 


Proof. In order to avoid technical details involving the behavior at infinity, 
we will give a proof for measures p with compact support. 

If » is such a measure with g, * pb € L?’, then by Fubini’s theorem and 
with u = gy * f we can write 


futu= fox tan 
= f +n: fae 


S llge * uly I fll 
S Clon * ullp’llulle.ps 


which implies that p € (W*?(R"))*. Conversely, if  € (W*?(R"))*, then 
the reflexivity of L? implies that gy, * yu € L?’. Therefore ys is an element 
of (W*?(R"))* if and only if ||gx * ul|p: < 00, i.e., if and only if the (k, p)- 
energy of y is finite. 

We proceed to find a (sharp) condition on » that will ensure the finiteness 
of its (k, p)-energy. For each r > 0, 


B 2° ufB(x,t))|® at\ 
Hee <o( i else i] *) 


ue (a pecs “yn 
0 a 
Myu(z) SC (f° [etetesn)” ys 


Expl) $C few uP dz 
Rr 


Thus, 


Therefore, 


<C i= (Mnu)?’de, by (4.7.8), 


y[B(2,t)]]” dt 
<of f° [AAS 7 de 
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Now to evaluate the last term, we have 


| plB(e, 0 de = | p[B(a, t)]}/@-» p[B(a, t)]dx 
R” Rr 


/(p-1) 

< ip , (12009 : I 7 0) dex 
1/(p—1) 

< / ; ( i a u[B(y, 2)? a) dx 


< fi (f Feaue, 201° Pau(y)) ae 
< i _HIB(y,24)2/°-Y | B(x, t)ldu(y) 


where F(z,y) = xp, and D; = R” x RN {(z,y): |e —y| < t}. Therefore, 


Exp(u) SC | ey a LB y, 2)°-Y |BCe, aula) 


<of f° (ewe _ ; < an(y). 


Since y has compact support and finite total mass, it is evident that the 
expression on the right side of the above inequality is finite if and only if 


ff (wea) aay) coe 


This establishes the sufficiency of condition (4.7.10). 
For the proof of necessity, we employ the estimate 


gn(x) > Cla|\*-"e-7!"!_ for ce R", #0 (4.7.11) 
(see Section 2.6). As in (4.7.9), we have 


Ex,p(H) = a (gx * uw)? de = a 9k * (ge * w) PY dy. 


To estimate the last integral, let f = (g, * u)!/-" and use Lemma 1.5.1 
and (4.7.11) to obtain 


n+ f(0)>C | (/,. Fy) ie mere 


Clearly, for r > 0, 


1/(p—1) 
fly) > ( ie ttl san()) 
yr 
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and therefore, 


le.e) 


n+ f(e)>C | 


ue /(p-1) 
dr 
> cf r” / gn (y — z)dp(z) dy | r®-"e— 2" — 
0 Biy,r) Us 
1/(p-1) d 
r® (/ tens) dy phn or OF 
Biy,r) r 


HBly, ae eo eh 
rh—kp 


>of" 
0 


This implies 


Exp(H) = cf [ : (Gann ae eT aly ) 


By r))\O ap'p ar 
ah (thy !) *P"— duly) 


1/(p-1) 
ae u[Biy,r dr 
> Ce *P fey Ga pn—kp 1) = duty) Oo 


4.8 Other Inequalities Involving Measures in 
(wre) 


We now return to the inequality (4.2.1) for another application. It states 
that 


r 


T 
lu — L(u)|lkpa <C ( a ie || DE + ull m— (+1) p;0 


where T € (W™—*P(2))* and L : W™?(Q) — Py(R”) is the associated 
projection. L(u) has the form 


L(u) = ST T(P.(D)u)x* 
Ja|<k 
where P, is a polynomial of degree |a| whose argument is D = (Dj,..., Dn). 


In Corollary 4.5.2 we found that L(u) = 0 if Bm—z,p(N) > 0 where 
N =QN {a2: D*u(z) = 0 for all 0 < |a| < k}. 


This was proved by the establishing the existence of a measure p > 0 
supported in N with p € (W™-*?(Q))*. By taking T = y it clearly follows 
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that 
Lu) = > / P,(D)udu = 0. (4.8.1) 


lal<k 


Now, if y is taken as any non-negative measure in (w™—*P(Q))* with the 
property that 


[Drudu=0 for all 0< lal <k, 


then (4.8.1) holds. This observation along with Theorem 4.2.1 and Corol- 
lary 4.2.3 yield the following result. 


4.8.1. Theorem. Let p > 1 and suppose 0 < k < m are integers. Let 
QC R” be a bounded extension domain. If p is a non-negative measure on 
R” such that p € (W™-*P(Q))*, u(R") #0 and 


[peu =o for all 0<|al<k, 


then 
Ilulle.p;2 < Cl|D*** ull m—(e+1),p30 


and 
[lull p= < Cl] D** ullm—(e41) p32 


where C = (k, p,m, p,Q). 
In particular, with k = 0 and m = 1, we have 
llullp-;a < Cl|Dullp,o 
if up € (W)?(Q))* and 
udp = 0. 


From the preceding section we have found that a non-negative measure 
p with compact support belongs to (W™—*-?(Q))* if, for some e > 0, 


w[B(z,r)] 
sup { OE sre RY, r>0? <o. (4.8.2) 
Consequently, if A is an integer such that \ >n—(m—k)p+e and M? is 
a smooth compact manifold of dimension A, then H* | M? is a measure in 
(W™-*P(Q))*. As an immediate consequence of Theorem 4.8.1, we have 


4.8.2. Corollary. Let \ be an integer such that X > n-—(m—k)pt+e 
where p > 1 and ¢ > 0. Suppose M>* is a smooth compact submanifold 
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of dimension X of R", Q C R” is an eztension domain and suppose u € 
W™P(Q) has the property that 


| D*udH* =0 forall 0<|al|<k 
M*nQ 


where H*(M*NQ) #0. Then 
Wlulleps2 S Cl| DD ullm—(e+1),p30 


and 
Ilullp:;0 < Cl] D*t ull m— +1) ps0 


where C = C(k, p,m, M?,Q). 


4.9 The Case p= 1 


The development thus far in this chapter has excluded the case p = 1, 
a situation which almost always requires special treatment in L?-theory. 
Our objective here is to extend Theorem 4.7.2 to include the case p = 1. 
Since the analysis will depend upon estimates involving ||Dul|1, it is not 
surprising that the co-area formula (Theorem 2.7.1) will play a critical role. 
We begin with the following lemma that serves as a first approximation to 
Theorem 4.7.2 in the case p = 1. We will return to this later (in Chapter 
5) for a complete development in the setting of BV functions. 


4.9.1. Lemma. Let p > 0 be a Radon measure on R” and q a number 
such that 1<q<n/n-1. If 


sup {MeO so RY r>ob em 


for some M > 0, then there exists C = C(q,n) such that 
1/q 

( i) udu) <CM4\ Dull; (4.9.1) 
whenever u € C5°(R”). 
Proof. First consider g = 1 and refer to Lemma 1.5.1 to conclude that 

[oe) 
jd -{ p(y) dt (4.9.2) 
0 


whenever u € OS°(R™) is non-negative. Here E; = {x : u(x) > t}. Because 
u is continuous, OE; C u~1(t) for each t > 0; moreover the smoothness 
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of u and the Morse-Sard theorem states that u—1(¢) is a smooth (n — 1)- 
manifold for almost all t > 0. Consequently, Lemma 5.9.3 and Remark 5.4.2 
imply that for all such ¢ there exists a covering of E; by a sequence of balls 
B(a;,7;) such that 


Sort! < CHAE) < CH ({u-"(}) 


i=1 


where C = C(n). Hence, 


LE) < Ss; L[B(ai, r:)| 


i=1 


< Myo 
< CMH" [(u-(0)}] 


where C’ = C(n). Referring to (4.9.2) and the co-area formula (Theorem 


2.7.1) we have 
co 
fuaw= [ cenae 
) 


foe) 
com [HN {u(n}yat 
0 
=CM ‘i, |Du| dz. 
Rr 
If wu is not non-negative, write |u|] = ut — u~, and apply the preceding 


argument to ut and u™ to establish our result for g = 1. 
Now consider g > 1 and let g € L’ (), g > 0. Then, Hélder’s inequality 


implies 
1/q' 
i gdu< ( i va) [B(x r)}/4 
B(z,r) B(z,r) 


< M4\g|lqiur” 


Thus, gu is a Radon measure which satisfies the conditions of the lemma 
for q = 1. Consequently, if u € C§°(R”) we have 


a lulg dy < CM™ gl ay I |\Dulde 


for allg € LT (yu), g > 0. However, by the Riesz Representation theorem, 


Fella = sup { [ilo aol <1, 92 0} 
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and our result is established. Oo 


4.9.2. Remark. The restriction g < n/n—1 in the lemma is not essential. 
If g > n/n —1, the lemma would require a Radon measure p to satisfy 


u[B(a,7r)] < Mr™ 


for all c € R”, all r > 0, and some m > n. However, there is no non-trivial 
Radon measure with this property. In order to see this, let U C R” bea 
bounded open set. Choose € > 0 and for each x € U, consider the family 
G, of closed balls B(x,r) such that 0 <r < ¢ and B(z,r) C U. Defining 


G={B:BeG,,2 €U} 


we see that G covers U and thus, by Theorem 1.3.1 there is a disjointed 
subfamily F C G such that 


UCU{B: BEG} CU{B: Be F}. 
Hence, denoting the radius of B; by rj, we have 
WU) < >> w(Bi) < MSO (5ri)™ 

BeF i=1 

[o.e) 
< Mb™em—2 > rn 

i=1 
< M5™e™—"|U]. 


Since U is bounded and « is arbitrary, it follows that u(U) = 0. oO 


Our next objective in this section is to extend inequality (4.9.1) by re- 
placing ||Dul|, on the right side by ||D‘ul|:. For this purpose it will be 
necessary to first establish the following lemma. 


4.9.3. Lemma. Let pp > 0 be a Radon measure on R",E <n, lsq< 
(n—£+1)(n—2£) and r~! =1—(q—1)(n—2)/n. Then there ts a constant 
C such that for all x € R” and r > 0, 


re (ADIT, « bl|-;B(2,r) S C sup{r’-"4y[B(z, r)]|:2€ R",r > O}. 


Proof. It will suffice to prove the lemma for « = 0. An application of 
Minkowski’s inequality for integrals yields 


d T l/r 
if | wy) da 
B(0,r) \ J B(0,2r) |x — y| 
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d 1/r 
xv 
. — ace | aHLY)- (4.9.3) 
_ (2 ln — to) 
Observe that 
Bon) w= I aonnayn ewe 


+f de 
B(0,r)—B(y,r) |x mat y|e—De 


The first integral can be estimated by 


/ ae < Or?—7(n-1) 
Biy,r) |x - yas ~ 


and the second integral is dominated by r?~7("—1), Here we have used the 
fact that (n — 1)r < n. Thus, 


| dx < Cpe). 
Bon = or — 


and therefore from (4.9.3) 


T 1/r 
pe-(n41) i / du(y) at 
B(0,r) \J B@,2r) |e — y|™-Y 


< Cr'&")44/B(0, 2r)]. (4.9.4) 
If |x| <r and |y| > 2r, then |y| < 2|y — z|. Consequently, 


T l/r 
pe-(n+1) i i duly) re 
B(0,r) \JIyj>ar |e — yl[e-D 


< On-D=(a-1(n—£) / duty) (4.9.5) 
|y|>2r ly|"—4 


Appealing to Lemma 1.5.1, we have 
d ee) 
i WY) < (9 — 1) / u[B(0, t)]t-" dt. 
ly 2r 


|>2r ly|"—2 os 


Now define a measure v on R! by v = t("-99-"d¢ and write 


| ‘- p[B(0, t)]t~"dt = | ‘s u[B(O, t)}t¢-™)4av 
2r 2 


T 


co 
< sup {ray [B(0, ni} f dv 
r>0 2r 


Se aaa sup r(€-")4[B(0,r)]. 
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This combined with (4.9.5) and (4.9.4) yield the desired result. Q 
We are now prepared for the main result of this section. 


4.9.4. Theorem. Let > 0 be a Radon measure on R” and let £< n, 
q> 1. Then if 


sup {MF soe RY r>0h= coo, 


there exists C = C(q,n) such that 


i/q 
¢ udu) < CM4|D ula 


whenever u € Co°(R"). 


Proof. If ¢ =n, then for u € C§°(R”) and z € R”, 
u(a) < [ [Dralay, 
Rr 


from which the result follows. 

If 1 =2< n, the result follows from Lemma 4.9.1. 

Next, consider the case 2 < n, £ > 1 and gq > n/(n — 1). Since u € 
C§$°(R”), it follows that u € we i YR”) and therefore u = ge_1 * f, 
f € L"/(@-)(R") with ieee ~ |lulle-tyn/(n—1) © |]D°~*ulln/(n-1)- 
Thus, Theorem 4.7.2 implies 


Wellaw S CM™4|| Dt ulln/(n—-1)- 


Since ||D*"1||nn—1 < C||D*ull1 by Theorem 2.4.1, our result is established 
in this case. 

Finally, consider £ < n, £ > 1, and g < n/(n — 1). We proceed by 
induction on £, assuming that the result holds for derivatives of orders up 
to and including @— 1. As in (2.4.5), 


a |x — yl? 


J iw(orltau(a) < © 
Rn 


< caf |Du| |u|?~"Z, « wdy (by Fubini’s theorem) 


Rr 


< Cq|lull2, aes _oll |Du|I, * ||, (by Hélder’s inequality) 
where r~! = 1 — (q —1)(n — £)n“?. By Sobolev’s inequality, 
ull tin os C\|D‘ullt~. : (4.9.6) 
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To estimate |||Du|Ji * p||; let m be a measure on R” defined by m = 
(I, * u)"dx and apply the induction hypothesis to obtain 


I] |DulLa * alle = |] |Dul [lem 
< Csup{r-)-"m[B(a,r)]/7 sr > 0,2 € R"}||Doull 
= Csup{r—D-" 1h, * pll-;B(@,r) 27 > 0,0 € R"} ||Doulls. 


This combined with (4.9.6) and Lemma 4.9.3 establishes the proof. Oo 
Exercises 


4.1. Give a proof of Corollary 4.5.3 based on the argument that imme- 
diately precedes Section 4.1. You will need the material in Section 
2.6. 


4,2. The following provides another method that can be used to define 

the trace of a Sobolev function u € W)?(Q) on the boundary of a 
Lipschitz domain 2. 
STEP 1. Assume first that u € C1(9), u > 0. For each zp € OQ and 
with the (n + 1)-cube centered at ro with side length 2r denoted by 
C(ao,r), we may assume (after a suitable rotation and relabeling of 
coordinate axes) that there exists r > 0 such that C(ao,r) N OQ can 
be represented as the graph of Lipschitz function f where the unit 
exterior normal v can be expressed as 


(Dif, .--,Da,f,1) 


vi+|Df? 


H”-a.e. on C(z9, 7) N OQ. With en41 = (0,...,1) and under the as- 
sumption that spt u C C(2zo,r), appeal to the Gauss—Green theorem 
(see Theorem 5.8.7) to conclude that there exists a non-negative con- 
stant C’, depending only on the Lipschitz constant of f, such that 


| udH” < cf (uen+1)-vdH” 
an an 
=o) div(uen+1)dx 
Q 
<C vy pula: 
) 


If u assumes both positive and negative values, write |u| = ut + u 


to obtain 
i jul dH” < cf |Du| dz. 
an Q 
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4.3. 


4.4, 


4.5. 


STEP 2. With no restriction on sptu, use a partition of unity to 
obtain 


i lu] dH™ <C i (jul 4:|Dupae:. 
aQ Q 
STEP 3. Prove that 
i, |ulPdH” < ¢ [ur + |Dul?)dx 
an Q 


by replacing |u| by |u|? in the preceding step. 


STEP 4. Now under the assumption that u € W)?(Q), refer to Ex- 
ercise 2.17 to obtain a sequence of smooth functions ux such that 
luz — ull1,p;2 + 0 and 


| \uj, — uel?dH” +0 as k,l 00. 
6a 


The limiting function u* € L?(OQ) is called the trace of wu. 


Prove that u* obtained in the preceding exercise is equivalent to the 
trace obtained in Remark 4.4.5. 


Prove the following Poincaré-type inequality which provides an esti- 
mate of the measure of {|u| > k} in terms of ||Dul|,. Let u € W)?(B) 
where B is an open ball of radius r and suppose yp is a measure of 
total mass 1 supported in BN {x : u(x) = 0}. Then, if k > 0, 


Eevee) 2h <¢r | |u| + Cr f(y +n) [Dut 
B B 


where R is the Riesz kernel (see Section 2.6). Hint: Choose z,y € B 
with u(y) = 0 and obtain 


|u(x)| < |u(x) — u(z)| + lulz) — u(y)| 
whenever z € B. An application of polar coordinates yields 


u(t) < Cli * (xp °|Dul)(x) + h + (xa -|Dul)(y)]- 


The technique in the preceding exercise yields yet another proof of 
Corollary 4.5.3 which is outlined as follows. Let u € W!?(B(r)) where 
B(r) is a ball of radius r and let N = {x : u(x) = 0}. Let y be a non- 
negative smooth function with spt y contained in the ball of radius 
2r and such that ¢ is identically one on B(r). Select z € B(r) in 
accordance with the result of Exercise 3.15 and define h = y[u(x) —u]. 
Then, for each y € R”, 


p(y)u(z) = v(y)u(y) + Rly). 
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4.6. 


4.7. 
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Recall from Theorem 2.6.1 that the operator J : L?(R") > W'?(R”) 
defined in terms of the Bessel kernel g; by J(f) = 91 * f is an isom- 
etry. Therefore, with as any non-negative Radon measure p, an 
application of Fubini’s theorem yields 


[rdu= forx(rtidu = [oR 9 + nde. 


Thus, if is concentrated on B(r)NN and satisfies ||g1 * pullp) < 1, it 
follows that 


u[B(r) NN] lu(z)| < ||J~*[o(u- u(a))Illp < Clle(u — u(z)[hh.p- 


Taking the supremum over all such p leads to 


By p[B(r) N N)lu(x)PP < C 


rP Le ORO 


+ fl |Dul?dy| . 
B(2r) 


Use Exercise 3.15 to estimate 
[. weee) - uanPay 
B(2r) 
in terms of the norm of Du. 


Poincaré’s inequality states that if u € W1?(Q) and wu vanishes on 
a set N of positive By,p-capacity, then |lul|p-.0 < C||Dullp.o, where 
C depends on (2) and the capacity of N. In the event that more is 
known about u, this result can be improved. Using the indirect proof 
of Section 4.1, prove that if u€ W!?(Q) is a harmonic function that 
vanishes at some point zo € 2, then there exists C = C(zo,) such 
that 
llullp+;2 < C||Dullp;a. 


Lemma 4.2.2 is one of many interpolation results involving different 
orders of derivatives of a given function. In this and the next exercise, 
we will establish another one that has many useful applications. Prove 
the following: Let g be a measurable function on R”, and let 0<a< 
n,0<ée<1. Then 


Lae(9)(x)| < C(Mg(zx))'~* - La(lgl)(@))* 


where Mg is the maximal function of g. Refer to the proof of Theorem 
2.8.4 and choose 6 in(2.8.4) as 


ja Fallal)(2) 
Mg(x) © 
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4.8. 


4,9. 


4.10. 


4.11. 


Let f = Ia(g), 9 > 0. Prove the interpolation inequality 
|D¥ fll. < CUP EYeslce-P/* 


where k is any multi-index with 0 < |k| < a,1/r = |k|/ap+(1—|k|)/s, 
and p < s < co. Use the previous exercise to prove 


I[Tae(9) Ilr $ Cllgllp “Walla )Ils 


where 1 < p < , l/r = (1—€)/p+e/s, p < s < oo. Then let 
f =Ia(g) and observe that 


|D* f(x)| < Ia-K(9)(2). 


Prove the following as a consequence of Theorem 4.2.1. Let 2 C R” 
be a bounded, connected, extension domain. Suppose v € L? (Q), 
n#0, p> 1. Prove that there exists C = C(p,v,) such that 


Ilullp;a < Cl|Dullp.o 
whenever u € W1?(Q), fo, wu da = 0. 


When 2 Cc R®t? is a Lipschitz domain, Exercise 4.2 shows one way 
of defining the trace, u* € L?(0Q), when u € W1?(Q), p > 1. Note 
that 


| \u"PdH” < C | (ul? + |Dul?)de. 
6a Q 


Let v € L?’ (82), v # 0. Prove that there exists C = C(p,v,) such 
that 
llullpe < CllDullp;o 


whenever u € W1?(Q), fag u*u*dH” = 0. 


At the beginning of this chapter an indirect proof of the following 
Poincaré inequality is given: If u € W!?(Q) and u = 0 on a set of 
positive measure S, then ||ul|p.0 < C||Dullp;¢. Show that essentially 
the same argument will establish the same conclusion if it is only 
assumed that u = 0 on a set of positive B,,-capacity. 


Historical Notes 


4.1. Lemmas 4.1.3 and 4.1.4 provide the main idea that serves as the key- 
stone for the developments in this chapter. They are due to Norman Meyers 
[ME4] and many other results in this chapter, such as those in Sections 2, 
5, and 6 are taken from this paper. It should be emphasized that Lemma 
4.1.3 is an abstract version of the usual indirect proof of the basic Poincaré 
inequalities. 
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4.4. In Remark 4.4.5 an approach to the subject of trace theory on the 
boundary is indicated which is based on the material in Chapter 3 con- 
cerning the property of Sobolev functions being defined everywhere in the 
complement of small exceptional sets. Another approach to this subject is 
presented in [LM]. 

In the proof of Theorem 4.4.6 it is not necessary to use the Morse—Sard 
theorem if we are willing to use the full strength of the “Boxing Inequality” 
[GU] and not the version reflected in Lemma 5.9.3. The inequality in [GU] 
states that there is a constant C = C(n) such that any compact set K C R” 
can be covered by a sequence of balls {B(r;)} such that 


Sort) < CH™"1(OK). 


i=1 


This inequality could be used to establish (4.4.6) if K is taken as E, and 
by observing that OE; C v—1(t) since v is continuous. 


4.5. The proof of the Poincaré inequality here is, of course, based on the 
material in the previous sections, particularly Theorem 4.2.1. This proof is 
contained in [ME4]. There are several other proofs of the Poincaré inequal- 
ity including the one in [P] which is especially interesting. 


4.7. All of the Sobolev-type inequalities discussed thus far are in terms 
of inequalities defined on R”. There also are similar inequalities that hold 
for functions defined on submanifolds of R”. For example, in minimal sur- 
face theory, Sobolev inequalities are known to hold for functions defined on 
submanifolds where the inequality includes a term involving the mean cur- 
vature of the submanifold, cf. [MS]. In case of a minimal surface, the mean 
curvature is 0. Theorem 4.7.2 is a result of the same ilk in that the left 
side involves integration with respect to a measure yw which can be taken 
as a suitable Hausdorff measure restricted to some submanifold. However, 
it is different in the respect that the right side of the inequality involves 
the L?-norm of the gradient relative to Lebesgue measure on R” and not 
the norm relative to Hausdorff measure restricted to the submanifold. This 
interesting result was proved by David Adams [AD2]. Theorem 4.7.4 states 
that measures with suitable growth over all balls are elements of the dual 
of W*?(R"). Thus, Theorem 4.7.2 is closely related to (4.2.1). 

Theorem 4.7.5 which yields a characterization of those measures in the 
dual of W*?(R") is due to Hedberg and Wolff [HW] although the proof we 
give is adapted from [AD7]. 


4.9. Inequality (4.9.1) is due to Meyers—Ziemer [MZ] in case q = 1. The 
proof for the case 1 < g < n/(n — 1) is taken from [MA3]. This inequality 
is also established in Chapter 5 in the setting of BV functions, cf. Theorem 
5.12.5. Corollary 4.1.5 is an observation that was communicated to the 
author by David Adams. This result when applied to Theorem 4.5.1 yields 
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more information if Lemma 4.1.4 were used. This is an interesting example 
of the critical role played by the sharpness of a constant, in this instance, the 
exponent of Bm—,p(A) in Theorem 4.5.1. Indeed, in the work of Hedberg 
[HE2], it was essential that the best exponent appear. He gave a different 
proof of Theorem 4.5.1. 


9) 


Functions of Bounded 
Variation 


A function of bounded variation of one variable can be characterized as 
an integrable function whose derivative in the sense of distributions is a 
signed measure with finite total variation. This chapter is directed to the 
multivariate analog of these functions, namely the class of L! functions 
whose partial derivatives are measures in the sense of distributions. Just 
as absolutely continuous functions form a subclass of BV functions, so it 
is that Sobolev functions are contained within the class of BV functions of 
several variables. While functions of bounded variation of one variable have 
a relatively simple structure that is easy to expose, the multivariate theory 
produces a rich and beautiful structure that draws heavily from geometric 
measure theory. An interesting and important aspect of the theory is the 
analysis of sets whose characteristic functions are BV (called sets of finite 
perimeter). These sets have applications in a variety of settings because of 
their generality and utility. For example, they include the class of Lipschitz 
domains and the fact that the Gauss—Green theorem is valid for them 
underscores their usefulness. One of our main objectives is to establish 
Poincaré-type inequalities for functions of bounded variation in a context 
similar to that developed in Chapter 4 for Sobolev functions. This will 
require an analysis of the structure of BV functions including the notion of 
trace on the boundary of an open set. 


5.1 Definitions 


5.1.1. Definition. A function u € L'(Q) whose partial derivatives in the 
sense of distributions are measures with finite total variation in (2 is called 
a function of bounded variation. The class of all such functions will be 
denoted by BV(Q). Thus u € BV(Q) if and only if there are Radon (signed 
measures) measures /11, /2,---, [mn defined in Q such that for 2 = 1,2,...,n, 
[Dui |(Q) < co and 


[Deas = = [edn (5.1.1) 


for all p € Cpe(Q). 
The gradient of u will therefore be a vector valued measure with finite 
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total variation: 
||Dul| = sup{ [ udivv dz: v = (v1,...,Un) € C§°(Q; R”), 
Q 


ju(x)| <1 for rc EN} < c@w. (5.1.2) 


The divergence of a vector field v is denoted by divvu and is defined by 
divv = vj, Div;. Observe that in (5.1.1) and (5.1.2), the space C§°(2) 
may be replaced by C3(Q). The space BV(Q) is endowed with the norm 


llullav = llullae + ||Dull. (5.1.3) 


If u € BV(Q) the total variation ||Du|| may be regarded as a measure, 
for if f is a non-negative real-valued continuous function with compact 
support 2, define 


||Dul|(f) = sup{ [ udivv dz: v = (v1,...,Un) € Co°(Q; R”), 
Q 


|u(x)| < f(x) for c € Q}. (5.1.4) 


5.1.2. Remark. In order to see that ||Dul|| as defined by (5.1.4) is in fact 
a measure, an appeal to the Riesz Representation Theorem shows it is 
sufficient to prove that ||Du|| is a positive linear functional on Co({) which 
is continuous under monotone convergence. That is, if {f;} is a sequence 
of non-negative functions in Co(Q) such that f; T g for g € Co(Q), then 
||Dul|(fi) > ||Dul|(g), cf. [F4, Theorem 2.5.5]. In order to prove that ||Dull 
has these properties, let . = Du and refer to (5.1.1) to see that ys satisfies 


[usiveds=- fod 


where y € C§°(; R”). Therefore, we may write (5.1.4) as 
||Dull(f) = supt fv ‘dp: v =(v1,...,Un) € Co(Q; R”) 


|u(x)| < f(x) for € ON}. (5.1.5) 


To show that ||Dul| is additive, let f,g € Co(M) be non-negative functions 
and suppose v € Co(, R”) is such that |v| < f+g. Let h = inf{f, |u|} and 
define 


n(x) A) Io(x) #0 


0 |u(x)| = 0. 
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It is easy to verify that w € Co(Q) and |v — w| = |v| — h < g. Therefore, 
since |wjJ =h< f, 


forae= fw-dus [ ow) 


< ||Dull(f) + ||Dull(g). 
This implies that ||Dul|(f +9) < ||Dull(f) + ||Dull(g). The opposite in- 
equality is obvious and consequently it follows that ||Dul| is additive. It 
is clearly positively homogeneous. It remains to show that it is contin- 
uous under monotone convergence. For this purpose, let f; T g and let 
v € Co(Q, R") be such that |v| < g. Also, define h; = inf{ fj, |v|} and 


v(2) 
wilt) = ie ay Melee 
0 |u(x)| = 0. 


Note that w; € Co(Q), |wi| = hi < fi, and that |v — w;| = |v| — A; | 0 as 
i — oo. Since |u—w;| = |v] —hi < 2|v|, Lebesgue’s Dominated Convergence 
Theorem implies 


fea = Du-v= jim Du “Wi < jim ||Dul| (hi). 
By taking the supremum of the left side over all such v it follows that 
|Dul|(g) < limj ||Dul|(h;). Since h; < g for all i = 1,2,..., we have 
||Du|](g) = limy—co ||Dul|(h;). This establishes that || Du|| is a non-negative 
Radon measure on 22. 
We know that the space of absolutely continuous u with u’ € L1(R?) 


is contained within BV(R'). Analogously, in R” we have that a Sobolev 
function is also BV. That is, W11(Q) Cc BV(Q), for if u € W11(Q), then 


[udiveds =— [Dawes 
2 Q j=1 


and the gradient of u has finite total variation with 


|| Dul|(@) = a |\Dulds. 


5.2 Elementary Properties of BV Functions 
In this section we establish a few results concerning convergence properties 
of BV functions. We begin with the following which is almost immediate 


from definitions, but yet extremely useful. 


5.2.1. Theorem. Let 2 C R” be an open set and u; € BV(Q) a sequence 
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of functions that converge to a function u in Lj,,(Q). Then 


lim inf ||Du,||(U) > ||/Dul|(U) 
too 
for every open set U CQ. 


Proof. Let v be a vector field such that v € C§°(U; R”) and |v(x)| < 1 for 
xz éU. Then 


i udivudz = lim i, ujdiv v dx < lim inf ||Du;||(U). 
U 4100 U 4-400 
The result follows by taking the supremum over all such v. oO 


5.2.2. Remark. Note that the above result does not assert that the limit 
function u is an element of BV(Q). However, if u € L}(Q) and we assume 
that 

sup{||Du,||(Q) : 7 = 1,2,...} < 00 


then u € BV(Q). Indeed, if y € Cf°(Q), and Du; is any partial derivative 
of u;, then 


lim | yg Dujdx = — lim i, uzDy dz = / uDg dz 
Q t>00 JQ Q 


t— 00 


and therefore 


i uDy dz 
Q 


Since C§°(Q) is dense in the space of continuous functions with compact 
support, we have that 


< sup |¢| lim inf || Du,||(Q) < oo. 
4100 


Du(y) = - [ uDede 


is a bounded functional on Co(Q). That is, Du is a measure on 2. 

Theorem 5.2.1 established the lower semicontinuity of the total variation 
of the gradient measure relative to convergence in Lj,,. We now will prove 
an elementary result that provides upper semicontinuity. 


5.2.3. Theorem. Let {u;} € BV(Q) be a sequence such that uj > u in 
Li,-(2) and 
Jim ||Du|() = |.Dul(0). 


Then, = i 
lim sup ||Du||(U NQ) < ||Dul|(U NQ) 
i—0o 
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whenever U is an open subset of Q. 


Proof. Since V = Q — TU is open, it follows from Theorem 5.2.1 that 
| Dul(U) < liming ||Dus||(0) 
||Dul|(V) < liming ||Du;||(V). 
But, 
[Dull 2) + ||Dull(V) = || Dul|(Q) = Jim || Duj||(®) 
> lim sup |.Dus||(7 9 2) + liming ||Dus||(V) 
> lim sup ||Dus||(T 92) + ||Dull(V). o 


In view of the last result and Theorem 5.2.1, the following is immediate. 


5.2.4. Corollary. If {ui} € BV(Q) is a sequence such that u; > u in 
Li,e(Q), limioo || Dus||(Q) = ||Dul|(Q), and ||Dul|(OU) = 0, where U is an 
open subset of Q, then 


Jim ||Duil|(U) = ||Dul|(U). 


5.3 Regularization of BV Functions 


Here we collect some results that employ the technique of regularization 
introduced in Section 1.6. Thus, for each € > 0, yz is the regularizing kernel 
and ue = uxye. From the proof of Theorem 1.6.1, it follows that ifU Cc Q, 
and u € Li.,(), then |lwelli7 < ||ull1,¢ for all sufficiently small ¢ > 0. In 
this sense, regularization does not increase the norm. We begin by showing 
that a similar statement is valid when the BV norm is considered. 


5.3.1. Theorem. Suppose U is an open set with U C Q and let u € BV(Q). 
Then, for all sufficiently small e > 0, 


luellav(v) < |lullavca)- 


Proof. In view of Theorem 5.2.1, it suffices to show that ||Du.||(U) < 
||Du||(Q) for all sufficiently small e > 0. Select v € Cd(U, R”) with |v| < 1. 
Choose 7 > 0 such that {x : d(x,U) < n} C Q. Note that |v-| < 1 and 
sptve C {x : d(x,U) <n} for all small ¢ > 0. For all such ¢ > 0, Fubini’s 
Theorem yields 


[vtivods = f ucciveds = f w(aivv)ede 
U Q Q 


= | udiv vedz < ||Dul|(Q). 
Q 
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The result follows by taking the supremum over all such v. Oo 


5.3.2. Proposition. Let u € BV(Q) and f € C§°(Q). Then fu € BV(Q) 
and D(fu) = Dfu+ f Du in the sense of distributions. 


Proof. Let U be an open set such that sptf C U Cc U C Q. Then, 
uef € CHU) with D( fue) = (Df)ue + fDue at all points in U. However, 
||ue—ul|1;7 + 0 as € — 0. (Of course, we consider only those ¢ > 0 for which 
u(x) is defined for x € U.) In particular, when considered as distributions, 
Ue — u. That is, ue - uin D’(U) and therefore Du, > Du in B'(U), (see 
Section 1.7). Since f € CS°(U), it follows that fDue — fDu in Z'(U). 
Clearly, (Df)ue — (Df)u in O'(U). Finally, with the observation that 
fue — fu in B'(U) and therefore that D(fue) > D(fu) in D’(U), the 
conclusion readily follows. Oo 


We now proceed to use the technique of regularization to show that 
BV functions can be approximated by smooth functions and thus obtain a 
result somewhat analogous to Theorem 2.3.2 which states that C°(Q)N{u : 
Ilu\lk,p:2 < co} is dense in W*?(Q). Of course, it is not possible to obtain 
a strict analog of this result for BV functions because a sequence {u;} € 
C™(Q) that is fundamental in the BV norm will converge to a function in 
W11(Q). However, we obtain the following approximation result. 


5.3.3. Theorem. Let u € BV(Q). Then there exists a sequence {uj} € 
C™(Q) such that 

lim | |u; —uldx =0 

4100 Q 


and 
Jim, ||Du,||(®) = |Dul|(O). 


Proof. In view of Theorem 5.2.1, it suffices to show that for every ¢ > 0, 
there exists a function ve € C%() such that 


/ ju—vel|de<e and ||Dve||(Q) < ||Dul|(Q) + «. (5.3.1) 
Q 


Proceeding as in Theorem 2.3.2, let 0; be subdomains of 2 such that 
Q; CC N41 and U.N; = ©. Since ||Dul| is a measure we may assume, 
by renumbering if necessary, that ||Du||(Q — Qo) < ¢. Let Up = OQ) and 
U; = 41 — A-1 for i=1,2,.... By Lemma 2.3.1, there is a partition of 
unity subordinate to the covering U; = Qi41 — Q;-1, ¢ = 0,1,.... Thus, 
there exist functions f; such that f; € C§°(Ui), 0 < fi < 1, and 725 fi = 1 
on 2. Let ye be a regularizer as discussed at the beginning of this section. 
Then, for each i there exists ¢; > 0 such that 


spt((fiu)e;) Cc Ui, (5.3.2) 
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\(fiu)e, — fiulde < e+) (5.3.3) 
Q 


/ (uD fi)e, ~ uD filde < e2- 9, (5.3.4) 
2 
Define 


[o.<) 


Ve = S(ufies- 
i=0 
Clearly, ve € C®(Q) and u = 0725 uf;. Therefore, from (5.3.3) 


[w- —uldz< 3 I \(ufile; —ufildr < e. (5.3.5) 


i=0 
Reference to Proposition 5.3.2 leads to 


oe) co 


Due = S>(fiDu)e, + D (uD fide, 


i=0 i=0 


= > (fiDue, + S [uD fie, - uD fi]. 


i=0 i=0 
Here we have used the fact that © Df; = 0 on Q. Therefore, 


ie aes y i. i ADudelde + p aD ie Subiplte: 


The last term is less than ¢ by (5.3.4). In order to estimate the first term, 
let p € C§°(Q; R”) with sup || < 1. Then, with y, * b = ve, 


\/ pe * (f;Du)- pdr} = / Wefid(Du)|} by Fubini’s theorem, 
= [[ waive fae 
< ||Dull (Ui) 


since spt wef; C U; and |W. f;| < 1. Taking the supremum over all such w 
yields 


[ \(f;Du)e,|dx < ||Dul|((Ui), 7=0,1,.... 
Q 


Therefore, since each x € 2 belongs to at most two of the sets Uj, 


a |Dveldx < S> ||Dull(U;) + 
i=0 


CO 
< ||Dul|(®1) + $5 || Dull) + € 
i=l 
< ||Dul|(Q1) + 2||Dul](Q — Q) +e 
< ||Dul|(Q) + 3e. 
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Since ¢ > 0 is arbitrary, this along with (5.3.5) establishes (5.3.1). Oo 


5.3.4. Corollary. Let Q C R” be a bounded extension domain for W11(Q). 
Then BV(Q) N {u: |lullay <1} is compact in L1(Q). 


Proof. Let u; € BV(Q) be a sequence of functions with the property that 
|wsllav <1. By Theorem 5.3.3 there exist functions v; € C™(Q) such that 


/ |v; — ujldx <i7? and i |Du;|dx < 2. 
Q Q 


Thus, the sequence {]|v;||1,1,2} is bounded. Then, by the Rellich-Kondra- 
chov compactness theorem (Theorem 2.5.1), there is a subsequence of {v;} 
that converges to a function v in L}(Q). Referring to Remark 5.2.2, we 
obtain that v € BV(Q). oO 


In Theorem 2.1.4 we found that u € W1? if and only if u € L? and u has 
a representative that is absolutely continuous on almost all line segments 
parallel to the coordinate axes and whose partial derivatives belong to L”. 
We will show that a similar result holds for BV functions. 

Since we are concerned with functions for which changes on sets of mea- 
sure zero have no effect, it will be necessary to replace the usual notion of 
variation of a function by essential variation. If u is defined on the interval 
[a, b], the essential variation of u on [a, b] is defined as 


k 
ess V°(u) = sup 3 |u(t;) — uen)} 


i=1 


where the supremum is taken over all finite partitions a < to < t)...th <b 
such that each ¢; is a point of approximate continuity of u. (See Remarks 
3.3.5 and 4.4.5 for discussions relating to approximate continuity.) From Ex- 
ercise 5.1, we see that u € BV(a,b) if and only if ess V?(u) < 00. Moreover, 
ess V°(u) = ||Dull[(a, b)]. We will use this fact in the following theorem. As 
in Theorem 2.1.4, if 1 <i <n, we write x = (Z,2;) where  € R”~! and 
we define u;(x;) = u(Z,2;). Note that u; depends on the choice of % but for 
simplicity, this dependence will not be exhibited in the notation. Also, we 
consider rectangular cells R of the form R = (a1, b1) x (a2, b2) x: +: (an, bn). 


5.3.5. Theorem. Let u € L},.(R”). Then u € BVioc(R") if and only if 


loc 


yi ess Ve (uj )d& < 00 
R 


for each rectangular cell Rc R"-!, each i =1,2,...,n, and aj < by. 


Proof. Assume first that u € BVioc(R"). For 1 < i < n it will be shown 
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that 
: ess VP! (uj)d® < 00 
R 
for each rectangular cell RC R"! and a; < bj. For notational simplicity, 


we will drop the dependence on i and take R of the form R = R x [a, }). 
Now consider the mollified function u, = y,. * u and note that 


[luc -uldz — 0 as e—>0 
R 


and 
PEnenp I |Du,.|dz < co (Theorem 5.3.1). 


Consequently, with ue,:(2i) = Ue(Z, 2;), it follows that ue; — wi in D(a, b) 


for H"—1-a.e.  € R. Theorem 5.2.1 implies that lim inf. 9 ||Due,i||[(a, 6)] > 
||Du;||[(a, b)] and therefore, from Exercise 5.1, 


ess V°(u;) < lim inf ess V2 (ue,i) 
E> 
for H"~1-a.e. Z € R. Fatou’s lemma yields 
i ess V?(u;)dH”~1(z) < lim inf | ess V?(ue,;)dH”™ *(Z) 
R e>9 JR 
— limint |Djue|dx 
e—0 R 
< limsup [ |Du,|dz < oo. 
e-0 R 
For the other half of the theorem, let u € Li.,,(R”) and assume 
[es V2(uj)dH"—1(%) < 00 
R 


for each 1 < i < n, a < 6, and each rectangular cell Rc R®-!. Choose 
pEeECr(R ), ly mn < 1, where R = R x (a,b) and employ Exercise 5.1 to 
obtain 
| uDipde < | ess V3(u ;)dH"—"(&) < oo. 
Rr R 
This shows that the partial derivatives of u are totally finite measures over 
R and therefore that u € BVjoc(R"). oO 


5.4 Sets of Finite Perimeter 


The Gauss—Green theorem is one of the fundamental results of analysis 
and although its proof is well understood for smoothly bounded domains 
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or even domains with piece-wise smooth boundary, the formulation of the 
result in its ultimate generality requires the notion of an exterior normal to 
a set with no smoothness properties in the classical sense. In this section, 
we introduce a large class of subsets of R” for which the Gauss—Green 
theorem holds. These sets are called sets of finite perimeter and it will be 
shown that they possess an exterior normal which is defined in the same 
spirit as Lebesgue points of L?-derivatives. The Gauss—Green theorem in 
the setting of sets of finite perimeter will be proved in Section 5.8. 


5.4.1. Definition. A Borel set EF C R” is said to have finite perimeter 
in an open set Q provided that the characteristic function of EF, Xz, is a 
function of bounded variation in 2. Thus, the partial derivatives of Xz are 
Radon measures in 2. and the perimeter of E in (2 is defined as 


P(E, Q) = ||[DXz||(Q). 
A set E is said to be of locally finite perimeter if P(E,Q) < oo for every 


bounded open set 2. If E is of finite perimeter in R”, it is simply called a 
set of finite perimeter. From (5.1.4), it follows that 


P(E,Q) = sup [dive ds :u = (v1,-..,Un) € Cp? (Q, R”), |v(x)| < i} : 
(5.4.1) 


5.4.2. Remark. We will see later that sets with minimally smooth bound- 
aries, say Lipschitz domains, are of finite perimeter. In case EF is a bounded 
open set with C? boundary, by a simple application of the Gauss—Green 
theorem it is easy to see that EF is of finite perimeter. For if vu € Cp°(Q; R”) 
with |lv||,.. <1, then 


[ aivede = f v-vdH"! < H" 1(QN@E) < co 
E dE 


where v(x) is the unit exterior normal to E at x. Therefore, by (5.4.1), 
P(E,Q) < co whenever 2 is an open set. 

Moreover, it is clear that P(E, 9) = H"~1(QN OE). Indeed, since E is a 
C?-domain, there is an open set, U, containing OE such that d(x) = d(x, E) 
is C! on U — OE and Dd(x) = (a — &(x))/d(x) where €(x) is the unique 
point in OE that is nearest to x. Therefore, the unit exterior normal v to 
E has an extension 7 € Cd(R”) such that || < 1. Hence, if v = nv with 
n € C§°(Q), we have, 


| divudz = ‘ div nv dz = / ndH""'. 
E E dB 
This implies 


P(E,) > sup { [naire C5(@), I < i} 
OE 


= H""\(QN OE). 
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Intuitively, the measure DX is nothing more than surface measure 
(H”"~1!-measure) restricted to the boundary of E, at least if E is a smoothly 
bounded set. One of the main results of this chapter is to show that this 
idea still remains valid if E is a set of finite perimeter. Of course, since we 
are in the setting of measure theory, the topological boundary of E is no 
longer the appropriate object of study. Rather, it will be seen that a subset 
of the topological boundary, defined in terms of metric density, will carry 
the measure DX zp. 

In Theorem 2.7.4 we observed that the isoperimetric inequality lead to 
the Sobolev inequality via the co-area formula. Conversely, in Remark 
2.7.5 we indicated that the Sobolev inequality can be used to establish 
the isoperimetric inequality. We now return to this idea and place it in 
the appropriate context of sets of finite perimeter. We will establish the 
classical isoperimetric inequality for sets of finite perimeter and also a local 
version, called the relative isoperimetric inequality. 


5.4.3. Theorem. Let E C R” be a bounded set of finite perimeter. Then 
there is a constant C = C(n) such that 


[E|-/" < C||Dxal|(R") = CP(E). (5.4.2) 
Moreover, for each ball B(r) Cc R”, 
min {|B(r) NE, |B(r) — E)|}"""” < Cl|DXxzll(B(r)) = CP(E, B(r)). 
(5.4.3) 


Proof. The inequality (5.4.2) is a special case of the Sobolev inequality for 
BV functions since Xz is BV. We will give a general treatment of Sobolev- 
type inequalities in Section 11. If u € BV(R"), refer to Theorem 5.3.3 to 
find functions u; € Cf°(R”) such that 


lim [i —uldx = 0, 
41 00 
jim ||Dui||(R") = ||Dul|(R*). 
By passing to a subsequence, we may assume that u; — u a.e. Then, by 
Fatou’s lemma and Sobolev’s inequality (Theorem 2.4.1), 
I[uIIn/(n—1) S liming [us lln/~n—1) 
< lim C||Duj||(R”) 
: 100 
< C||Dul|(R"). 
To prove the relative isoperimetric inequality (5.4.3), a similar argument 
along with Poincaré’s inequality for smooth functions (Theorem 4.4.2), 


yields 
lu — U(r) |In/(n—1);B(r) S Cl|Dull|(B(r)) 
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where u(r) = Faw) u(x)dx and B(r) is any ball in R”. Now let u = Xz and 
obtain 


—_ Tp) (2D dor = |B(r) — E| n/(n—1) 
Foon" mr)! ie ( [B(r)| ) |B(r)NE| 


Br) ABV) 
+ ( BO) ) em 


If |B(r) — E| > |B(r) N El, then (|B(r) — El)/(|B(r)|) = 3 and 
C\|DXx\|(B(r)) = Cl|Dul|(B(r)) > |lu — U(r) [Inj(n-1);B() 
> > Rem a #1) [B(r) A B|e-2/" 


|B(r)| 
si (Bene r) NB [B(r) - ae 
[B(r)| *  |B(r)| 
A similar argument treats the case |B(r)N E| > |B(r) - El. Oo 


We now return to the topic of the co-area formula which was proved 
in Theorem 2.7.1 for smooth functions. Simple examples show that (2.7.1) 
cannot hold for BV functions (consider a step function). However, a version 
is valid if the perimeters of level sets are employed. In the following, we let 


E, = QQ) {x : u(z) > th. 
5.4.4. Theorem. Let 2 C R” be open and u € BV(Q). Then 
[Duo = fre, l(at 


Moreover, if u € L1(Q) and E; has finite perimeter in Q for almost all t 
with 


i DXB, |I(Q)dt < 00, 
Ri 


then u € BV(Q). 


Proof. We will first proof the second assertion of the theorem. For each 
t € R!, define a function f,: R” — R! by 


pe XE, if t>0 
a —XR_E, if t<0. 


Thus, 
uae i fi(a)dt, 2 eR". 
Ri 
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Now consider a test function y € C§°(Q), such that sup |y| < 1. Then 


[ ueroloae= ff flayo(eatas 
=[., Ve fi(x) p(x) dedt. (5.4.4) 


Now (5.4.4) remains valid if y is replaced by any one of its first partial 
derivatives. Also, it is not difficult to see that the mapping t — ||DX zg, ||(©) 
is measurable. Therefore, if y is taken as y € C§°(Q; R”) with sup |y| < 1, 
we have 


Du(y) = - f  wdiv eds = =. is fi(x)div p(x)daxdt 


< I Dfi(p)at < I [Dxz,lI(Q)at < ov. (5.4.5) 


However, the sup of (5.4.5) over all such » equals ||Du||(Q), which estab- 
lishes the second assertion. 

In order to prove the opposite inequality under the assumption that 
u € BV(Q), let {P,} be a sequence of polyhedral regions invading 2 and 
Ly: Py — R? piecewise linear maps such that 


jim nf |Ly — uldx = (5.4.6) 


and 

lim | |DL;|dx = ||Dul|(Q), (5.4.7) 

k—oo Py 
(see Exercise 5.2). Let 

EF = PO {x : Ly(x) > t}, 
xk _ XE. 

From (5.4.6) it follows that there is a countable set S C R! such that for 
each j = 1,2,... 

jim | \xXe(x) — x¥(x)|dx = 0 (5.4.8) 


whenever t ¢ S. Thus, for t ¢ S, and € > 0, refer to (5.4.1) to find 
yp € C§°(Q; R”) such that |y| < 1 and 


Dx p,||(Q) - i ayoane < (5.4.9) 
Ey 2 
Let M = fp |div y|dx and choose j such that spt py C P;. Choose ko > j 


such that for k > ko, 


IX¢ — Xf lde < ==. 


fl 
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For k > ko, 


[ dvear- [ div y dz 
E EE 


Therefore, from (5.4.9) and (5.4.10) 


< mf Xe — xP ldx < =. (5.4.10) 
P; 


|Dxz, (2) < i divydr +e 
EX 
< || DX ppll(9) +e. 
Thus, for t Z S, 
|.Dx 5, ||) < lim inf || Dx 5 (). 


Therefore, Fatou’s lemma implies 


if || DX x, ||(Q)dt < lim inf | || DX px |I(Q)at 
Ri k--00 JRi si 


00 


< liminf / H(z (t)N Q]dt (by Remark 5.4.2) 
Ri 


< lim inf ye |DL,|dx (by (2.7.1)) 
= ||Dull(Q) (by (5.4.7). Oo 


5.5 The Generalized Exterior Normal 


In Remark 5.4.2 we observed that a smoothly bounded set has finite perime- 
ter. We now begin the investigation of the converse by determining the reg- 
ularity properties possessed by the boundary of a set of finite perimeter. 


5.5.1. Definition. Let E be of locally finite perimeter. The reduced bound- 
ary of E, O~ E, consists of all points x € R” for which the following hold: 


(i) ||DXz||[B(x,r)] > 0 for all r > 0, 


(ii) If v,.(z) = —DXg[B(z,r)]/||DXe||[B(z,r)], then the limit v(z) = 
lim,o v(x) exists with |v(x)| = 1. 


v(x) is called the generalized exterior normal to E at x. We will employ 
the notation v(x) = v(x, EZ) in case there is a possibility of ambiguity. The 
notation 07 is used in 07 E to indicate that the normal to E is pointing in 
the direction opposite to the gradient. 

Observe that v(x, E) is essentially the Radon—Nikodym derivative of 
DXg with respect to ||DXg||. To see this, let p(x) be the vector-valued 
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function defined by 


tog PX(BCeP)) 
p(x) = lim |Dxz||[B(z,7)] 


From the theory of differentiation of measures in Chapter 1 (see Remark 
1.3.9) this implies that p is the Radon—Nikodym derivative of DXg with 
respect to ||DXg|| and that 


Dxe(B) =~ [ o(2)d| xe) 
for all Borel sets B C R”. Moreover, 
| div vdz = — [ro - e(x)d|| DX g]| 
E 


whenever v € Ci(R"; R”). Consequently, by (5.1.2), |p(x)| = 1 for ||DXz]l- 
a.e. x € R” and therefore, p(x) = v(x, E) for ||DXg|l-a.e. c € R”. Thus, 
we have 


Dxe(B)=—f _v(e,B)d|Dxell(2), 


||DxXg||(R" — 0" E) = 0. 


The next lemma is a preliminary version of the Gauss—Green theorem. 


5.5.2. Lemma. Suppose E is of locally finite perimeter and let f € C§°(R”). 
Then, for almost all r > 0, 


i Difdx=—f[  fd(DiXe)+ / fly)vily, B(r)) dH" (y) 
ENB(r) B(r) Enda(B(r)) 


where B(r) = B(z,r) and v;(y, B(r)) is the i** component of the unit 
exterior normal. 


Proof. To simplify notation, we will take x = 0. From Proposition 5.3.2, 
we have that fxg € BV(Q). Let S be the countable set of r such that 
||Di(fXz)||[O(B(r))] # 0. Select r ¢ S and let ne be a piecewise linear 
function on (0,00) such that 7, = 1 on (0,r] and n- = 0 on (r + €, 00). 
Since D;[fXz] is a measure, we have 


/ f()Xn(2)Dilne(|2l)|dx = - iL ne(|2|)d(DiLfXe])(2) 
Rr Rr 
= —D,(fxXz)[B(r)] 
“ i; ne(lal)4(Ds[fXe])(c). 
B(r+e)—B(r) 
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Therefore 


=f xy 
— f(e)Xze(x2)— dr 
€ J B(rt+e)—B(r) ee el 


= -Dipxe)IBO- f nllabdtDulsxe( 2) 


Since r ¢ S and |n| < 1, the integral on the right converges to 0 as € | 0. 
By the co-area formula (Theorem 2.7.3), the integral on the left can be 
expressed as 


1 Zi 


—- f(z)Xx(x)—dax 
7 er @) |x| 


a 2 f" a a) £ dH" (w)db. 
eee ze 


Therefore 


=f Ly | 1 
— 2)Xp(xz)—dr - — dH” "(x 
E JB(r+e)—B(r) He)xa( Mal En0(B(r)) fle “Te (2) 


which implies 


i f(a)“ dH" (2) = Di(fXn)[B(0)| 
En0(B(r)) |x| 


for almost all r > 0. Moreover, from Proposition 5.3.2, 
Di[fXz\(B(r)) = (Dif )Xz(B(r)) + fDiXe(B(r)) 
= ey Dif(e)az+ f falDixe). a 
ENB(r) B(r) 
5.5.3. Corollary. If E has finite perimeter in Q, then for almost all r > 0 
with B(r) CQ, 
P(EN B(r),Q) < P(E, B(r)) + A" [EN O(B(r))].- 


Proof. Choose v € C§°(Q, R") with |v| < 1 and let r > 0 be a number for 
which the preceding lemma holds. Then 


i divuds = — [ v-d(DXxz) 
ENB(r) B(r) 
+ i u(x) - v(a, B(r))dH”~*(z) 
Ena(B(r)) 


< ||DXz||(B(r)) + HE 1 A(B(r)))- 
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Taking the supremum over all such v establishes the result. Oo 
Remark. Equality actually holds in the above corollary, but this is not 
needed in the immediate sequel. 

The next lemma will be needed later when we begin to investigate bound- 


ary regularity of sets of finite perimeter. 


5.5.4. Lemma. Let E be a set with locally finite perimeter. Then, for each 
2 €0°E, there is a positive constant C = C(n) such that for all sufficiently 
small r > 0, 


r-"IB(a,r)NE| >C, (5.5.1) 
r-"|B(a,r) — E| >C, (5.5.2) 
C <r" ||DXxl|\(B(a,r)) < C7. (5.5.3) 


Proof. To simplify the notation, we may assume that + = 0. Since 0 € 
07 E, there is a positive constant C = C(n) such that 


v-(0)| = |Dxz(B(r))|/||Dxzll[B(r)] > C (5.5.4) 


for all small r > 0. For almost all r > 0, it follows from Lemma 5.5.2 that 


~ dH"-1(z) 
NO(B(R)) |x| 


DxXz(B(r)) =f 
and therefore 
|DxXx(B(r))| < H"""[EN A(B(r))). 
Consequently, (5.5.4) implies 
||DXzl|(B(r)) < C7! H™ [En O(B(r))] < Goes, (5.5.5) 


Note that (5.5.5) holds for all small values of r since the left side is a 
left-continuous function of r. This establishes the upper bound in (5.5.3). 

To establish (5.5.1), recall from Corollary 5.5.3 and (5.5.5) that for almost 
all r > 0, 


P(EN B(r)) < P(E, B(r)) +H" En (B(r))] 


and 
P(E, B(r)) < C7*H® [En &(B(r))). 


Thus, an application of the isoperimetric inequality (Theorem 5.4.3) and 
the previous two inequalities lead to 


JEN B(r)|"-Y/" < CP(EN B(r)) < CH” [EN A(B(r))], 
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for some constant C = C(n). Let h(r) = |EM B(r)| and observe that the 
co-area formula (Theorem 2.7.3) yields 


r)= c= "yn . 
h(r) iE sag Dela / H" [En a(B(t))|at 


Hence, h/(r) > Ch(r)™-/" and therefore that h(r)@/™-1h/(r) = 
n(hi/"(r))! > C. This implies h(r)}/" > Cr, thus establishing (5.5.1). 
Note that (5.5.1) implies (5.5.2) since P(E) = P(R” — E) and vg = 
—VRr_E. 
The lower bound in (5.5.3) follows immediately from (5.5.1), (5.5.2), and 
the relative isoperimetric inequality (Theorem 5.4.3) 


|| Dxz||(B(r)) 
pr-l 


|B(r) NE| |B(r) - 2 


> C min ( 


Tr 
rr rn 


5.6 Tangential Properties of the Reduced 
Boundary and the Measure-Theoretic Normal 


Now that we have introduced the definition of the unit exterior normal to a 
set of finite perimeter, we ask whether the existence of the exterior normal 
implies some type of regularity of the boundary. In order for the theory 
to run parallel to the classical development, the hyperplane orthogonal to 
the generalized normal in some sense should be tangent to the reduced 
boundary (see Definition 5.5.1). Although it cannot be expected that this 
plane is tangent in the usual sense, it will be shown that it is so in the 
measure-theoretic sense. 

For this purpose, we will employ a “blow-up” technique which views the 
local behavior of a set at a point by examining a sequence of dilations of the 
set at the point. Specifically, let E be a set of locally finite perimeter and 
suppose for notational simplicity that 0 € O~ E. For each € > 0, consider 
the dilation T-(x) = x/e and let E. = T-(E). Note that Xz, = Xg0T;' 
and that the scaling of DX zg, is of order n — 1. That is, 


DXz,[B(r/e)] = €*" DX [B(r)] for r >0 
(5.6.1) 
|| Xz, ||[B(r/e)] = *" ||DXz||[B(r)] for r > 0. 


The proof of the second equation, for example, can be obtained by choos- 


ing a sequence {uj} € C™[B(r)] such that u; > Xg in L*[B(r)] and 
Sp(r) |\Duilde \|DXz||[B(r)] (Theorem 5.3.3). However, 


i |Duj,-|\dx = aaa |Du;|dx 
B(r/e) B(r) 
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where uj,- = ujoTz}. Then, ui > Xg0TL* = Xz, in I} (B(e/r)] and by 
Theorem 5.2.1, 


lim inf |Duj,.|dx > ||DX x, ||[B(r/e)]. 
t 00 J B(r/e) 


Hence, 
||DxX x, ||[B(r/e)] < e* "| DXa||[B(r)]- 


The reverse inequality is obtained by a similar argument involving a se- 
quence of smooth function approximating Xz 0 T;}. 


5.6.1. Definition. For z € 0~ E, let 1(x) denote the (n — 1)-plane orthog- 
onal to v(x, FE), the generalized exterior normal to E at x. Also, define the 
half-spaces 

H* (2) = {y: v(x): (y— 2) > 0} 


H(z) = {y: v(x): (y— &) < 0}. 
5.6.2. Theorem. If E is of locally finite perimeter and 0 € 07 E, then 
Xe, > Xy- in Li,,(R") as e 10 
and 
||DXx,||(U) > ||DXx-II(V) 
whenever U is a bounded open set with H"~1[(0U) N x(0)} = 0. 


Proof. Without loss of generality, we may assume that the exterior normal 
to E at 0 is directed along the x,-axis so that v,(0) = 1 and (0) =...= 
Vn—1(0) = 0. It is sufficient to show that for each sequence {¢;} — 0, there 
is a subsequence (which we denote by the full sequence) such that 


[ie -Xa-|de +0 and [Dxe,,(U) > DXu-W) 6.6.2 


as €; | 0. 
From (5.6.1) and (5.5.3) we obtain for each r > 0, 


|| DX, ||[B(r)] = e* "| DxXal|[B(er)] < Cote "(er)"? = Ctr}, 
(5.6.3) 
and 


\|DXz, ||[B(r)] = e217" || DXzl|[B(er)] > Cel -"(er)""1 =Cr®-1 (5.6.4) 


for all sufficiently small ¢ > 0. Thus, for each B(r), Cr®~? < ||Xz. Ilav(a(r)) 
< C~1r"-? for all sufficiently small ¢ > 0. Therefore we may invoke the 
compactness of BV functions (Corollary 5.3.4) and a diagonalization pro- 


cess to conclude that Xz,, > Xa in Lj,.(R”). For each bounded open 
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set 2, Xz,, > xa in D'(Q) (in the sense of distributions) and therefore 
DXxXg,, > DXa in O'(Q). Note that DX4 # 0 from (5.6.4). Moreover 
Dx | cir DX, weakly in the sense of Radon measures and therefore, for 
all but countably many r > 0, 


Dxz,,(B(r)| > Dxa[B(r)]. (5.6.5) 
From (5.6.1), and the definition of the generalized exterior normal, 
lim DiXz,[B(r)]/||DXe.|I[B(r)] 


= lim DiXx[B(er)]/||Dxzl|[B(er)] =0, i=1,2,...,n-1, (5.6.6) 


whereas 
lim DaXz,[B(r)]/||DXz. ||[B(r)] = —1. (5.6.7) 


Thus, from (5.6.7) and (5.6.3), 
Jim De, I[B@)] = — Jim DyXe,,[B(r)] = -DeXalBO). (6.6.8) 


From the lower semicontinuity of the total variation measure (Theorem 
5.2.1) we obtain 


liminf ||DXx,, I[B(r)] = DXalllB)] 


and therefore ||DX.||[B(r)] < —D,Xa[B(r)] from (5.6.8). Since the oppo- 
site inequality is always true, we conclude that 


|DXa||[B(r)] = —DnXa[B(r)] (5.6.9) 
for all r > 0. Therefore, by Theorem 1.3.8 and Remark 1.3.9, 


|DxX4l|(B(r)) = —DaXa(B(r)) = I ya Aa DxAll@) 


This implies that v,(x, A) = 1 for ||DX4|l-a.e. x and thus that »;(z, A) = 0 
for ||DX,4l-a.e. z, i = 1,2,...,n — 1. Consequently, we conclude that the 
measures D;X, are identically zero, i = 1,2,...,n—1. Hence, X4 depends 
only on z, and is a non-increasing function of that variable. Let 

A = sup{Zn : Xa(z) = 1}. 


Since DX4 # 0, we know that A # oo. The proof will be completed by 
showing that A = 0. If \ < 0, we would have B(r) C R" — A for r < |A| 
and since Xg,, > Xa in Li,,(R"), 


0=|B(r)N Al = jim |Ee, N B(r)| = jim €;"|B(res) Nn El 


= lim r”(re;)~"|B(re;) N E| 
1700 
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which contradicts (5.5.1). A similar contradiction is reached if A > 0. There- 
fore, A = H~ and by (5.6.8) and (5.6.9), 


jim ||Dxe,, BO] = Dna IIIB) 


for all but countably many r > 0. If U is an open set with U C B(r) for 
such an r > 0 and 


|| DXz-||(QU) = H"—*[x(0) N OU] = 0, 
then Corollary 5.2.4 implies ||DXz,, ||(U) > ||DXz-||(U). Oo 


We now will explore the sense in which the hyperplane 7(z) introduced in 
Definition 5.6.1 is tangent to O~ E at x. For this, we introduce the following. 


5.6.3. Definition. Let vy € R” with |y| = 1. For z € R" and e > 0, let 
C(z,é,v) = R”™N{y: |(y—2x)-v| > ely — aI}. 


In what follows, it will be clear from the context that both x and v are 
fixed and therefore, we will simply write C(e) = C(z,¢,v). 

C(e) is a cone with vertex at x whose major axis is parallel to the vector 
v. If M were a smooth hypersurface with v normal to M at «x, then for 
each € > 0 

Cle)N MN B(z,r) =O (5.6.10) 


for all r > 0 sufficiently small. When M is replaced by 0O- E, Theorem 5.6.5 
below yields an approximation to (5.6.10). 

Before we begin the proof of Theorem 5.6.5, we introduce another con- 
cept for the exterior normal to a set. This one states, roughly, that a unit 
vector n is normal to a set FE at a point x if E lies completely on one (the 
appropriate) side of the hyperplane orthogonal to n, in the sense of metric 
density. The precise definition is as follows. 


5.6.4. Definition. Let E C R” be a Lebesgue measurable set. A unit 
vector n is called the measure-theoretic normal to E at x if 


lim r™"|B(z,7) 0 {y: (y—2)-n<0,y ¢ E}| =0 


and 
lim | B(x, 7) 0 {y :(y—z)-n>0,y € E}| =0. 


The measure-theoretic normal to E at x will be denoted by n(z, E) and we 
define 
OE = {x : n(a, E) exists}. 
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The following result proves that the measure theoretic normal exists 
whenever the generalized exterior normal does. Thus, 0° EC O*E. 


5.6.5. Theorem. Let E be a set with locally finite perimeter. Suppose 
0€O-E. Let v be the generalized exterior normal to E at 0 and x(0) the 
hyperplane orthogonal to v. Then, 


lim, r™1||DXpl|[C(e) N B(r)] = 0, (5.6.11) 

doe 

lim r "IENH*+N B(r)| =0, and (5.6.12) 
lim r-"|(B(r) -E) NH |=0. (5.6.13) 
To 


Proof. Again we use the “blow-up” technique that was employed to obtain 
(5.6.1). Thus, let T(x) = 2/r and recall that 


|DXz, [BQ] = 7°" ||Dxe|I[B(r)]. 
Note that T,[C(e) N B(r)] = C(e) N B(1). Therefore 
|| DX, ||[C(e) 9 BQ] = 1?" ||Dxe|I[C(e) N B(r)], 
and by Theorem 5.6.2, 
r3—" || DX 5||[C(e) N B(r)| — H""[C(e) N BY) N x(0)] = 0. 


This proves (5.6.11). 
Similarly, 
r "EN B(r)N At| =|E,N BY) At| 
and since Xz, > Xy- in Li,,(R") (Theorem 5.6.2), 
lim |E, 0 B(1)N H*|=|H7~ nN B(1)N At| =0. 
T— 
This establishes (5.6.12) and (5.6.13) is treated similarly. Qo 


The following is an easy consequence of the relative isoperimetric in- 
equality and complements (5.5.3). 


5.6.6. Lemma. There exists a constant C = C(n) such that 


IDxellB2N  ¢ 


lim inf 
r—0 
whenever x € O* 4. 


Proof. Recall from Definition 5.6.4 that if c € 0*E, then 
lim r"|B(2, r) NEN Ht (z)| =0 
Tt 
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and 
lim r~™|[B(z, 1) — E|NH(z)| =0 
pf 


where H+(x) and H~(zx) are the half-spaces determined by the exterior 
normal, n(x, E). Since B(z,r)NH~ (x) = ([B(x,r)-E]NA~ (x))U(B(z,7r)N 
EH “(z)), the last equality implies that 


_. -|Bir)NE| _,. |B(z,r) NENA (z)| 1 
Be ee [Bar| => 
Similarly, 
. . ,|B(r)-E| 1 
>= 
limint BO) 72 


and consequently, 


. |B(r)NE| _ |B(r)-E| 1 
lim —~— ++ = lim —*+——" = -. 
r>0 = |B(r)| r0 |B(r)| 2 


The result now follows from the relative isoperimetric inequality (5.4.3). 0 


This result allows us to make our first comparison of the measures || DX g]| 
and H"~! restricted to 0*E. 


5.6.7. Theorem. There is a positive constant C such that if E is a set 
with locally finite perimeter, and B C O*E is a Borel set, then 


H"~*(B) < C\|Dxz]|(B). 


Proof. For each x € B we obtain from Lemma 5.6.6 that 


|| DxzlI[B(z,7)] 
pr-l 


lim inf >C. 
r—0 


Our conclusion thus follows fromm Lemma 3.2.1. oO 


5.6.8. Corollary. If E is a set with locally finite perimeter, then 
H""\(0*E —0-E) =0. (5.6.14) 


Moreover, ||DXg\| and the restriction of H"~1 to 0*E have the same null 
sets. 


Proof. From the discussion in Definition 5.5.1, we have that ||DXxz||(R” — 
O~ E) = 0 and therefore ||DXx||(O*E — 0~ E) = 0. Thus, (5.6.14) follows 
from the previous theorem. Moreover, if B C 0~ E with H"~1(B) = 0, then 
||DXz]||(B) = 0 because of the second inequality in (5.5.3). This establishes 
the second assertion. oO 
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5.7 Rectifiability of the Reduced Boundary 


Thus far, we have shown that the measure-theoretic normal to a set E 
of locally finite perimeter exists whenever the generalized exterior normal 
exists (Theorem 5.6.5). Moreover, (5.6.11) states that the measure ||DX || 
has no mass inside the cone C(e), at least in the sense of measure density. 
This indicates that the reduced boundary may have some appealing tan- 
gential properties. Indeed, it will be shown that H”~1-almost all of 07 E 
can be decomposed into countably many sets each of which is contained 
within some C! manifold of dimension (n — 1). 


5.7.1. Definition. A set A C R” is called countably (n — 1)-rectificable if 
AC Ao U [U9 fi(R"~*)] where H"~1(Ao) = 0, and each f;: R"~! > R” is 
Lipschitz, i = 1,2,.... Because a Lipschitz map defined on an arbitrary set 
in R"—! can be extended to all of R"~! (Theorem 3.6.2), countable (n—1)- 
rectifiability is equivalent to the statement that there exist sets E; C R™~1 
and Lipschitz maps f;: E; > R” such that A C Ao U [U%, f;(£;)]. 


The next result is an easy consequence of Rademacher’s theorem and 
Theorem 3.6.2, concerning the approximation of Lipschitz functions. 


5.7.2. Lemma. A set A C R"~! is countably (n — 1)-rectifiable if and 
only if A C US A; where H"-!(Ap) = 0, and each Aj, i > 1, is an 
(n — 1)-dimensional embedded C submanifold of R”. 


Proof. Obviously, only one direction requires proof. For this purpose, for 
each Lipschitz function f; in the Definition 5.7.1, we may use Theorem 
3.10.5 to find C! functions g;,;, j = 1,2,..., such that 


F(R") CNU TY 945(R"™) 


j=l 
where H”~1(N;) = 0. Let C;,; denote the critical set of 9;,;: 
Cig = RN fy: J9i,5(y) = 9}, 


where Jg;,;(y) denotes the Jacobian of g;,; at y. By an elementary area 
formula, see [F4, Theorem 3.2.3], H"~1[gi,;(Ci,;)] = 0 and therefore the 


set 
CO oo 
Ao = (U x) UL VU 95(Cis) | =0 
i=l 


4,j=1 


has zero H"—! measure. 
For each y € R"~1 — C,; an application of the implicit function the- 
orem ensures the existence of an open set U;,;(y) containing y such that 
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9i,j | Vig (y) is univalent and that 9;,;(Ui,j(y)) is an (n — 1)-dimensional C? 
submanifold of R™. Clearly, there exists a sequence of points yi, y2,... in 
R"-1— Cj such that UR Ui, 3 (ye) > Rm-1- Cig and 


LL) 94,5 (Uig (ye) D 91,9(R°-* — Ci). 
k=l 


Therefore, for each i, 


f(R°™) -— AoC [J 9,5 (Ui.5 (ye) 
j,k=1 


from which the result follows. O 


5.7.3. Theorem. /f E Cc R” is of locally finite perimeter, then 07 E is 
countably (n — 1)-rectifiable. 


Proof. Clearly, in view of Corollary 5.5.3, we can reduce the argument to 
the case of E with finite perimeter. Now recall from the proof of Lemma 
5.6.6, that if « € O- E, then 


lim r-"|B(z,r)EN H*(z)| =0 
ro 


and 
lim r"|[B(z,r) — E|N HA (z)| =0. 
Tt 


Since B(z,r)N H~(z) = ([B(a,r) — E]N H~(z)) U(B(z,r) NENA (s)), 
the last equality implies that 

. |B(z,r)NENHA-(z)| 1 

lim —-————-_—— = =. 

fae |B(z,r)| 2 
Therefore, with the aid of Egoroff’s theorem, for each 0 < € < 1 and 
each positive integer i, there is a measurable set F; C O~ EF and a positive 
number r; > 0 such that ||DXx||[(O~- EZ) — Fi] < 1/(2t) and 


IBN H* (2) N B(a,r)| < 5 (5) Bn) (5.7.1) 


JEN H-(2) 9 B(x, 7) > 51B(2,7) (5.7.2) 


whenever x € F; and r < r;. Furthermore, by Lusin’s theorem, there is a 
compact set M; C F; such that ||DXx||[F;—M;] < 1/(2¢) and the restriction 
of v(-,E) to M; NO7E is uniformly continuous. Since H"~! restricted to 
0 E is absolutely continuous with respect to ||DX || (Theorem 5.6.7), our 
conclusion will follow if we can show that each M; is countable (n — 1)- 
rectifiable. 
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We will first prove that for each « € M;, 


O(2,e,v(2, E)) 1M; NB (2, 2) =9 (5.7.3) 


where C(z,¢,v(x, E)) is the cone introduced in Definition 5.6.3. Thus, we 
will show that |v(x) - (x — y)| < e|x — y| whenever x,y € M; and |x — y| < 
(1/2)r;. If this were not true, first consider the consequences of v(x) - (y — 
x) > e|x — y|. Since the projection of the vector y — x onto v(x) satisfies 
IProj(a)(y — x)| > el — yl, it would follow that B(y,e|x — yl) C Ht(z). 
Also, since ¢ <1, 

Bly, ele — yl) C B(a, 2|x — y}) 


and therefore 
Biy,e|x — y|) C Ht (x) N B(z, 2|z — y)). (5.7.4) 
However, since 2|z — y| < rj, it follows from (5.7.1) and (5.7.2) that 
\E0 H* (2) M B(x, 2x — yl) < 5 (5) 1B(e, 22 — wb 
< 56"1B(0, |e — y)) (5.7.5) 


and 


JEN Bly, ele — y|)| > |EN Biy, elx — yl) NH (y)| 
1 
> Bele — yl)| 


1 
= 72°1BO,|2— yD (5.7.6) 


Thus, from (5.7.4), a contradiction is reached because 
1 
72" |B, |e — y))| < /EN Bly ele — yl) 
1 
< EN H* (2) M Bla, 2le — yl)| < Fe"1B(0, |e — Dh 


A similar contradiction is reached if v(x) - (y — x) < —e|x — y| and thus, 
(5.7.3) is established. 

We will now proceed to show that each M; is countably (n—1)-rectifiable. 
In fact, we will show that M; is finitely (n —1)-rectifiable. First, recall that 
M, is compact and that v(-,) is uniformly continuous on Mj. It will be 
shown that for each ro € M; there exists a t > 0 such that M; N B(xo,t) 
is the image of a set A C R"~! under a Lipschitz map. For this purpose, 
assume for notational simplicity that v(zo, E) = v(zo) is the n‘ basis 
vector (0,0,...,1). Let 1(zo) be the hyperplane orthogonal to v(zo) and 
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let p: M; > (x9) denote the orthogonal projection of M; into (zo). The 
conclusion will be established by showing that p is univalent on B(xo,t)O.M; 
and that p~1|p[B(zo,t) N Mj] is Lipschitz. 

To see that p is univalent, assume the contrary and suppose that y,z € 
M, are points near zo with |z—y| < $7; and p(y) = p(z). Let u = z-y/|z—y| 
and note that |v(zo) - u| = 1. Since v is continuous, it would follow that 
|v(y)- ul > € if y were sufficiently close to 9. However, (5.7.3) implies that 
\v(y) - ul < e, a contradiction. Thus, there exists 0 < t < $7; such that p is 
univalent on B(x, t) N Mj. 

Let L be the inverse of p restricted to p[B(xo,t) M Mj] and let y,z € 
p[B(xo,t) N Mj]. Then 


|L(z) -— L(y)| _ |L(z) — L(y)| 
|z-y| (\L(z) — L(y)|? = |proj. ce) [L(z) — L(y)]I?)*/? 
1 
i. IpFOi, 2.) (L(2)—L(y)) 2 \ 1/2" 
(1 = an 10 ae ) 


Using again the continuity of v, the last expression is close to 


1 
(1 — [preiny ete)—rinr 7? 
[L(«)-L(y)P 
provided that y is close to xo. by (5.7.3), (5.7.7) is bounded above by 


1/(1—e?)"/?, which proves that L is Lipschitz in some neighborhood of zo. 
Since M; is compact, this proves that M; is finitely (n — 1)-rectifiable. O 


(5.7.7) 


The following is an immediate consequence of Lemma 5.7.2 and the pre- 
vious result. 


5.7.4. Corollary. If E Cc R” is of locally finite perimeter, then 


foe) 
a Ec|\JMUN 


t=1 


where H"-1(N) = 0 and each M, is an (n —1)-dimensional embedded C! 
submanifold of R”. 


5.8 The Gauss—Green Theorem 


In this section it will be shown that the Gauss—Green formula is valid on 
sets of locally finite perimeter. The two main ingredients in the formulation 
of this result are the boundary of a set and the exterior normal. Since we 
are in the setting of sets of finite perimeter, it should not be surprising 
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that the boundary of a set will be taken as the reduced boundary and the 
exterior normal as the measure-theoretic exterior normal. 

In Definition 5.6.4, we introduced the notion of the measure-theoretic 
exterior normal and demonstrated (Theorem 5.6.5) that 


OECO*E. (5.8.1) 
Moreover, from (5.6.14), 
H" \(0*E—0-E) =0. (5.8.2) 


One of the main objectives of this section is to strengthen this result by 
showing that if B C 0*E, then 


H"““(B) = ||Dxz|(B). (5.8.3) 
This is a crucial result needed for the proof of the Gauss—Green theorem. 
5.8.1. Theorem. If E Cc R” has locally finite perimeter, then 

H"~*(B) = ||Dxz||(B) 
whenever BC O*E is a Borel set. 
Proof. If z € 0 E, it follows from Theorem 5.6.3 that 


7" IDX xl|[B(z,r)] = ||DXz, ||[B(x, 1)] > || DXx- II[B(@, 1)] 
= H""|B(z,1) Nn 7(2)| 
=a(n-—1) 


where 7(z) is the hyperplane orthogonal to v(x, EF). Therefore, 


in WDXzILBs 


lim octet = b Peo EB. (5.8.4) 


Since H"-1(0*E — O-E) = ||DXz||[0*E — 0 E] = 0 (Corollary 5.6.9) we 
may assume that B C 0- E and B C U%, Mj, where each M; is an (n— 1)- 
manifold of class C1 (Corollary 5.7.4). Fix i and let » = H"—*|M;. Since 
M; is smooth, 


_  —wB(z,r)] 
lim a(n = 1)r"=1 pret =1, ce BNM, 


and therefore, by (5.8.4), 


p[B(z,r)] 
lim PMT = pe BNM,. 
70 ||DX xl|[B(z,r)] : 
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By the Besicovitch Differentiation Theorem (Theorem 1.3.8 and Remark 
1.3.9), 
H"™""(BN Mj) = »(B) = ||Dxz||(B Mi). 


The result easily follows from this. Oo 


We now are able to establish the Gauss—Green theorem in the context of 
sets of finite perimeter. 


5.8.2. Theorem. Let E be a set with locally finite perimeter. Then, 
| div V dz = | n(x, E)-V(x)dH"—*(2) 
E aE 


whenever V € Ci(R"; R"). 
Proof. Choose a ball B(r) containing spt V. Then 
[awvae =- if V-d(DxXg) (from Lemma 5.5.2) 
“s i __V(@)-o(@,E)d|DXel|_ (from Definition 5.5.1) 


= V(a)-n(a,E)dH"1(x) (by the preceding theorem). 
aE 


5.8.3. Remark. The Gauss—Green theorem is one of the basic results in 
analysis and therefore, the above result alone emphasizes the importance 
of sets of finite perimeter. Therefore, a question of critical importance is 
how large is the class of sets of finite perimeter. The definition alone does 
not allow easy identification of such sets. However, it is not difficult to see 
that a Lipschitz domain, 2, is a set with locally finite perimeter. An outline 
of the proof will be given here while details are left as an exercise, for the 
reader. We may assume that 212 is locally of the form 


2 = {(w,y):0<y<g(w)} 


where g is a non-negative Lipschitz function defined on an open cube 
Q Cc R™-?. Since g admits a Lipschitz extension (Theorem (3.6.2) we may 
assume that g is defined on R"~!. Let g- be a mollifier of g (Section 1.6) 
and recall that 


/ |Dg.|dz < i, |Dg|dz (5.8.5) 
Q Q 
for all e > 0. Each set 


Q, = {(w,y):0<y<ge(w), we Q} 
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is obviously of finite perimeter because the classical Gauss—Green theo- 
rem applies to it (see Remark 5.4.2). Let X- denote Xp, and observe that 
||Dx.||(R") = H"-1(0Q,). Since 


i 14 Daclide = H"“[f(w,y): y= gel), w © QY, 


it follows from (5.8.5) that ||DX-||(R") < C where C is some constant 
independent of ¢. We may apply the compactness property of BV functions 
(Corollary 5.3.4) to conclude that X is BV in R”, thus showing that 2 is 
locally of finite perimeter. Moreover, Rademacher’s theorem on the almost 
everywhere total differentiability of Lipschitz functions (Theorem 2.2.1) 
implies that the measure-theoretic normal is H”~+-almost everywhere given 
by 
n(e,0) = Powe) 1) (5.8.6) 
V1+ |Dg(w)/? 

where x = (w,g(w)). 

We conclude this section by stating without proof a useful characteriza- 
tion of sets of finite perimeter. This will be stated in terms of the measure- 
theoretic boundary. 


5.8.4. Definition. If E C R” is a Lebesgue measurable set, the measure- 
theoretic boundary of E is defined by 


OuE = {x : D(E,z) > 0}N{x: D(R" — E,x) > 0}. 


If we agree to call the measure-theoretic interior (exterior) of F all points 
x for which D(E,x) = 1 (D(E,z) = 0), then 0,,E consists of those points 
that are in neither the measure-theoretic interior nor exterior of E. See 
Exercise 5.3 for more on this subject. In Lemma 5.9.5, we shall see that 
O*E and 0,,E differ by at most a set of H”~1-measure 0. 


5.8.5. Theorem. Let E Cc R” be Lebesgue measurable. Then E has locally 
finite perimeter if and only if 


H™"(K NOE) < 00 


for every compact set K C R”. 


The reader is referred to [F4, Theorem 4.5.11] for the proof. 


5.9 Pointwise Behavior of BV Functions 


We now begin a treatment for BV functions analogous to that developed for 
Sobolev functions in the first three sections of Chapter 3. It will be shown 
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that a BV function can be defined by means of its Lebesgue points every- 
where except for a set of H"~!-measure zero and a set that is analogous 
to the set of jump discontinuities in R?. 

In the definition below, the following notation will be used: 


A; = {x : u(x) > t}, 
B, = {x : u(x) < t}, 


D(E, xz) = limsup ————_— 
oe aa a aT Fema 

= |EN Bla,7)| 
3 2 i 

PEIN BEN 


In case the upper and lower limits are equal, we denote their common value 
by D(E, x). Note that the sets A; and B; are defined up to sets of Lebesgue 
measure zero. 


5.9.1. Definition. If u is a Lebesgue measurable function defined on R”, 
the upper (lower) approximate limit of u at a point x is defined by 


ap lim sup u(y) = inf{t : D(Az, x) = 0} 
ye 


(ap lim inf u(y) = sup{t : D( Bz, x) = 0}). 
you 
We speak of the approximate limit of u at x in case 


ap lim sup u(y) = ap lim inf u(y). 
yor yor 


u is said to be approximately continuous at z if 


ap lim u(y) = u(z). 
yn 


5.9.2. Remark. If u is defined on an open set 2, reference to the definitions 
imply that u is approximately continuous at x if for every open set U 
containing u(x), 

D{u~!(U) NQ, z] = 1. 


An equivalent and rather appealing formulation is the one used in Remark 
3.3.5. It is as follows: u is approximately continuous at z if there exists a 
Lebesgue measurable set E containing x such that D(E,xz) = 1 and u|E 
is continuous at z. It is clear that this formulation implies the previous 
one. To see the validity of the opposite direction, let r; > rg >7r3 >... be 
positive numbers tending to zero such that 


B 
< ea for r<rpz. 


B(z.r) 0 {y luty) — a(e)| > Z} 
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Define 


E = R" — U{Be, rp) — B(x, regi)} {u : |u(y) — u(x)| > i} : 
k=1 


Clearly, u| E is continuous at x. In order to complete the assertion, we will 
show that D(E,x) = 0. For this purpose, choose « > 0 and let J be such 
that 722) se < €. Let r be such that 0 <r < ry and let K > J be the 
integer such that rnx4, <r < rx. Then, 


[o-e} 


(RY ~ BY Ble.) < Yo | (layne) - Blesress)} 
k=K 


{uy uty) - ae)1 > $} 


= Qk 9k 
k=K+1 
IBzr)l, SS |B") 
= + 3 Qk 
k=K+1 
=. 1 
<|Blo.r)| Do x 
k=K 


which yields the desired result since ¢ is arbitrary. 

One of the main results of this section is that a BV function can be 
defined in terms of its approximate limits H”—1-almost everywhere. For 
this, the following is needed. 


5.9.3. Lemma. Let n > 1 and 0 < 7 < 1/2. Suppose E is a Lebesgue 
measurable set such that D(E,x) > 7 whenever x € E. Then there exists a 
constant C = C(r,n) and a sequence of closed balls B(x;,r;) with x; € E 
such that 


foe} 
EC U B(x, Ti) 
i=1 


and 
[o-e) 


Yori"? < Cl Dxal|[R")- 


i=l 
Proof. For each x € R”, the continuous function 


_ |Bla,r) NB 
10) = Ben 
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assumes the value 7 for some r, > 0 because it exceeds this value for some 
possibly different r and approaches zero as r — oo. Since r < 1/2, the 
relative isoperimetric inequality, (5.4.3), implies 


[ra(n)rp] "9!" < Ol|Dxzll[B(2,r2)]- 


Now apply Theorem 1.3.1 to the family of all such balls B(z,rz) to obtain a 
sequence of disjoint balls B(z;,r;) such that U%, B(a;, 5r;) D E. Therefore, 


fra(n)]*-D/™ $-(5r5)""4 < °C J |DxeIB(e. 70) 


i=1 i=1 


<5%-VC||Dxx||[R"]- Oo 


In addition to (5.5.3) concerning the (n — 1)-density of the measure 
||DXz||, we will need the following. 


5.9.4. Lemma. Let FE C R” be a set with locally finite perimeter. Then, 
for H”~}-almost every x € R” — O*E, 


D 
timeup DXallLB(e.)] _ 9 
rag) a(n —1)rr-} 


Proof. For each positive number 4 let 


= nm ax yy ||_Dxzll[B(a,r)] 
A=(R a B) {2 limsup a(n 1)rt=i >r>. 


It follows from Lemma 3.2.1 that 
\|DXe\|(A) > CAH"~1(A). 


Therefore H"~"(A) = 0 since ||DXx||(A) = 0, thus establishing the con- 
clusion of the lemma. Oo 


This leads directly to the next result which is needed to discuss the 
points of approximate continuity of BV functions. Recall the definition of 
the measure-theoretic boundary, 0,,E, Definition 5.8.4. The next result, 
along with (5.8.2) shows that all of the boundaries associated with a set 
of finite perimeter, 0~ E, 0*E, and 0,,F, are the same except for a set of 
H”~1-measure zero. 


5.9.5. Lemma. Let E Cc R” be a set with locally finite perimeter. Then 
O*E C OyE and H"—1(0,,E — 0*E) = 0. 


Proof. It follows immediately from Definition 5.6.4 that O*E C 0,,E. In 
order to prove the second assertion, consider a point z € 0,,E such that 
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D(E,z) > 6 and D(R" — E,z) > 6 where 0 < 6 < 1/2 and define a 
continuous function f by 


_|ENBler)l_,_ |Br)- BI 
IO = BG, r) Ben 
Thus, 
lim sup f(r) = D(E,z) > 6 
r—0 
and 


lim inf f(r) =1-—D(E,z)<1-6, 
Tt 
with 6 < 1— 6. Hence, there are arbitrarily small r > 0 such that 6 < 
f(r) < 1-6 and for all such r, the relative isoperimetric inequality, (5.4.3), 
implies 

[5a(n)r2] "9!" < Cl|Dxxl|[B(z,7)]. 


Thus, 
: |DXxlI[B(z,r)] 
l HACE Me 
aoe a(n —1)r-1 2 
and reference to Lemma 5.9.4 now establishes the conclusion. Oo 


In the next theorem, it is shown that a BV function is approximately 
continuous at all points except for a set of H"~1-measure zero and a count- 
ably (n — 1)-rectifiable set E which, roughly speaking, includes the points 
at which u has a jump discontinuity (in the sense of approximate limits). 
It is also shown that at H”—1-almost all points of EF, u has one-sided ap- 
proximate limits. Later, these results will be refined and stated in terms of 
integral averages. 

Recall from Definition 5.9.1 that A; = {x : u(x) > t}. 


5.9.6. Theorem. Let u € BV(R"). If 


u(x) = aplimsup u(y), 


ye 
A(x) = ap lim inf u(y), 
ye 


and 
E=R"N{a: (2) < u(2)}, 


then 
(i) E is countably (n — 1)-rectifiable, 
(ii) —o0 < A(x) < p(x) < 00 for H"~1-almost all x € R”, 


(iii) for H"~1-almost all z € E, there is a unit vector v such that n(z, As) = 
v whenever X(z) < 8 < pz). 
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(iv) For all z as in (iii), with —0o < N(x) < p(x) < 00, let H~(z) = {y: 
(y—z)-uv <0} and Ht(z) = {y: (y—z)-v > 0}. Then, there are 
Lebesgue measurable sets E~ and E* such that 


|E- N H-(z)N B(z,7)| |E* N H*(z) N B(z,r)| 


i —<—<—<< $$ 1 = li — 
ae [H=(2) 9 Ble) rm) [A*(2)N Bez, r)| 
and 
lim u(z)=a(2), Jim —u(z) = A(z). 
2€E~ NH (z) 2€Et+NH*(z) 


Proof. Applying Theorems 5.4.4 and 5.7.3, there exists a countable dense 
subset Q of R} such that P(A;) < oo and 0*A;, is countably (n — 1)- 
rectifiable whenever t € Q. From Remark 5.9.2 we see that 


H""[{U(O4 Ae — O* Az) : t € Q}] = 0. 
It follows immediately from definitions that 
{a: A(x) <t < p(x)} COwAt for te R’, (5.9.1) 


and therefore E C {U0, At: t € Q}, H"—1[E — {UO* A; : t € Q}] = 0. This 
proves that E is (n — 1)-countably rectifiable. 

Let I = {x : A(z) = —oo} U {x : p(x) = co}. We will show that 
H”~1(I) = 0. For this purpose it will be sufficient to assume that u has 
compact support. First, we will prove that H"~[{z : A(z) = co}] = 0. Let 
Li = {x : (x) > t} and note that D(L¢,z) = 1 whenever z € Ly. Now 
apply Lemma 5.9.3 to conclude that there is a sequence of balls {B(r;)} 
whose union contains LZ, such that 


co 


Sort? < Cl|Dxz, I. 


i=l 


Since u has compact support, we may assume that diam B(r;) < a, for 
some positive number a. Therefore, Theorem 5.4.4 implies 


H®""[{a : A(x) = co}] = H®[{NLy : t € RY] 
< Climinf || DXz,||(R") = 0. 


From this it easily follows that H"~1[{x : A(x) = oo}] = 0. A similar proof 
yields H"~1[{x : u(x) = —co}] = 0. Thus, the set {x : p(x) — A(z)} is well- 
defined for H"~!-a.e. x and the proof of (ii) will be concluded by showing 
that H"—1[{x : u(x) — A(x) = +00}] = 0. Since E is countably (n — 1)- 
rectifiable, it is o-finite with respect to H”~1 restricted to E. Therefore, 
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we may apply Lemma 1.5.1 to obtain 
i (u—A)dH"™ “1! = i. H""1[{a : A(x) <t < p(x)}]dt 
E 0 


[o.e} 

< yi H""1(0,4A;)dt (by 5.9.1) 
ee 

< i H"~1(0"A,)dt (by Lemma 5.9.5) 
0 


< cf ||DX.4,||dt (by Theorem 5.6.7) 
0 
<C||Dul|(R”) (by Theorem 5.4.4) 


< oo, since spt u is compact. 
We will prove that (iii) holds at each point 
zE€E- {U(Ou At = O* At) :teE Q}. 


If t € Q with A(z) < t < p(z), then z € O,,A_ and therefore z € 0* A;. Con- 
sequently, n(z, Az) exists. But is must be shown that n(z, Ay) = n(z, As) 
whenever A(z) < s < p(z). It follows from the definition of the measure 
theoretic exterior normal (Definition 5.6.4) that 


D(At, 2) = 1/2 = D(Ag, 2). (5.9.2) 


If s < t, then A, > A; and therefore D(A, — At, z) = 0, which implies that 
n(z, At) = n(z, As). 

For the proof of the first assertion of (iv), let z € E —J and choose e > 0 
such that A(z) < u(z) — € < p(z). Observe that D(A, (z)+e, 2) = 0 while 


ae |Ay(z)-e NH (z) 9 B(z,r)| 


=1 
r0  |H~(z) 0 B(z,r)| : 


from (5.9.2). Therefore 


san Cetlial2) — 6, w(z) +e] 0H (2) N B(e.7)) 


ba [H-(z) A Bz,r)| = 


By an argument similar to that in Remark 5.9.2, this implies that there 


is a set E~ with the desired properties. The second assertion is proved 
similarly. oO 


5.10 The Trace of a BV Function 


For a given set 2 C R” with suitably regular boundary and u € BV({), 
we will show that it is possible to assign values to u at H”~'-almost all 
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points of 9Q even though u, when considered as a member of L1(Q), is 
defined only as an element of an equivalence class of functions. Recall that 
two measurable functions are called equivalent if they differ at most on 
a set of Lebesgue measure zero. The difficulty with defining the trace of 
a function on the boundary is that OQ may have zero Lebesgue measure, 
precisely where the function may be undefined. The theory requires further 
development in order for this difficulty to be circumvented. The approach 
we use for this is as follows. For a certain class of domains 2. C R” (called 
admissible domains below), if u € BV(Q) is extended to all of R” by 
defining u = 0 on R” — Q, then an easy application of the co-area formula 
shows that u € BV(R"). By means of Theorem 5.9.6 we then are able 
to define u H”~}!-almost everywhere including E, the set of approximate 
jump discontinuities. 


5.10.1. Definition. A bounded domain 2) of finite perimeter is said to be 
admissible if the following two conditions are satisfied: 


(i) H"-1(80 — AyQ) = 0, 


(ii) There is a constant M = M(Q) and for each x € O2. there is a ball 
B(a,r) with 


H" "(O04 E) 9 (OuQ)| < MH" [(04E) NQ] (5.10.1) 


whenever E Cc 2M B(z,r) is a measurable set. 


5.10.2. Remark. It is not difficult to see that a Lipschitz domain is ad- 
missible. For this purpose, we may assume that 2 is of the form 


Q = {(w,y):0<y <g(w)} 


where g is a non-negative Lipschitz function defined on an open ball B C 
R"~1, From Remark 5.8.3 we know that 1 is a set of finite perimeter. Let 
E CQ be a measurable set and we may as well assume that H"-1(QN 
OuE) < oo for otherwise (5.10.1) is trivially satisfied. Since 0, E = (OyEN 
8Q) U(QN OyF) and H"~1(0Q) < oo, we conclude from Theorem 5.8.5 
that & has finite perimeter. Hence, we may apply the Gauss—Green theorem 
(Theorem 5.8.2) with the constant vector field V = (0,0,...,1) and (5.8.6) 
to obtain 


i V -n(z,Q)dH"—! (2) + / V -n(2, E)dH"}(x) = 0. 
(8* E)N(aQ) (0 E)nQ 
Therefore, if X is the Lipschitz constant of g, we have 


1 


V1 |Al? 


H"™[(*E) 1 (8Q)] < H* [3° E) NQ), 
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and reference to Lemma 5.9.5 establishes the desired conclusion. 


5.10.3. Definition. Whenever u is a real valued Lebesgue measurable 
function defined on an open set 2, we denote by uo the extension of u to 
R”: 

_ fu(z) cen 
ole) ‘a xe R™—Q. 


Observe that uo is merely a measurable function and is therefore de- 
fined only almost everywhere. Later in the development, we will consider 
u € BV(Q) where 2 is an admissible domain, and then we will be able 
to define ug everywhere except for an H”—1-null set. If Q is a smoothly 
bounded domain and u € BV(Q), it is intuitively clear that up € BV(R”) 
because the variation of uo is greater than that of u by only the amount 
contributed by H”—!(0Q). The next result makes this precise in the context 
of admissible domains. 


5.10.4. Lemma. Jf Q is an admissible domain and u € BV(Q), then 
uo € BV(R") and |\uollav(r) < Cllullaviay where C = C(Q). 


Proof. It suffices to show that up is BV in a neighborhood of each point of 
OQ. because OX. is compact. If we write u in terms of its positive and negative 
parts, u= ut —u_, it follows from Theorem 5.3.5 that u € BV(Q) if and 
only if ut (Q), u7-(Q) € BV(Q). Therefore, we may as well assume that u is 
non-negative. For each x € ON, let B(x, r) be the ball provided by condition 
(ii) of Definition 5.10.1. Let y be a smooth function supported by B(z,r) 
such that 0 < y < 1 and y = 1 on B(z,r/2). Clearly, pug € BV(Q) and 
Theorem 5.4.4 and Lemma 5.9.5 implies 


i: * H"-1O.A Oy Arldt = ||D(puo)||(®) < 00 (5.10.2) 
0 


where A; = {x : yuo(x) > t}. Since |A, -QNB(z,r)| = 0 for t > 0, (5.10.1) 
and (5.10.2) imply 


i. i H""1 (04 Az)dt < C||D(puo)||(Q) < cv. 


Hence, by Theorem 5.4.4, pug € BV(R") with 
|| Duoll[B(z, 7/2)]|| < |D(euo)||(R") < Cll D(euo)||(Q). 


However, by (5.1.2), 


|| D(puo)||(Q) = sup {/ uoy div V dx : V € Cj(Q; R"), |V| < i} 
Q 
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and 
| uoy div V dz = / udiv(pV )dx — if uDgy-V dz. 
Q Q Q 


Therefore 


|| Duo||[B(x, r/2)]l] < Cl|D (yuo) I|(Q) < Cl|Dull(Q) + C(r)|lulla;0 
<[C+C(r)]llullaviay- 


This is sufficient to establish the result because 02 is compact. oO 


We now are able to define the trace of u on the boundary of an admissible 
domain. 


5.10.5. Definition. If 2 is an admissible domain and u € BV(Q), the 
trace, u*, of u on ON. is defined by 


U" (x) = pug (2) + Aug (2) 


where f(z) and A,,(x) are the upper and lower approximate limits of uo 
as discussed in Definition 5.9.1 and Theorem 5.9.6. 


5.10.6. Remark. We will analyze some basic properties of the trace in light 
of Theorem 5.9.6. Let E = {x : Au, (£) < Hu, (x)}, At = {x : uo(z) > tH, 
and select a point 29 € EN 0*2Q where (iii) of Theorem 5.9.6 applies. Thus, 
there is a unit vector v such that 


n(to, At) =v whenever Axy,(L0) < t < Huy (Zo)- 
We would like to conclude that 
v = +n(xo,). (5.10.3) 


For this purpose, note that 0 € [Au, (Zo), Huy (Zo)] and Ay C Q for t > 0. 
Ift > 0 and v 4 tn(zo,Q), then simple geometric considerations yield 


(A: — 2) N B(zo,r)| 
lims ee 
mao, |B(®0,r)| 


This is impossible since A; C 2. On the other hand, if t < 0 and v #4 
+n(xo,9), then 


> 0. 


\(B, — 2) 0 B(ao,7)| 
lim oo 
roo Beast) | 


an impossibility since By = {x : uo(x) < t} C Q. Hence, (5.10.3) is estab- 
lished. 


> 0, 
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Also, observe that 
if v = n(xo,2), then Ax, (Lo) = 0. (5.10.4) 


For, if Au,(Z0) < 0 there would exist t < 0 such that Au, (Zo) < t < Mug (Zo). 
Because v = (Xo, Az), it follows that 


D(A, N {x : (x — Lo) - uv > 0}, 20) = 0. 


But t < 0 implies |(R” — 2) — A,| = 0. This, along with the fact that 
v = n(x, Q) yields 
D(AiN {x : (z@ — %o)-v > 0}, 20) > 1/2, 


a contradiction. Therefore, Au, (%o0) < 0. 
On the other hand, if A1,(%0) > 0, there would exist t > 0 such that 
D(At, £0) = 1. This would imply that 


D(At/N {x : (4& — 29) -v > 0}, 20) = 1/2 
which is impossible since |A, — 2| = 0 and 
D(QN {ax : («& — Lo): v > OF, xo) = 0. 
Thus, (5.10.4) follows and a similar argument shows that 
if v = —n(xo0,2), then pu, (xo) = 0. (5.10.5) 


Later, in Section 5.12, after certain Poincaré-type inequalities have been 
established for BV functions we will be able to show that if 0 is admissible 
and u € BV(Q), then 


lim \u(y) — u*(ar)|"/"—Ydy = 0 (5.10.6) 
70 JB(a,r)NO 


for H"-1-almost all x € ON. 


We conclude this section with a result that ensures the integrability of 
u* over 02. 


5.10.7. Theorem. If Q is an admissible domain, there is a constant M = 
M(Q) such that 
|u*|dH"—* < M|lullava) 
ara 
whenever u € BV(Q). 


Proof. Since by definition, u* = Au, + Huo, it suffices to establish the 
inequality for the non-negative function 4 = [y,, the case involving A 
being treated in a similar manner. As in the proof of Lemma 5.10.4, we 
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need only consider the case when p is replaced by yy, where ¢ is a smooth 
function with 0 < y < 1, gy =1 on B(z,r/2), and sptu C B(z,r), where 
B(a,r) is a ball satisfying the condition (5.10.1). 

First, with A, = {x : pu(x) > t}, observe that AyN O42 C (OwAt) 9 
(O42), for t > 0. Indeed, let z € Ay Oy and suppose z ¢ 0, Az. Then 
either D(A;,x) = 1 or D(A:,z) = 0. In the first case D(Q,x) = 1 since 
|A, — Q| = 0 for t > 0. Hence, xz ¢ O,,, a contradiction. In the second 
case, a contradiction again is reached since the definition of py(x) implies 
xz ¢ A;. Therefore, we have 


H"—[Ay 9 Oy Q] < H" (Oy, At) 1 (OuQ)], t > 0. (5.10.7) 


Thus, we have 


udH"* < | yudH"—* 


eee B(z,r)NOuQ 


<[ H™ (A; N04) (by Lemma 1.5.1) 

0 

< / H""((OyAt) A (OuQ)\dt (by 5.10.7) 
0 


<M | HH" [(Ou At) NQ]dt (by 5.10.1) 
0 


< M||D(yp)||(Q) (by Theorem 5.4.4) 
< Mj|lullav@). 


Since yj = u almost everywhere, the last inequality follows as in the proof 
of Lemma 5.10.4. oO 


5.11 Poincaré-Type Inequalities for BV Functions 


In this section we prove the main inequality (Theorem 5.11.1) from which 
essentially all Poincaré-type inequalities for BV functions will follow. This 
result is analogous to Theorem 4.2.1 which was established in the context 
of Sobolev spaces. In accordance with the previous section, throughout we 
will adopt the following conventions concerning the point-wise definition of 
BV functions. If u€ BV(R”) set 


u(2) = 5Da(e) + Ha(2)] (5.11.1) 


at any point where the right side is defined. From Theorem 5.9.6(ii), we 
know that this occurs at H"~1!-almost all z € R”. If u € BV(Q), 2 admis- 
sible, then we know by Lemma 5.10.4 that uo € BV(R”) and therefore uo 
is defined H”~1!-a.e. on R”. Thus, we may define u on 2 in terms of uo as 
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follows: 


w= (me TE, sana 


At first glance, it may appear strange to define u(x) = 2uo(x) on 0, 
but reference to (5.10.4) and (5.10.5) shows that this definition implies the 
intuitively satisfying fact that at H"—1-a.e. x € OQ, either u(r) = pu, (2) 
or u(x) = Ay, (x). Consequently, u is a Borel function defined H"~!-a.e. on 
2. Note that we have for H"~!-ae. z, 


au(x) + bu(x) = (au + bu) (x) 
whenever a,b € R}. 
5.11.1. Theorem. Let 2 be a connected, admissible domain and suppose 
ué BV(Q). If T € [BV(Q)]|* and T(Xq) = 1, then 
lu — T(u)|Inj(m—1) 32 S CIT |] || Dul|(2), (5.11.3) 
where ||T|| denotes the norm of T as an element of [BV(Q)]*, and C = 
C(Q,n). 
Proof. It suffices to show that 
lu — T(u)|h1;0 < CIT] ||Dul|(Q), (5.11.4) 
for if we set f = u — T(u), then by Sobolev’s inequality and (5.11.4), 
Wf lln7m—1);0 = Ifollns(n-1);R" S Cillfollavirn) < Clifllavia- 


The last inequality follows from Lemma 5.10.4. Also, note that the Sobolev 
inequality holds for fo because it holds for the regularizers of fo, whose BV 
norms converge to || fo||av(re) by Corollary 5.2.4. Thus, in view of the fact 
that ||T|] > |Q|~?, (5.11.3) follows from (5.11.4). 

To prove (5.11.4), it is sufficient to assume f, u(x)dr = 0 since the 
inequality is unchanged by adding a constant to u. With this assumption, 
(5.11.4) will follow if we can show 


llull1;0 < Cl|Dul|(Q) (5.11.5) 
because 


lu — T(u)|a0 < |lullio + [2] [ITI lullav@ 
< [1 + [| [TIN] (lella;e + Dull) 
S$ 2(Q| ||T|(lulla;a + || Dull(@)). 


If (5.11.5) were not true for some constant C’, there would exist a sequence 
uz € BV(Q) such that 


i: ux(z)dz =0, |luellie =1, and ||Dug||(Q) — 0. (5.11.6) 
a 
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For each uz, form the extension ug,o by setting u = 0 on R” — 2. From 
Lemma 5.10.4, it follows that the sequence {||ux,ollav(rx)} is bounded 
and therefore an application of Corollary 5.3.4 implies that there exist 
u € BV(R") and a subsequence of {ux,o} (which will still be denoted by 
the full sequence) such that uz — wu in L1(Q). Therefore |[ulli¢ = 1 
from (5.11.6). But (5.11.6) also show that ||Du||(Q) = 0 and therefore u = 
constant on 2 since 2 is connected. Consequently, u = 0 which contradicts 
llull1,.0 = 1. Thus, (5.11.5) and therefore (5.11.4) is established. QO 


5.11.2. Corollary. Let 2 be a connected, admissible domain. Let c and 
M be numbers such that 


lan + aic| < M|lao + ayullav(a) 
for all ao,a, € R}. Then there exists C = C(Q) such that 
Ju — C||n/(n—1);2 < CM||Dul|(R”). (5.11.7) 


Proof. Define a linear map Tp on the subspace of BV(Q) generated by 
Xq and u by To(XQ) = 1 and To(u) = c. From the hypotheses, the norm 
of Tp is bounded by M and therefore an application of the Hahn—Banach 
theorem provides an extension, T, to BV(Q) with the same norm. Now 
apply Theorem 5.11.1 to obtain the desired result. Oo 


5.12 Inequalities Involving Capacity 


We now will investigate the role that capacity plays in Sobolev-type in- 
equalities by considering the implications of Theorem 5.11.1. Recall that 
the BV(Q) is endowed with the norm 


Ilullavca) = luli + [|Dull(). 


However, for notational convenience, we will henceforth treat BV(R”) sep- 
arately and its norm will be given by 


llullavcre) = ||Dul|(R”). 


In Section 2.6, Bessel capacity was introduced, developed, and subse- 
quently applied to the theory of Sobolev spaces. Because of the irreflexivity 
of L, it was necessary to restrict our attention to p > 1. The case p = 1 
is naturally associated with BV functions and the capacity in this case is 
defined as follows: 


7(E) = inf{||Dvu||(R"): v € Y(R"), E Cc int{v > 1}}, 


where 
Y(R") = L"/(-)(R") 9 BV(R®). 
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Note that W11(R”) c Y(R®”) and by regularization (cf. Theorem 5.3.1), 
that 
llullny(n—1) S Cl|Dul|(R") (5.12.1) 


for u € Y(R"). A simple regularization argument also yields that in case 
E is compact, 


y(E) = inf{||Dv|]1 : v € Co°(R"), E C int{v > 1}}. (5.12.2) 


5.12.1. Lemma. /f E C R” is a Suslin set, then 

(EF) = sup{y(K): K Cc E, K compact}. 
Proof. Referring to Theorem 2.6.8, we see that it is only necessary to 
show that 7¥ is left continuous on arbitrary sets since right continuity on 


compact sets follows directly from (5.12.2). Thus, it suffices to prove that 
if FE, C EF. C... are subsets of R”, then 


[oe 
1 (U s) = jim 7(E)). 
For this purpose, suppose 


= lim 7(E;) < 00, and e>0. 
1 Co 


Choose non-negative v; € Y(R”) so that 

E, C int{x : v;(%) >1} and ||Dy;|\(R") < y(E;) + €2~, 
and let hj = sup{v1, v2,..., vi}. Note that hy € Y(R") and 

h; = sup{hj-1,v;}, Ej-1 C int{z : inf{hj_1, vj} (x) > 1}. 


Therefore, letting I; = inf{h;-1,v,;}, it follows from Theorem 5.4.4 (which 
remains valid for functions in Y(R”)) and Lemma 5.9.5 that 


|| Dhj||(R") + ¥(Ej-1) < ||Dhy||(R") + |DIj||(R") 
+00 
= H""!(Ou{hj > t})dt 


—0o 


+ / * HH"! (Ou {1; > t})dt. 


oo 


It is an easy matter to verify that 
Ou {hj > t} U Oy {Ij > t} Cc Ou {hj-1 > t} U Ou {v; > t} 
Ou {hj > t} N Ou {I; > t} G Ou {hj-1 > t} N Ou{v; > th. 
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Consequently, 
H"-1(Oy {hj > t}) +H") (Ou {Ij > t}) 


< H"(Oy{hj-1 > t}) + H"-1(Ou{v; > t}) 


and therefore, 


+oo 
[Daj ICR") +(Ej-1) $f HPA Ont hga > Oat 


—oo 


+00 
+ i H"-1(0,,{v; > t})dt 


= ||Dhy—1||(R") + |Dojl(R") 
< || Dhy—1|(R") + (Bs) + 2279. 


It follows by induction that 


j 
\|Dh;||(R") < y(E;) + se 27, 


t=1 


Therefore, letting w = limj;..0 hj, (5.12.1) implies 


[ell 1)/m = Jim [Ihyll(n+a/m S limsup Cl|Dhj||(R") < CA + ¢), 
jroo 


whereas the proof of Theorem 5.2.1 implies 


| Dul|(R") < limint [Dhj|(R") < oo. 


Thus, w € Y(R”) and 
lo) 
y(U Ei} < )Dwl|(R”) < liming ||Dhy||(R") <A +e. o 
i=l oe 
In addition to the properties above, we will also need the following. 


5.12.2. Lemma. /f AC R” is compact, then 


(A) = inf{P(U): A CU,U open and |U| < oo}. (5.12.3) 


Proof. Let (A) denote the right side of (5.12.3). 
(A) < 71(A): Choose 7 > 0 and let A C U where U is bounded, open 
and 
P(U) < y1(A) + 0. 
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Let X = Xu and X- = Xu * Ye, where y, is a regularizer. Then X, > 1 on 
A for all sufficiently small ¢ > 0 and 


(A) f [Dxelde (by (6.12.2) 
Rr 
< ||Dxu||(R") (by Theorem 5.3.1) 
<™1(A) +7. 
This establishes the desired inequality since 7 is arbitrary. 


1(A) < ¥(A): If 7 > 0, (5.12.2) yields u € C§°(R”) such that u > 1 on 
A and 


i |Duldx < y(A) + 7. 
Rt 


By the co-area formula, 


= e n—1y,,—-1 
I _[Dulds = | H™u-1(t)]at 


, nm—1y,,—-1 
> | HH” *[u*(#)|dt 
> H"~*[u7*(to)] 


for some 0 < to < 1. Since O{u > to} C u (to), with the help of Lemma 
5.9.5, it follows that 


(A) < P({u > to}) < H""[O{u > to}] < H"*[u-*(to)] 
< 7A) +n. g 


We now are able to characterize the null sets of y in terms of H"~1. 


5.12.3. Lemma. Jf E Cc R” is a Suslin set, then 
y(E)=0 if and only if H"~1(E) =0. 


Proof. The sufficiency is immediate from the definition of H"~! and the 
fact that y[B(r)] = Cr”—1. In fact, by a scaling argument involving x > rz, 
it follows that y[B(r)] = 7[B(1)]r"7?. 

To establish necessity, Lemma 5.12.1 along with the inner regularity of 
H"—! [F4, Corollary 2.10.48] shows that it is sufficient to prove that if 
A C R® is compact with 7(A) = 0, then H"~1(A) = 0. For € > 0, the 
previous lemma implies the existence of an open set U D A such that 
P(U) < ¢. Lemma 5.9.3 provides a sequence of closed balls {B(r;)} such 
that US, B(r;) DU D A and 


ys <CP(U) < Ce. QO 


i=1 
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We proceed with the following result which provides some information 
concerning the composition of [BV(R”)]*. 


5.12.4. Theorem. Let pu be a positive Radon measure on R”. The following 
four statements are equivalent. 
(i) H"-1(A) = 0 implies that (A) = 0 for all Borel sets A C R” and 
that there is a constant M such that | [ udu| < M|lul|avcrn) for all 
ué€ BV(R"). 


(ii) There is a constant M such that u(A) < MP(A) for all Borel sets 
AC R" with |A| < oo. 


(iii) There is a constant M, such that u(A) < M1y(A) for all Borel sets 
Ac R*. 


(iv) There is a constant Mz such that u[B(z,r)] < Mer"! whenever 
z€ R" andre Ri’. 


The ratios of the smallest constants M, M,, and Mo, have upper bounds 
depending only on n. 


Proof. By taking u = Xa, (ii) clearly follows from (i) since 
llullavcRre) = ||Dull|(R") = P(A). 


For the implication (ii) => (iii), consider a compact set K and observe 

that from the regularity of yu and (ii), 
u(K) = inf{u(U) : K CU,U open and |U| < co} 
< Minf{P(U): K CU,U open and |U| < oo}. 

Lemma 5.12.2 yields u(K) < My(K). The inner regularity of 4 and Lemma 
(5.12.1) give (iii). 

Since y[B(r)] = Cr™—1, (iii) implies (iv). 

Clearly, (iv) implies that ys vanishes on sets of H”~1-measure zero. Con- 


sequently, if u € BV(R"), our convention (5.11.1) implies that u is defined 
p-a.e. If u is also non-negative, we obtain from the co-area formula 


[oe} 
|Dull(R") = lullavias) = f PlAsdat (5.12.4) 
where A; = {x : u(x) > t}. In particular, this implies that for a.e. ¢, Ay has 
finite perimeter. For all such ¢, define 
F, = At nN {x : D(A;, 2) > 1/2}. 


For « € A;, the upper approximate limit of u at x is greater than t (see 
5.11.1), and therefore 


A, - Fic {x :0< D(At, 2) < 1/2}. (5.12.5) 
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Therefore, A; — F; C O,A,. In fact, A; — Fy C Oy, Ay — O* A; because 
xz € O*A; implies that D(A;,r) = 1/2. Therefore, H"~!(A; — F;) = 0 
by Lemma 5.9.5. Thus, we may apply Lemma 5.9.3 to F; and obtain a 
sequence of balls {B(r;)} such that F, C US, B(r;) and 


lee} 
Srp"? < CP(R): 
i=1 
Therefore (iv) yields 
(Fy) < CM2P(F;). (5.12.6) 


Now, P(A;) = P(F;) and since yu vanishes on sets of H"~1-measure zero, 
we have p(A;) = w( Fy). Thus, Lemma 1.5.1, (5.12.6), and (5.12.4) imply 


le.<) 
[vt -{ u(A;)dt < CMg||ullBv(R)- 
0 
If u is not non-negative, apply the above arguments to |u| to obtain (i). 0 


5.12.5. Remark. A positive Radon measure yp satisfying one of the con- 
ditions of Theorem 5.12.4 can be identified with an element of [BV(R”)]* 
and M can be chosen as its norm. 

Suppose 2. is an admissible domain and yp a positive measure such that 
sptu C 2. In addition, if uw € [BV(Q)]*, then there exists a constant 
C = C(Q, ») such that 


| / ud < Cllullavia) < Cllullavcan 


whenever u € BV(R"). Thus, u € [BV(R”)]* and Theorem 5.12.4 applies. 
On the other hand, if spt 4. C 0 and one of the conditions of Theorem 5.12.4 
holds, then uw € [BV(Q)]* because of Lemma 5.10.4. Thus, for measures pz 
supported by , w € [BV(Q)]* if and only if one of the conditions of 
Theorem 5.12.4 holds and in this case there is a constant C = C(Q) such 
that 


C™ |lulltavirny < eleva: < Cllullteviesy- (5.12.7) 
For the applications that follow, it will be necessary to have yet another 
formulation for the capacity +. 


5.12.6. Lemma. If AC R” is a Suslin set, then 
(A) = sup{u(A)} (5.12.8) 


where the supremum is taken over the set of positive Radon measures pp € 
[BV(R")]* with lull[pviRsy> <1. 


Proof. Because of the inner regularity of ~ (Lemma 5.12.1) it suffices to 
consider the case when A is compact. Referring to the Minimax theorem 
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stated in Section 2.6, let X denote the set of all positive Radon measures 
p with spt C A and u(R") = 1. Let Y be the set of all non-negative 
functions f € C§°(R”) such that ||Df||1 < 1. From the Minimax Theorem, 
we have 

sup inf tf fdu= = inf goup | fds 

fey HEX 
It is easily seen that the left side is equal to the reciprocal of y(A) whereas 
the right side is the reciprocal of the right side of (5.12.8). oO 


One of the most frequently used Poincaré-type inequalities is 
Ilullp;2 < C(Q)||Dullp,a 


where p > 1,u € W*?(Q), and f, u(x)dz = 0. Inequalities of this type were 
treated from a general perspective in eee 4.2. In the next theorem, we 
will obtain a Poincaré-type inequality for BV functions normalized so that 
their integral with respect to a measure in [BV(Q2)]* is zero. That is, the 
measures under consideration are those with the property that y[B(z,r)] < 
Mr”? for all balls B(z,r). For example, this includes Lebesgue measure 
restricted to a bounded domain or (n — 1)-Hausdorff measure restricted to 
a compact smooth hypersurface in R”. 


5.12.7. Theorem. Let 2 be a connected admissible domain in R” and let 
pu be a non-trivial positive Radon measure such that spt pC 2 and for some 
constant M > 0 that 

u[B(2,r)] < Mr*! 


for all balls B(z,r) in R". Then, there exists a constant C = C(Q) such 
that for each u € BV(Q), 


M 
-—U n/(n-):2 < C——||Du|(Q 
||u — U(n)|| /(n—1);Q a) | ul|(Q) 


where U(p) = aD u(x) du(z). 

Proof. Theorem 5.12.4 states that u € [BV(R”)]* and because 2 is admis- 
sible, (5.12.7) shows that may be regarded as an element of [BV(Q)]*. 
Therefore, Theorem 5.11.1 is applicable and the result follows immedi- 
ately. im 


This leads directly to the Poincaré inequality for BV functions. 


5.12.8. Corollary. Let 2 be a connected, admissible domain and let AC Q 
be a Suslin set with H"-1(A) > 0. Then for u € BV(Q) with the property 
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that u(x) = 0 for H"~1-almost all x € A, there exists a constant C = C(Q) 
such that 


Cc 
ulln/(n—1):2 < ta ||Dul|(Q). 
Ile4lln/(n—1);02 7(A)| (2) 


Proof. From Lemma 5.12.6 we find that A supports a positive Radon mea- 
sure 1 € [BV(Q)]* such that u(A) > 27*y(A) and ||y||_Bvrsy* < 1. Thus, 
for any u € BV(Q) with the property in the statement of the corollary, 
f udu = 0. Our conclusion now follows from the preceding theorem. O 


We now consider inequalities involving the median of a function rather 
than the mean. The definition of the median is given below. 


5.12.9. Definition. If u € BV(Q) and wp a positive Radon measure in 
[BV (Q)]*, we define med(u, 4) as the set of real numbers ¢ such that 


WBN (x: u(x) > 1} < 5H) 


p(n {o: u(x) < tH] < 5u@). 


It is easily seen that med(w, 14) is a non-empty compact interval and that 
if ao and a, are constants, then 


med(do + a1u, 4) = ao + aymed(u, pu). (5.12.9) 


If c € med(u, 4), then w(A.) > $u(Q) where A, = NN {x : u(x) > c}). 
Consequently, 


5H) < cule) < [ |u(e)Idule) 


Similarly, if c < 0, then w(Be) > $u(Q) where Be = 1N {x : u(x) < ch] 
and 


—Su(@) < ~cn(B.) < _ 2) < f[ lu(e)ldu(e) 
Therefore, 
a hdd (5.12.10) 
and (5.12.9) thus implies 
lao + aie] < aylittavenr }: leo + a14llav(a)- 


The following is now a direct consequence of Corollary 5.11.2. 


5.12.10. Theorem. Let 2 be a connected admissible domain in R” and let 
p. be a positive Radon measure such that spt u C Q and for some constant 
M > 0 that 

p[B(2,r)] < Mr"? 
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for all balls B(x,r) in R”. Then there exists a constant C = C(Q) such 
that for u € BV(Q) and c € med(u, p), 

lh 
u(2) 


5.12.11. Corollary. Let 2 be a connected, admissible domain and let A 
and B be disjoint Suslin subsets of Q of positive H"~'-measure. Then 
there exists a constant C = C(Q) such that for each u € BV(Q) with u > 0 
H"-1.a.e. on A and u <0 H"~}-a.e. on B, 


llulln/(n—1)0 S Cly(A)~* + y(B)~"]||Dull(Q). 


lu — cllny~m—1);a SC || Dul|(Q). 


Proof. Lemma 5.12.6 yields measures , and v supported by A and B 
respectively such that 


Define 
A= p(A)v + v(B)p 
and observe that 0 € med(u, A) for u € BV(Q). Since \(M) = 2u(A)v(B) 


and |lA||[Bvir)}* < u(A) + v(B), the conclusion follows from Theorems 
5.12.4 and 5.12.10. oO 


5.13 Generalizations to the Case p > 1 


Since a BV function u is defined H”~!-almost everywhere by means of 
(5.11.1), an obvious question arises whether the results of the previous 
section can be extended by replacing ||u||n/(n—1);2 that appears on the left 
side of the inequalities by the appropriate L?-norm of u defined relative to a 
measure that is absolutely continuous with respect to H"~+. We will show 
that this can be accomplished by establishing Poincaré-type inequalities 
that involve ||ulln/(n—1),, where \ is a positive measure that satisfies one 
of the conditions of Theorem 5.12.2. 


5.13.1. Theorem. Let 2 be a positive Radon measure on R”. The following 
two conditions are equivalent: 


(i) H"-1(A) = 0 implies (A) = 0 for all Borel sets A and forl1<p< 
n/(n—1), there exists a constant C = C(p,n, 2) such that 


Ilullp,a < Cl|Dul|[R"] 
for all u€ BV(R). 
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(ii) There is a constant C; such that 
NB(a,r)] < CPrP@—Y 


for all balls B(x,r). 
The ratios of the smallest constants C and C, have upper bounds de- 


pending only on n. 


Proof. The case p = 1 is covered by Theorem 5.12.2, so we may assume 
that p > 1. Suppose (ii) holds and let f € L? (A), f > 0. Then, by Holder’s 
inequality, 


1/p' 
i f(x)dA < (/ pas) NB(a,r)}!/? 
B(z,r) B(z,r) 


<Cilflly rr 


Thus, the measure fA defined by 
FE) = ff f(@)aX(o) 


satisfies condition (ii) with p = 1. Therefore, by Theorem 5.12.2, 


[ural < MC\|F I, ,llullaviee) 


for all u € BV(R"). From the definition of Hausdorff measure, it is clear 
that H"—!(A) = 0 implies \(A) = 0. Thus, (i) is established. 

Now assume that (i) holds. For each Borel set A C R” and each € > 0, 
reference to Lemma 5.12.1 supplies an open set U D A such that P(U) < 
(A) + €. Therefore, from (i) with u = Xa, 

i 
(A)? < AU)? < Cl|Dxu||(R") 
=CP(U) 
< Cy(A) + Ce. 


In view of the fact that y[B(z,r)] = Cr"—!, (ii) is established. QO 


With the help of the preceding theorem, results analogous to those of 
the Section 5.12 are easily obtained. For example, we have the following. 


5.13.2. Theorem. Let 2 be a connected, admissible domain in R”. Let pu 
and X be positive Radon measures supported by Q such that 


u[B(z,r)] < Cyr", 
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NB(a,r)] < CRr?™-Y), 1 <p<n/(n-1), 
for all balls B(x,r). Then, there exists a constant M = M(Q) such that 
C1C2 
u() 


Iu — U4) IIp,a <M || Dul|(Q) 


for all u € BV(Q). 
Proof. From Theorem 5.13.1 and Lemma 5.10.3 we have 


IIe4llp,a;0 = lluollp,a 
< Clluollav(r) 
< Cllullava)- 
Applying this inequality to u — @(), we obtain 
lu — U()||p,a;a < Cllu — UH) |lBv(a) 
< Clu — U(w)|h1,9 + Cl|Dul|(Q) 
< C||Dul|(Q). Oo 


Other results analogous to those in the preceding section are established 
in a similar way and are stated without proof. 


5.13.3. Theorem. [f c € med(u, 14), then 


CiC 
lu — cll. $ M— =" ||Dul|(@). 
(Q) 
Also, 
If u(x) =0 on A where A is a Suslin set of positive H"—'-measure, then 
llullp,, < M——~ MA “Eyl Pal(o) 


5.14 The Trace Defined in Terms of Integral 
Averages 


For u € BV(R"), recall the following facts established in Theorem 5.9.6: 
(i) BE = {x: A(x) < p(x)} is countably (n — 1)-rectifiable, 


(ii) —00 < A(z) < u(x) < 00 for H"~1-almost all x € R”, 


(iii) For H"~1-almost every z € E, there exists a unit vector v such that 
n(z,A,) = v whenever A(z) < 5 < p(z). 
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Although our convention (5.11.1) of setting u(x) = $[Au(x) + Hu(x)] 
allows a meaningful pointwise definition of u at H”~1-almost all points, 
the simple example of u as the characteristic function of a ball shows that 
it is not possible to define u in terms of its Lebesgue points H"~1-almost 
everywhere. This is merely one of the ways that the BV theory differs from 
the Sobolev theory developed in Chapters 3 and 4. However, in this section 
we will show that a slightly weaker result holds: 


tim f —_uly)dy = 5[Au(a) + su(2)] 

70 J B(a,r) 2 
for H"—1-almost all x € 2. If Q is admissible, then a similar result will be 
shown to hold for the trace u*, the only difference being that the ball B(z,r) 
in the above expression will be replaced by B(x, r)NQ. Briefly stated then, 
a BV function can be defined pointwise H"~!-almost everywhere on 2 as 
the limit of its integral averages. 


5.14.1. Remark. If u € BV(R”) is bounded, then it is easily seen that 
(with convention (5.11.1) in force), 


lim ju(x) — u(xo)|" dx = 0 (5.14.1) 
70 JB(20,r) 


for zo ¢ E and that for all z € E for which (iii) above holds, 


lim lu(x) — Au(z)|?dz = 0, (5.14.2) 
70 J B+ (z,r) 
lim |u(x) — pu(z)|°dz = 0, (5.14.3) 
70 J B-(z,r) 
where 
Bt (z,r) = B(z,r) N{y: (y—z)-v > 0}, 
Bo (z,r) = B(z,r)N{y: (y—z)-v < 0}, 
and 
_ on 
A eee 


To verify (5.14.1), use Remark 5.9.2 to conclude that there is a Lebesgue 
measurable set A such that D(A, 29) = 1 and 


dim, = u(v0) 


ZEA 
Then 
lim ea |u(x) — u(xo)|"dx = lim aaa Ju(x) — u(xo)|7 dx 
ad B(20,r) a B(a0,r)NA 
+ limr™ | |u(x) — u(xo)|% de. 
r—0 B(xo,r)NA 
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The first term tends to 0 by the continuity of u| A. The second term also 
tends to 0 because u is bounded and D(A, zo) = 0, where A = R” — A. 

Now consider (5.14.3), the proof of (5.14.2) being similar. From the def- 
inition of p(z), we have that D(At,z) = 0 for each t > y(z). From (iii) 
above, D(A, N{y : (y—z)-v < 0}) = 0 for A(z) < s < (z). Thus, ife > 0, 
t—s<e,and s < p(z) <t, we have 


lim sup r—” | 
r—0 B-(z 


+ sup |u(x) — wu(z)|? - limsup 
zeER r—0 


|u(x) — Hu(z)|°dx < limsupr f e? 
r) r—0 B-(z,r)A(As—At) 


’ 


|B-(z,r)N (At U As)| 
rn ; 
The last term is zero since u is bounded and therefore the conclusion follows 
since ¢ is arbitrary. 
Our task now is to prove (5.14.1), (5.14.2), and (5.14.3) without the 
assumption that u is bounded. For this we need the following lemma. 


5.14.2. Lemma. /f u € BV(R") and Axy(ro) = Mu(Zo), then there is a 
constant C' = C(n) such that 


1/o 
lim sup (f ju(x) — uo)Pae] < Climsupr+—"||Dul|[B(xo,r)]. 
B(z0,r) r—0 


r—0 
Proof. For each r > 0, consider the median of u in B(z0,7), 
1 
t, = inf{t :|B(xo,r) N{x: u(x) > t}| < g|Blzo.r)I}, 


and apply Theorem 5.12.10 and Minkowski’s inequality to conclude 


l/o 
lim sup (f |u(x) — uo") 
r—0 B(zo,r) 


< Climsupr’*—"||Dul|[B(zo,7r)] + C'|t, — u(zo)|- 
r—0 

Moreover, t, > u(%o) since Ax(Zo0) = Hu(Zo)- im 
5.14.3. Theorem. If u € BV(R"), then (5.14.1) holds for H"~1-almost 
all zo € R” — E, whereas (5.14.2) and (5.14.3) hold for H"~1-almost all 
mek. 

Proof. For each positive integer 7, let 

i if u(x) >4 
ui(z) = 4 u(x) if ju(x)| <2 


-i if u(x) < -i, 
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W, = {@: -i < Au(2) < bu(Z) < i}, 
and observe that 


HH" G - U w] =0 (5.14.4) 


i=1 


by Theorem 5.9.6(ii). 
For each € > 0, let 


; |D(u — ui) |I[B(xo, 7)] 
ice : ———_ 14. 
Zi {0 Peep eae <e (5.14.5) 
and refer to Lemma 3.2.1 to obtain 
eH"1(U — Z;) < ||D(u— u)||(U) (5.14.6) 


whenever U C R® is open. By Theorem 5.4.4, 
[Du(u—uyhO) sf Plte: (u-w)(2) > 8}, Ulds 
0 
0 
+ i Pl{zx : (u—ui)(x) < s}, U]ds 


2 ie Pl{x: ule) > i+ s},Ulds 
0 


+ i. Pi{z : u(x) < -i+ s},U]ds 


= Pl{x : u(x) > s},U]ds. (5.14.7) 
|s|>4 


If U is bounded, then 
co 
/ Pl{x: u(x) > 8},U|ds = ||Dull(U) < 00, 
—o 


and therefore the last integral in (5.14.7) tends to zero as i — oo. Hence, 
we obtain from (5.14.6) that H"-1(U — Z;) — 0 as i — oo. Then, 


7! ft Ace -2)| a 
jHlizj 
and 


H"71 


e-A\02| a eis 


jelisg 
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To prove (5.14.1), it suffices by (5.14.4) to consider xo € (UZ2,W;) — E. 
Because u — u; has 0 as an approximate limit at each such point ro of Wi, 
it follows from Lemma 5.14.2 that 


1/o 
lim sup (f ju(x) — wera) 
r—0 B(zo,r) 
< Climsupr'~"||D(u — u;)||[B(zo,7)]- (5.14.9) 
r—0 


From (5.14.8) we may as well assume that xp € NFL, UP; Z;. For ¢ suffi- 
ciently large, reference to Remark 5.14.1 yields 


l/o 
lim f jus(x) — u(x)|? dx = 0. 
70 \ JB(a0,r) 


From (5.14.9), there exists i sufficiently large such that 


l/o 
lim f |u(x) — u;(x)|% dx < Ce. 
770 \ JB(20,r) 


Consequently, (5.14.1) follows for unbounded u € BV(R”) by Minkowski’s 
inequality and the fact that ¢ is arbitrary. 
Essentially the same argument establishes (5.14.2) and (5.14.3). oO 


As an immediate consequence of the above result, we obtain the follow- 
ing. 


5.14.4. Theorem. If QC R” is open and u € BV(Q), then 


lim |u(x) — u(ao)|"/"-Yde = 0 
r—0 B(zo,r) 
for H"~1-almost all ro € Q— E, and 
lim u(x)dx = u(x) 
se B(ao,r) 
for H"~1-almost all ro € Q. If Q is admissible, then the trace u* satisfies 
lim \u(x) — u*(a)|"/"-Yda =0 
P00 J B(ao,r)NQ 
for H"~1-almost every ro € 02. 
Proof. The statements concerning the integral averages of u follow imme- 


diately from (5.14.2) and (5.14.3). Also, referring to Remark 5.10.6 leads 
to the last part of the theorem. Oo 
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Exercises 


5.1. 


5.2. 


5.3. 


Suppose wu is a function of a single variable and that u € BV(a,)), 
a <b. Prove that ||Dul|(a, 6) = ess V;°(u). Hint: Use regularizers of wu. 


Suppose 2. C R” is an open set and u € BV(Q). Prove that there 
exists a sequence of polyhedral regions {P,} invading 2 and piecewise 
linear maps Ly : P, — R' such that 


tim f |L; — u| = 0, 
k—0o Py 


dim / |DLy| = ||Dull(). 


Hint: By Theorem 5.3.3, it suffices to consider the case when u € 
C(O) N BV(Q). Let Py C Pz C... C 0 be polyhedral regions such 
that |Q — P,| — 0. Choose each P, as a simplicial complex, so that 
it is composed of n-dimensional simplices. Since ||Dull1,9 < oo, we 
may choose k so as to make fo_ p, |Du| arbitrarily small. Moreover, 
we may assume without loss of generality that each simplex, o, in 
P,, has its diameter small enough to ensure that the oscillation of |u| 
and |Du| over o is small, uniformly with respect to all o. Suppose o 
is spanned by the unit vectors v1,V2,...,Un- Define the linear map 
Ly, on o so that it agrees with u at the n+ 1 vertices of o. Clearly, 
|Lellise, — |lull1;0. To see that the Lt-norm of the gradients also 
converge, note that 


‘| [Du| = |Du(p)||o| 


for some p € a. On each of the edges of ao determined by the vectors ,, 
i= 1,2,...,n, there is a point p; such that [Du(p;) — DLx(p;)|-v; = 0 
(by the Mean Value theorem). But DLZ,;,(p;) = DL,x(p) since Ly is 
linear and |Du(p;)| is close to |Du(p)| because of the small oscillation 
of |Du| over o. Therefore, |Du(p)—DLx(p)| is small and consequently, 
J, |DLx| is close to {| |Du|, uniformly with respect to all c. 


If E Cc R” is a measurable set, let us say that E is open in the density 
topology if D(Z,z) = 1 for each z € E. Prove that the sets open in 
this sense actually produce a topology. In order to show this, it must 
be established that an uncountable union of density open sets is open; 
in particular, it must be shown that it is measurable. Hint: Use the 
Vitali covering theorem. If we agree to call the exterior of E all points 
x such that D(E,x) = 0, we see that 0,,E is the boundary of E in 
the density topology. 
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5.4. In the setting of metric spaces, there is an inequality, called the Filen- 


berg Inequality, that vaguely has the form of the co-area formula. It 
states that if X is a separable metric space and u: X — R” isa 
Lipschitz map, then for any E C X and all integersO<k <n 


[tenwtyarty <P prey, 

Rt a(n) 

Here, L is the Lipschitz constant of u and [ * denotes the upper 
Lebesgue integral. Also, H™ denotes m-dimensional Hausdorff mea- 
sure which has a meaningful definition in a metric space. 


STEP 1. By the definition of H”, for every integer s > 0 there exists 
a countable covering of E in X by sets Ej,,, i = 1,2,..., such that 
diam E;,, < 1/s and 


1 
(diam E;,.)” — a 


Va 


es a(n 
H"(E)> 


Hence, 


=k af a(n—k), A, -1/,,\n—k 
A" “(ENu“(y)) < aoe ee (Eis Nu “(y)|**. 
STEP 2. Consider the characteristic function of the set u(A), X(u(A)), 

where u(A) denotes the closure of u(A). Then 


[diam (AN u-*(y))]"~* < (diam A)"~*x(u(A), 9). 


Hence, from Step 1, 


a(n — k) 


BEN uy) < 


© ism int (diam B;,.)"~ kx (u(E), y). 


i=1 


STEP 3. Apply Fatou’s lemma (which is valid with the upper integral) 
to obtain 


7 co 
[ etenw aay s “S59 timing Do (diam £9)" 
ak Qn- 8-00 : 


sf xGE). ud" (y). 
Rn 
However, 
[XE ulate" y) = 2" (u(Fi.9)) $ a(nidiam ui)" 


Now use Step 1 to reach the desired conclusion. 
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5.5. Let u € BV(Q) where 2 C R” is an open set. For each real number 
t, let Ay = {x : u(x) > t}. As usual, let X4 denote the characteristic 
function of the set A. For any Borel set FE, prove that 


+00 
Du(E) = Dx, (E)dt. 


5.6. Prove the following version of the Gauss—Green theorem for BV vector 
fields. Let 2 be a bounded Lipschitz domain and suppose u : 2 — R” 
is a vector field such that each of its components is an element of 
BV(Q). Then the trace, u*, of u on OM is defined and 


diva(o)= | u*(a)v(a, 0)dH"-}(2). 
aa 
For this it is sufficient to prove that 
D,u(®) = | u*(«)v;(22, Q)dH"*(2) 
a2 


where u € BV(Q), 1 <i <n, and D; = 0/0z;. With the notation of 
the previous exercise, observe that 


Dixa,(Q) = - i v;(x, Ay)dH” + (2) 
QNO* Ay 


= - | v;(x, Ay)dH”™ +(x) 
8NNd* At 
(since D;X4,(R”) = 0) 


= - | y,(x,Q)dH"—* (2) 
OQNG* At 


asia , 1;(2, 2)dH"}() 
A,iNd*Q 
=> DiX9(O* At). 


With the help of the previous exercise, conclude that 


+oo 
D,u(Q) = DX a,(Q)dt 
—0o 
+00 
= DjXo(0* At)dt 


—0o 


0 +00 
= / DiXo(0" Aydt + i DiXo(0" Aydt 
—0o 0 


+00 0 
= DiXQ(0* At)dt — i, D;XQ(0*Q — 6" A; dt 
0 —0o 
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foe) 0 
= i DiXoa({x : u* > t})dt -— / DjXa({x: u* < t})dt 
0 —0o 


= i u*dD;XaQ 
6Q 


= i u*(x)%j(a,Q)dH" 1 (2). 
62 


5.7. Give a description of the result in the previous exercise on the line, 
i.e., when n = 1. 


5.8. Under the conditions of Corollary 5.2.4, prove that {Du;} — Du 
weakly as measures as 2 — 00. 


5.9. Suppose 2 is an open subset of R"~! and that u:2 > R? is differ- 
entiable at ro € in the sense defined by (2.2.2). Also, let M = 
{(z, u(x)) : c € 0}. Show that there exists a vector, v, that satisfies 
(5.6.10) at (xo, u(zo)). 


5.10. Let 2 C R” be an open set with the property that 0 has a tangent 
plane at ro € OD. That is, assume for each € > 0, that 


C(e)NdQN B(zo,r) = @ 


for all small r > 0, where Ce) is introduced in Definition 5.6.3. 
Assume also that 


Q 
lim sup [2 B(xo,7)| 0 B(zo,7)| 


>0 
r—0 |B(zo,7)| 


pu |(R® —Q)N B(zo,7)| 
; — N B(xo,7r 
lim su SSS oe 
eae [B(x0,r)| 


Prove that ro € 0*2. 


> 0. 


Historical Notes 


5.1. BV functions were employed in several areas such as area theory and 
the calculus of variations before the formal introduction of distributions, 
cf., [CE], [TO]. However, the definition employed at that time was in the 
spirit of Theorem 5.3.5. 


5.3. Theorem 5.3.3 is a result adopted from Krickerberg [KK]. This result 
is analogous to the one obtained by Meyers and Serrin [MSE] for Sobolev 
functions, Theorem 2.3.2. Serrin [SE] and Hughs [HS] independently dis- 
covered Theorem 5.3.5. 
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5.4. The theory of sets of finite perimeter was initiated by Caccioppoli [C] 
and DeGiorgi [DG1], [GD2] and subsequently developed by many contrib- 
utors including [KK], [FL], [F1], and [F2]. Sets of finite perimeter can be 
regarded as n-dimensional integral currents in R” and therefore they can 
be developed within the context of geometric measure theory. The isoperi- 
metric inequality with sets of finite perimeter is due to DeGiorgi [D1], [D2] 
and the co-area formula for BV functions, Theorem 5.4.4 was proved by 
Fleming and Rishel [FR]. 


5.5. The notion of generalized exterior normal is due to DeGiorgi [D2] and 
is basic to the development of sets of finite perimeter. Essentially all of the 
results in this section are adapted from DeGiorgi’s theory. 


5.6. The concept of the measure-theoretic normal was introduced by Fed- 
erer [F1] who proved [F2] that it was essentially the same as the generalized 
exterior normal of DeGiorgi. 

Definition 5.6.3 implicitly invokes the notion of an approximate tangent 
plane to an arbitrary set which is of fundamental importance in geometric 
measure theory, cf. [F4]. Theorem 5.6.5 states that the plane orthogonal to 
the generalized exterior normal at a point xo is the approximate tangent 
plane to the reduced boundary at Zo. 


5.7. Countably k-rectifiable sets and approximate tangent planes are closely 
related concepts. Indeed, from the definition and Rademacher’s theorem, 
it follows that a countably k-rectificable set has an approximate tangent 
k-plane at H* almost all of its points. Lemma 5.7.2 is one of the important 
results of the theory developed in [F4]. Theorem 5.7.3 is due to DeGiorgi 
[D1], [D2], although his formulation and proof are not the same. 


5.8. In his earlier work Federer, [F1], was able to establish a version of the 
Gauss—Green theorem which employs the measure-theoretic normal for all 
every open subset of R” whose boundary has finite H"~!-measure. After 
DeGiorgi had established the regularity of the reduced boundary (Theorems 
5.7.3 and 5.8.1), Federer proved Theorem 5.8.7 [F2]. 


5.9. A different version of Lemma 5.9.3 was first proved by William Gustin 
[GU]. This version is due to Federer and appears in [F4, Section 4.5.4]. 
Theorem 5.9.6 is only a part of the development of BV functions that 
appears in [F4, Section 4.5.9]. Other contributors to the pointwise behavior 
of BV functions include Goffman [GO] and Vol’pert [VO]. In particular, 
Vol’pert proved that the measure-theoretic boundary Oy E is equivalent to 
the reduced boundary. 


5.10—-5.11. The trace of a BV function on the boundary of a regular domain 
as developed in this section is taken from [MZ]. Alternate developments can 
be found in [GI1] and [MA3]. This treatment of Poincaré-type inequalities 
was developed in [MZ]. 
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5.12. Lemma 5.12.3 was first proved by Fleming [FL]. The proof of the 
lemma depends critically on Lemma 5.9.3. Fleming publicly conjectured 
that the claim of the lemma (his statement had a slightly different form) 
was true and Gustin proved it in [GU]. Theorems 5.12.2, 5.12.8, and the 
material in Section 5.13 were proved in [MZ]. 
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